
0 A M n K I J> i: 

i;NIVKli«l l V 

^ONIIMK; KrHpfKn,„. 



Nbw Yduk 
I’lm MucrnllUii f V». 
HoMMlU'Atl |;ita tinit 

AfAIi ||,|4 

Alnnnillan Atiil fVt,. I.i,j 
Tmw^iiu 

Tlic Mai'iiiiElnit I'n. t»f 

( aimilik. Uui. 

Tr»Kv« 

ATnriJi:mi-Knbiif(liikl^KaMj& 


AU ItfKlitH lii'Htsrvtiii 



An Introductory Course of 

MATHEMATICAL ANALYSIS 


BY 

CHAHLES WALMSLEY, M.A., 

AHBIBTANT LEOTUIimt IN TJIK UNXVEHR1TY OP nrANOnEHTfill 
AND JjATH AHHIBTANT TiKOTnilKn IN THH UNIVMliaiTY 
COIiTjEaiS or WALEBt An»UVHl'WYTll; rOllBIEIlTiY 
HOnOLAR or KINa’ti OOLTjKUE, CAMUIIIDCIU 

WITH A PREFACE BY 

W. H. YOUNG, SaD., F.R.S. 


CAMBRIDGE 

AT TPIE UNIVEllSITY PRESS 
1926 




PREFACE 


By 

DrW. H. YOUNGJ, RE.S. 

T his book had its origin in, and is one of, the tangible results 
of my reorganisation of the Mathematical Department at 
Aberystwyth in the University of Wales, during my four yours 
tenure of office there. The problem I had to solve was a difficult 
one. It was one of the crying needs of the Departments of Phy.sic8 
and Chemistry that their students should by the end of their first 
year have become acquainted with the concepts and processes of 
Differentiation and Integration. A considerable portion of these 
students, however, were, on their arrival at the College, entirely 
ignorant of Trigonometry, the knowledge of which is presupposed 
in treatises, even elementary, on the Calculus. In drawing up a 
Syllabus for the non-geometrical portion of the First Year Course, 
I was thus led to arrange that the notion of a trigonometrical 
function appeared at a comparatively late stage and in an analyticjil 
form; a procedure, for the rest, in accordance with what has boon 
felt as desirable by more than one distinguished mathematician, in 
view of the very restricted range of the geometrical definition yjer 
S 0 of a trigonometrical function. Moreover the well-known interest 
felt hy the Celtic race for abstract ideas, as well ns the circumstanco 
that the First Year Class necessarily contained stiidents who had 
in view the possibility of taking Honours in Mathematics at a later 
stage, justified a rather more theoretical treatment than has been 
usual in this country, not only in the above connection hut through¬ 
out the course. 

The Syllabus, as printed in the Programme of the University 
College of Wales for the year 1922—1923, is as follows: 

"Fibst Year Course. Elementary Algebraical Analysis :—The 
fundamental laws of algebra; the real number; equalities and 
equations; inequalities and inequations; indices; nature and use of 
logarithms; simple infinite series; rational functions; formation of 
simple transcendental functions by means of power series; the idea 
of a limit; the idea of continuity; differentiation of rational func¬ 
tions and of the simpler functions represented by powor series; the 
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idea of a definite integral; ita intuitive properties; irlentification of 
the geometrical and analytical definitions of tin; trigonoiuotrical 
functions; simple applications of the notions of diffei'ontiiitiori and 
integration.” 

The prominence given to inequalities, and more especially to in¬ 
equations, in this Syllahua is in accordance witli Continental pracl;ico. 
Their comparative neglect in English teaching has seriously liandi- 
oappedin the past the researcher,and hasinterfereihvith the ell hncncy 
of the ordinary mathematical student. Logarithms were, iiitcmded 
to he introduced almost simultaneously with indices, reappearing, 
of course, under the head of simjile tmmcendental finustions repre¬ 
sented by power series. In the remainder of the course the idea of 
limit is fundamental, the method of approach being understood to 
be that by monotone sequences* and making free use of the notions 
of upper and lower bounds, on which I have laiil great stre.sH and 
of which I have made systematic use in my panesrs. 

The task of actually lecturing, under rny direction, on the now 
Syllabus, I entrusted to one of my assistants, Mr Walmsley. Tn 
view of the somewhat revolutionary character of the changes in¬ 
troduced into the curriculum and with tlic object of K.*curiug that 
the matter communicated to the students was what w/ts intended 
partly also because I thought a gi-cat want would thereby bo sun- 
plied, I suggested to Mr Walmsley that thti Oourso slioulil bo 
written out and subsequently form the basis of a joint bm,k by tho 
two of us. Unfortunately, only the first fow manuscript pages wo.-o 
submitted to me, so that the present volume appears under his 
name alone and on his sole responsibility. 

I have only to add that the success that attended the reform at 
Aberystwyth warrants a confident hope that the present volume 
^tempting as it does to embody the main features of tho Schedule,’ 

monotone the two aotioaa, of eonree, ooinoide. ’ -ucceBSion ib 


CoLLONan, La OonvnnsioiT, 
1926. 


W. H. YOUNG. 
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CHAPTEE I 
NUMBEE 

§ 1, Fundamental Laws oe Ai/jewia 

1. Algebba may be described as the genoial science oiavithtiK'tir' 
In arithmetic the processes of addition, subtraction, multiplicatinii, 
division and other derived operations arise and arc applied in con¬ 
nection with particular numbers. It is seen that the methodH 
employed, being applicable to all particular numbers encountered, 
with certain well-defined exceptions, must be capable of a general 
formulation. It is this general formulation which is tho primary 
object of algebra. 

In order to express the truths of arithmetic in the general 
(algebraic) form it is necessary to employ some kind of symhiilum. 
The choice of a symbolism is to some extent arbitrary, but not 
without effect on the development of the science; the lack of aii 
appropriate symbolism having caused in some instances a drday of 
hundreds of years in the progress of different branches of mathe¬ 
matics. In the present matter of the algebraic statement t»f the 
facts of arithmetic the use of the leitera of the alphabet to repre¬ 
sent the unidentified numbers under consideration is singularly 
appropriate and has been universal since the sixteenth century. 
Its fertility is sufficiently apparent in the use of formulno in 
elementary algebra, and in all branches of science, for it to bo un¬ 
necessary here to enlarge upon it It may be noted in pas.sing 
however that the letters occurring in algebraic theorems do not 
always represent numbers with the same scope of generality, Tlius 
in some theorems the letters (or some of thorn) may represent 
numbers belonging to the widest class contemplated,—that of the 
real or complex numbers,—including under this head, not only tho 
whole numbers 1, 2, 3, etc., but also such entities as - 1, a/2, 

V ■-1, which are defined below; or they may he restricted to 
represent numbers of only a particular class, such os the whole 
numbers, or proper fi:action8, etc. On the other hand it is alwaj's 
the method of algebra to state theorems with the greatest possible 
generality, and the fewer the i-estriotions placed on the variables 
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(i.e. letters) occurring in a theorem the more important (in general) 
will the theorem be. 

2. Fundamental laws. The theorems on which algebra is built, 
—Ihe fundamental laws of algebra,—avd based on our intuitive 
I 'dAng of counting, and therefore in the first instance are stated only 
for the ordinary whole nunibers 1, 2, 3, etc. The laws arc:— 

(I) The associative law for addition, viz.: The terms of a sum of 
three numbers may be added together in any way preserving the 
original order without altering the sum; or, symbolically, if a, h, c 
are any three whole numbers then a + (b + c) = (a+b) + c, 

(II) The associative Icuuu for rmUtiplication, viz.: The tonus of a 
product of three terms may be multiplied in any way pro-serving 
the original order without altering the product, nr 

a X (b X o) = (a xb)x c, 

where a, b, c have the same significance as in (I). 

(III) The commutative law for addition, viz.; The terms in a sum 
of two numbers may be added together in either order without 
altering the sum, or a + 6 = & + a. 

(lY) The oommutative law for multiplication, viz.: The tcrm.s in 
a product may be multiplied in either order witliont altering the 
product, or o X b = 6 X a. 

(V) The distributive law, viz.: The product of a sum of two num¬ 
bers by any third number is the sum of the products of the .separate 
terms of the sum by the common multiplier, or 
(a -t- 6) X c = (a X c) + (b X c). 

In the statement of those laws wc must be quite clear as to the 
meaning of the terms and symbols used. The simplest definition 
of the sum a + b is to consider it as the number finally obtained 
if, having counted up to the number a, we continue tho process 
of counting until an additional stock of b objects is exhausted. 
Multiplication is repeated addition. Subtraction and division will 
be the inverses of addition and multiplication respectively. 

Probably no argument which could be put forward would make 
the student more convinced of the truth of (I) and (III) than he 
already is,—though such argument might prove useful in helping 
the student to appreciate tho difficulties inherent in tho foundations 
of all science. We will therefore be content to assume those laws 
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as axioms. We shall have a few further reiuaiics to inalte in this 
connection shortly. We can however convince oui'3Glve.s of the 
truth of (II), (IV) and (V) hy arguments similar to the following, 
dealing with the commutative law for multiplication (IV): From 
the definition of multiplication a x & is the number of objects in 
an imagined array consisting of 6 rows each containing « objects*; 
by intuition, or by extending the laws (I) and (111) to cover the 
case of any number of terras, we see that the mnnbor of objects in 
our array is the same in whatever oi-der w (2 count the objects; in 
particular therefore this number is the same as that obtained by 
considering the array of objects os a columns of b objects, i,o. 
bxa; and the theorem is pi’oved. 

The fundamental laws can be extended to deal with sums, tste., 
of any number of terms; these extensions follow from the Iaw.s 
themselves and will provide an excellent exercise for the stiiflent 
In most algebraic deductions from the fundamental liiw.s it will be 
found most desirable to employ .snoh simple exlionsion.s of tlic laws 
instead of the original laws themselves. 

3. The fundamental laws are at the base of all iilgobraical 
analysis, and in fact bear to algobra ranch the same roIati(»n as do 
the axioms of Euclid to ordinary elementary geometry. Taking, as 
suggested above, counting as the basis of our definitions, we cannot 
avoid belief in the truth of the laws;—our intuitive ideas on counting 
would he at variance with a denial of the fundamental laws ol' 
addition; and, having accepted these intuitions, ux[)roH.scd in the 
form of these laws or in any other etpiivalont form, all the laws,— 
and thence briefly all algebra,—follow as a logical consecjiience. 
But it is interesting to see whether any contrary laws are logically 
possible, that is, whether, either by di.striisting onr iniiuitions or 
by adopting other more or less arbitrary definitions of “addition," 
etc., we could without contradiction build up a system of “algebra" 
on the supposition that our fundamental laws (or some of tlioin) 
were untrue. In geometry it is possible to deny the Euclidean 
system of axioms and build up perfectly logical iion-Euclitle.an 
geometries,—^in which for example it is no longer iuipossibh! 

* The symhol axh is to bo road ue “a multiplied by b"; mid in cuiicrul in nny 
Buoh aiithmetionl symbol tho operationH ooonrring iivu to bn pntrurinuil HiioMiiaHividy 
from the left to the right, except whon hrackoteoi'Hpuoial eoiivuii tiuuHiithonvinc diruol, 

1—a 



NOMBER 


4 


[cii. t 


for two straight lines to enclose a space. In algelira likewise the 
Answer to this question is in the affirmative. There are in fact, for 
example, non-oommutettive algebras,i.e.algebras in which the symbols 
ax&and&XA (say) are not equivalent. In such systems the symbols 
used cannot represent the same entities as in the ordinary algebra 
of whole numbers unless we are prepared to deny our intuitions of 
counting. But by using the symbols to represent dilVoroiit opera¬ 
tions and combinations of operations of a more general character 
than our elementary addition, multiplication, etc. (a process to 
which we have to resort even in ordinary algebra once we pass on 
to consider the addition, etc., of non-integral numbers), quite 
de&iite non-commutative algebras can be obtained. 

A tri-vial example of auoli a ayetem would be obtained if a wove taken to 
lepresent a motion of a point through a diMtaiico a in an oastorly direction on 
the spherical earth, b a motion through a distance b in a northerly direction, 
and the multiplication of u by b the motion a followed by tho motion h. The 
results of the two combined motions axb and bn a would then differ by iiii 
amount depending on the latitudes of tho points considered. 

In this course, however, we shall not be concerned with non- 
commutative or other algebras in which the fundamental laws do 
not bold. But we shall use these laws as a guide to hell) us to 
introduce into algebra and arithmetic entities, other than whole 
numbers, which will also satisfy these laws and therefore be capable 
of being dealt with in the same way as tho whole numbers, 

4, Subtraction and division. If we introduce the notions 
inverse to those of addition and multiplication, viz., subtraction 
and division, the fundamental laws are capable of extension to a 
certain extent. Thus the distributive law (V) will remain true 
if the sum of the numbers be replaced by the difference, or the 
‘product with the third number by the quotient, or both sum and 
product he replaced by difference and quotient simultaneously, thus 
“ 6) -j- c=(a -7- o) — (& -r o)*. The associative and commutative 
laws cease to hold when addition or multiplication is replaced by 
subtraction or division; it is known for example that tt - 6 is not. 
the same as 6 — a and that a -i- (6 -r- c) is not the same as (u-i-b') -i- o. 
But it is easy to modify the two associative laws so that tliey will 

* It Is tacitly asanmed here that the operations involved ore poeeiblo. Thus »> &■ 
(i.a. Oi is greater than 6), so that I) can be snbtraotad from a; and so on. 
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remain true in these cases by simply introducing appropriate rules 
of signs, e.g. by replacing a — (6 + c) by a — 6 — o or a -4- (6 X c) by 
a -i- 6 -r c or a — (6 — c) by a — 6 + c *— provided the operations con¬ 
sidered do not lead at any stage to any impossible operation, i.e. 
provided, for example, we are not led to the operation of snbtrficting 
a number from one not greater than itself nor to the operation of 
dividing a number by a number of which the first is not a multii)lo. 
It will be seen incidentally that any attempt to modify similarly 
the two commutative laws would, except in trivial cases, essentially 
lead to some such impossible operation. 

EXAMPLES I. 

1. Prove the exteiiaious of the fundamental laws to the operations of siili' 
traction and division mentioned ahova 

2. Prove hy imagining units arranged in a sciuaro and adding up in suit¬ 
able orders that 

(i) 

and (ii) 1 

3. Prove by direct refci’cnce to tho fiindamontal laws that 

(i) 

(li) (a'-|-i)"=a^+.3«®/)-)-3a6“H'&®, 

(iii) {a-\rh){a—h)’=it^-b^, 

a and h being any whole numbers (with the restriction that in (iii) a must 
exceed li) ; the definitions of the aqinire and oiibo of a number being supposed 
known. 

4. Provo that if a > i and o>d then 

(a - 6)x (o-d)=(ae+l/d)-((id+l/i!), 

6. Prove that if a > 6 and o>d thmv 

(ci-&)(fl-d) =ac—ad-l>e+/)d, 
provided also ao > ad + bo. 

[If ao is not greater than tho expi'ession av-ad-bo+bd is meaning¬ 

less as a whole number.] 

§ 2. Eational Numbers 

6. The inverse operations, subtraction and division, cannot, as 
we have seen, be applied to all whole numbers indiscriminately. 
For example (as wo are at present dealing exclusively with whole 

* To prove for example that a+(Ii-e)=:a-|-b-(t wo argue: Prom the definition 
of Bubtraotion.if b-o=iB, h^a + o-, whence (a-l-ai}-l-o°:a+(«-Hc)—((-l-t and tliero- 
fore 0 +(i - c)=o+a:=(a + 6) - 8. Or to prove a - (I)+c) =:a -1) - c, let n - (In- e) 
eo that aa;ar'-r(& + 8) —(a; + c) + t whenoo a-'t=;8;4‘C wheuoe again a —t —cs5.r. 
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numbers) 6 cannot be subtracted from 4, because there is n(j whole 
number which when added to 6 will give the result 4; and again 
7 cannot be divided by 3 because there is no whole number which 
when multiplied by 3 will give the result 7. The problem confronts 
ufl therefore, whether these impossibilities can be surmounted in 
any way; i.e. whether we can invent now entities, which we may 
wish to call “numbers,’’and new operations with these "numbers,’’ 
which we may call “addition,” etc.,so that such hitherto impwailde 
operations will be possible in the sense that, considered as an 
operation in our new "arithmetic," it gives a definite result which 
is a "number" of the new type. Whether or not such a now 
arbitrary “arithmetic’’ can be of any use for practical apiilica- 
tions is not primarily the concern of pure mathematics; but as a 
matter of fact yrQ shall find that our new arithmetic will have 
useful applications,—in particular* to the important problem of 
measurement. 

6. Fraotional-number-pairs.- Let us define iinst the fractional 
numiers or fractions. We observe first that to some pains of 
numbers (e.g. 8 and 2) correspond, by the process of division, 
single numbers (4), whereas to other pairs (e.g. 7 and 3) there ans 
no such corresponding nuinbera. For tlio first kind of pair.s of 
numbers,—such as (8 and 2), or f,—which roiu’eseut, or corruspoiul 
to, whole numbers, we have the following laws of addition, etc.: 

Ifp, q,r,s are whole numbers such thatp and r arc respectivi-ly 
divisible by q and s, then: 

p^r_ps + qr ^ x ^ 

q s gs , ’ q s~ qs' 

for (to prove the first relation) 

(I + ^) X ffs = (| X g«) + X gs^ by the distributive law, 

= (g X gj X s + X sj X g by the associative law, 

= (p X s) + (r X g) by the definition of division, 

and therefore + 

g s qs 

by the definition of division,—all the numbers eoncerned being 
whole numbers. 
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Or, nain g the notation {p, q) instead of we have the following 

laws for the addition and nmltiplication of pairs of nnmhei's of the 
type considered: 

{p.q) + (i’. s)=(ps + qr, 2fi)| ^ ^ ^ 

(y), 5 ) X (r, s)=(p?-, gs) 


In the statement of these laws there is no need for tlin rustriotion 
that the numhers p, r should he divisible by q, s as suppoBod, i.e. 
should be such that the various pairs of numbers correspond to (or 
represent) whole numbers; —the pairs of numbers 

(P, q). O', s), (ps + qr, qs), (pi'. ?«) 
e(Bist equally whether the whole numhers p, r are divisible by the 
numbers q, s or not. Let us then relax this restriction and use these 
laws as the definitions of “addition" and “multiplication” of “/mc- 
tional-nimiber-pairs,” —or, as we will say for the sak(! of brevity, 
fractional numbers, or fractions*. 

With these definitions we see easily that the fundamental laws 
which we have found for addition, etc,, of whole numbers, arc still 
formally true. Thus, if ,4 and ai’e two frnctional-numbor-])Hir.s, 
say A = (p, q) and B =,(r, s), then 

A+B = {p,q)+(r,s) 

= (ps+qr, qs). 


and B + A= (r. a) + (p, q) 

= (rq + S2), sq) 

= (ps + qr,qs), 

by the commutative laws for whole nurabers. Hence A +B=B+A, 
or the commutative law for addition holds. Similarly the other 
fundamental laws can be proved to be still true for our "fractional 
numbers,” i.e. if we call a "fraetional-niunber-pair” a number and 
if we call the operations on these fractionnl-number-pairs defined 
in equations (1) addition and multiplication, then the fundamental 
laws can be applied to these numbers and operations of addition, 
etc., verbally unchanged. Consequently all general statcmenls 
about arithmetical operations on whole numbers d(iducible IVtnn the 
fundamental laws are equally true of the.so arbitrary operations 
* Or positive rational nnmbiirs. 
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on these arbitrary fractional numbers; for example, in i)arfcicular, 
if A and B are any two fractional niimbors, then 

{A+By=A^ + 2AB + B‘. 

7, Order. Our arithmetic is not yet the arithmetic of fractional 
numbers which we deafre. The definitions so far givun do not 
enable us to assign any order to the fractional numbers, whoreas 
the notion of order is certainly essential in connection with whole 
numbers. If we wish to use our fractional numbers as numbers in 
any complete sense it is therefore necessary to give a definition 
determmmg which of two fractional numbers is the "greater" aud 
which the "less." 

We say that the fradion. {p, q) is greater than, equal to, or less 
tAfflw, thefrachmi (r, a) according as Ae whole number ps is greater 
than, equal to, or less than, the whole nwniher qr; or, in symlrnhs, 

(P> Q) >t =, or < (}', s)) 

according as ps>,=,ov<qr [ .(2). 

”f ft® Mtione ofgmto 

than, etc., as apphed to whole numbers. 

We notice that from the relations (2) we have 

. (i’®' ?*) = <?)... 

iM r,Wo»,_rtioh «,n«pond, mU, cWteriatic pmporty 

. . I that t ^ ^ 

sx.rrs.tar.i.'sa.nf- 

number is 1; number-pairs whose second 

Tt 1 1/*"’ + i 1) (P. 1) X (}, 1) 

- 1. t™«xi 
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number. In fact a little reflection will shew that in dealing with 
such special number-pairs we can operate with them just as with 
the ordinary whole numbers p and q and the ordinary ai’ithmetical 
operations of addition and multiplication; that in fact the new 
arithmetic of these special number-pairs is identical with the old 
arithmetic;—i.e. that every result in either arithmetic is capable of 
interpretation as a result in tlie oilier. If therefore in our arithniotic 
of fractional-number-pairs we agi-ec to replace any number-pair 
whose second number is 1 by the ordinary whole number which is 
the first number, i.e. to put 

(p. 1)=P .(3), 

the results we shall get will be quite valid, that is to siiy any alge¬ 
braic result we obtain for whole numbers will be true as a result in 
ordinary arithmetic and any result for our fractional-nuraher-pfiirs 
will be a true result in our new arithmetic; if in any case the 
numbers concerned are of both kinds the apparently whole numbers 
(e.g. p) are to be replaced by the corresponding fractioniil-mnnbor- 
pair [(p, 1)] and the result interpreted as a result in the now 
arithmetic. Also, applying the relation (2a) to these fractional- 
number-pairs having the second number 1 and coupling it with our 
convention (3), we obtain the other fundamental characteristic of a 
fraction that 

ixq-f. 

for 3)x(<Z. l) = (2’?.9) = (fJ. 1)- 

From this it follows that 

ip. (l) = iP. l)/(2. !)• 

This last relation is a relation in the new arithmetic and the 
operation of division is the new arbitrary kind of division (the in¬ 
verse of the now multiplication). 

But we notice that if p is divisible by q (with the quotient r say), 
—in the ordinary sense,—then the expression (p, l)/(q, 1) can bo 
replaced by p/g or r; i.e. if p is divisible by q the fractional-number- 
pair (p, q) represents the ordinary quotient p/q ; or, a fractional- 
number-pair (p, q) for which is divisible by q behaves 
as far as arithmetical facts are concerned just like the quotient 

^. In future we shall write (p, g) as or p/g, whobh(.u’ p i,s divisible 
by g or not. 
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9. The arithmetic of our fractional-nmiihc*r-iiiiir.s may therefore 
be said to include the arithmetic of such iiiiotiuiits. Our fractiimal- 
number-pairs and their "arithmetic” are seiui tn be the uxteiisiou 
of the number system and arithmetic of which wc have been in 
search. In our new system such an operation as 3 -r 8 is po.'jsiljle. 

The advantage of this extended mithinetic from the jiuint of vi(;w 
of the original arithmetic is considerable. W(.! may, in piviving a 
certain result, even in ordinary arithmetic ol’ whole mimbcu-s, find 
it more convenient to use fractional numbers in tim intermediate 
steps of the proof. The proof will novortholess bo a valid proof of 
the theorem concerned, provided only the final stagi!.s of the argu¬ 
ment can be interpreted {by the convention (3l) as a relation 
between whole numbers. 

Thus, to take a fiuidamental, if simplo, example: if w, h, and c 
are whole numbers such that 6 is a multiple of c and m a multiple 
of h, we can argue 

a -5- (b/c) = (u/b) no — (ac)/b 

by using the simple extension to division of tho aasocialir e law; 
and in this the expression (a/b) n o will be nioaninglcss as a whole 
number unless a is a multiple of b', but rmvortheless the result 
a( 6 /o) = (ao )/6 is a true result holding between whole nmub(n ’8 
and this proof is quite valid. 

10. Subtraotive-numbor-pairs. In tho saiiio way wi! can exti>nd 
the meaning of subtraction to cases hitherto impo.s.sible by inlro- 
ducing aubtractive-mmber-pairs* {p, q] subject to the tlefinil.ions; 

b. 9}+ {’■.«! = {2J + »',fy + »}; 
b, 3 } X {r, s) = {pr + qs, ps + qr ]; 

b-9) >. =. ot < {’*. s) 

according as p + s>,=,ox <q + r] 

b+9. 9l=Ft; 

where p,q,r,s represent any whole numbers or fractious as hitherto 
defined. 

It is necessary here also to introduce a new number, sero or 0 , 
defined as the subtraotive-number-pair {p, pj. 

* These are the positive and negative rational mimbere. 

■ + This relation aonld ha raplaoed by fji+l, and so brought move into 
agreement with relation (3) of p. 0. 
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It is at once evident that, with those definitions, 

{P, ^)=P-Q 

if tho operation on tho right is possible, for, from the fourth relation above, 

i.o. {p, Q}=p—q if^-j is a whole nmmber or a fraction. 

We see also that the operation p - y can alioa}/a bo pei’fornieii if p and q aro 
interpreted as Bubtractivo-iiumbor-pairs; for 

[j+r, r}+{p, !?}={p+ff+n q+r} 

={p+r, »•}, 

and therefore {p +»•, »>} - [q +r, r}={p, 5 }, 

be. p-a={p,q}- 

The number 0 , as defined, possesses tho usual properties, siieh ns those 
expressed by the relations 

p+ 0 =p, px 0 = 0 ; 

for p + 0 = {p+ 5 , 5 } 4 - ip, p] 

={p+q+p,p+Q) 

={p+q,9} 

~p, 

and f’x 0 ={p+! 7 , g}x{p,p} 

'~{(.p+q)p+qpAp+q)2>+iip} 

=0. 

11. Bational numbers. It is easy to sec thiit, with our system 
of definitions, the fiindamontal laws will contiuno to hold if thcao 
subtractive-number-pairs are used iis numbers. Wo .arc ju.stificd in 
considering them {vs numbers. We call them the ratioiml numhers. 

We shall call a rational number positive or negative according as 
it is greater than or less than 0 in accordance witli our definitions. 
We shall use the term integer to denote either a wliolc number or 
a negative whole number, i,e. a negative number oxpreasibh', as 
{?> P + 2 } where p and q are ordinary whole numbers. Wo .sliall 
write in future the negative rational number \q, p + q] us -p, and, 
where needed to avoid ambiguity, we shall write +p for the positive 
number p. 

12. Zero. In our system of positive and negative rational 
numbers there is one arithmetical operation which is still iinpo.HHible; 
—division by the number zero. For there is eviilciitly no rational 
number on whatever such that 2/0 = ai or a; x 0 = 2. We could oveu’- 
come this limitation by adding to our system a now number, 
infinity, (denoted by 00 ), defiuecl to have tlio prop(!rty that if us is 
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any rational number (other than zero) 0 x ao = a?. But we should 
then have introduced further difficulties. The operations co/oo, 
0 X oo as well as 0/0 would be meaningleH.s, (or at least have in¬ 
definite meanings), and evidently some vital alteration in onr system 
of algebra would have to be mode to render these operations <lefinito. 
We therefore prefer to avoid the use of B\ich il notion of infinity,— 
more especially ns it is often convenient to u.sc the term infinity 
in another connection. With this special oxception of division by 
zero OUT system of toMonal nwnihei's is coiiiiilete iti that till opei'iitions 
of addition, subtraoiion, multiplication and division, applied not only 
to the original whole numbers, but to any rational numbore, are 
possible and obey the fundamental laws of algebra. 

EXAMPLES II, 

1. Prove from the definition of ft fraction as ft frautioiial-miiubor-iniir that 

I -r ~ ^, a, 6, 0 , being whole uuiubcrH, 

2. Prove from the definition of ft rational number as a .subtrimtivo-imuibor- 
pair that 

et-|-(-a)=0, (—a)K(—b)‘=axA, (-«)xb=-«6, 

a and 6 being whole numboM or fraotioHB, 

3. Piwe from the definitions of the text that if a and h iiit) two rational 
numbers then a>, =, or < 6 according as the dittoronuo « — 6 is positive, mu-o, 
or negative. 

4. It is a consequence of the fundamental laws that 

o* 6® - 2a?)=a*—2a6+?)*=(« - fi)*=(?>—«)■■*, 

If a and 6 are whole numbers and tt<b, cfl—Zah+l>* iind (o -?))* are both 
meaningless considered as ordinary arithmutioal combinations of whole num¬ 
bers, but 2a6 and (?)-fl)*novorthole»H repiusout whole unml)Ora and 

the relation a*+&’ - 2a6 «• (6 - o)* is Irua Compare this with the remai'hs and 
example on p. 10 (Par. 9), 

6. The equality of Ex. 6, p. 6, (a-b'jio-dj^ac — ad-hc+hd can now he 
stated without any rostrictions on the magnitudo.s of the letters; and if 
a > 6, and o>d, both sides of the eqmdity can in all coses ho interpreted os 
whole niimbens. 

6- Prove (o-i)3=a»-3a*6+3t/,6“-6“. 

7. Shew that if it is'.possible in any way to defino the Hums and products, 
etc., of negative numbers so as to oonfoi'm to the fuiidamontal laws, then the 
rule of signs, (-a)(-6)=a5, must be satisfied. 

[The negative numbers are supposed to bo defined /w subtrootivo-uiimber- 
pairs for which the notions of addition, etc,, have not yet been doliuod.] 
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§ 3. The Problem of Measurement. Irrational Numbers 

13. The system of rational numbers -which has now been 
established can be applied to the problem of measuremcait, and the 
operations of addition, etc., can then bo given a simple geometrical 
(or physical) interpretation. The practical problem of the measure¬ 
ment of any physical quantity such as a speed, an electric current, 
a temperature, a weight, a time interval, or a length may bo typi¬ 
fied by the single problem of the measurement of a length along 
a straight line. Most often in actual fact these measurements are 
made by means of readings along a scale and in all cases the 
measurement may be reduced to this method. We may consider 
the problem of measurement then as that of the representation of 
lengths along a straight line by means of numbers. 

14. Bational numbers represented by points on a straight 
line. Let X'OX (Fig. 1) be an unlimited straight line, and 0 a 
fixed point on it. Take some unit of measurement (say one inch) 
and mark off distances of 1 unit, 2 units, 3 units, etc,, from 0 in one 

X’ 0 X 

-1 I — - * - I --1-- -f — I-H .... 

-3-2-1 0 4^1 S 2 B 4 

Fig. I. 

direction, say to the right, and also similar distances in the other 
direction from 0. We have thus a geometrical representation of 
the positive and negative integers which is evidently appropriate, 
for we see that we can represent the operations of addition and 
subtraction simply as motions of translation to the right or left 
respectively. Thus the point numbered - 3 is the point obtained 
when we follow the motion of say 2 units to the right from the 
origin 0 by a motion of 5 units to the left; i.e. the point numbered 
- 3 is the point which corresponds to the operation of subtracting 
the number 5 from the number 2 in this representation of subtrac- 
I tion as a motion to the left. We need not stress this point; it is 
I evident that this representation is appropriate foi’ all operations 
I of addition and subtraction of positive and negative integers. Wo 
I have a point on the line corresponding to (or nmiibmd) any 
I positive or negative integer. 
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We can mark also points on the line i.‘oiTnsp()tiflinfr tt) all the 
(positive and negative) ratioml numbcrti ( o.g. 1/2, 2/S, ~ n/li ete V 
the point which will correspond to the number o/r. for exaninlG 
will be obtained by dividing the portion of the li„e betwemi thJ 
point 0 and the point 1 into 7 equal portions and taking the fifth 
of the points of division,—or by taking the first of the 7 iioints If 
division dividing the portion of the line fmni (I to the jmint marked 
5 into 7 equal parts; and these two methods will evidently mve 
the same point to be numbered 3/7. We have- imw a point nmm 
ered by every rational number, mid onr reprissentation of addition 
and subtraction as motions of translation is evhlcntly still applicable' 
the straight line i.s now available to represent all rationahlumb^ 

mlts subtraction of sudi rational 

16 The position we have reached in regard to rational ninnbem 
may bo summarised thus; ” * 

We can perform all the arithmetical oporations of addif.ion inul 
phcatioii^, subtraction and division for all rational numbers what 
ever, (with the single exception that division by tlm ninnber Lm 
IS imposaibl^e), and the rasiilts will be rationarunmbers- wc mu 

system of , ««“‘bers and that tJier«dbre the 

system of rational numbers is complete in two diroi.t!,,... n i 

a system allowing all arithmetical operations an r 

(with the eiZti* !f dil »itl,mcfaa 

nMbwofthiss;tom.Mdi™ta/tZH',"J "'''“'J'® "■‘‘h 

points on the line ("howevor oln * ‘ ^ any two rational 

rational points can be interpoirteciTt5i’'’*'V"7 

there is certainly at least oim mfi i 1/2 mid 4/7 

tha. H « de.o.i„.t.„„dIi'’:;;;:Ji 
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points can be so interpolated). So far the above presumption is true, 
but it is not true that the system is adequate for the solution of 
the problem of measurement along a straight line; as will be seen 
in a moment, thm'e are points on the line which corresptond to no 
rational number whatevei'. Moi-oover if we consider certain ex¬ 
tended arithmetical operations such ns extracting the square root 
(even of positive integers) we shall find tire sy.stem inadcaiuate in 
this respect also. We cun easily prove, for e.xfimple, that tAere is no 
rational number whatever whose square is 2, thus:—If there wore 
such a rational number it could be expressed as a froctiou in its 
lowest terms as p/q say, p and q being whole numbers having no 
common divisor, and we should then have 

(p/qy = 2, i.e. = 2f/.(1), 

but q° is a whole number and therefoi‘ep“is an even number, whence 
it follows that p must also be even (because ii'p wore odd p“ would 
be odd also); hence p" must be a multiple of 4 whence equation (1) 
shews that g” must be a multiple of 2 whence as before q must be 
a multiple of 2; i.o. p and q must both be divisible by 2, which is 
contrary to the hypothesis that pjq was a fraction in its lowe.st terms; 
whence it follows that there can be uo rational uuiubcr (such a.s 
pjq) whose squai'o is 2. 

But, in geometry (e.g. Euclid, Book II) a geometrical coiistrucbion 
for the side of a square equal in area to a given rectangle is given. 
We can therefore, for example, construct gconietrically a straight 
line of a length such that the square on it is 2 squaw units in area; 
i.e. wo can mark on our straight lino a point corrospoTiding to wh.at 
we should naturally call Since there is no rational number hj% 
this point cannot he one of the rational points already numbered. 
Though, in a sense, the rational points cover the line iufinittily 
densely yet there are othefr points on the line. Or, expressed dif¬ 
ferently, there are distances which cannot be measured by numbers 
of the system of rational numbers; i.e. the rational nnmbei's are 
inadequate for the problem of measurement, 

17. In order to make the system of numbers adequate to measuri >. 
all conceivable lengths, the so-called irrational numbers must be 
introduced. If we were content to let the foundations of analysis 
rest on our intuitions concerning the nature of a straight lino 
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(imtead of basing it entirely on the aritliraetienl concept of whole 
number) we could say that to every point on the .straight line of 
Fig. 1 there corresponds a miinhcr, nitional or irratioTial. The 
addition of such numbers could then moreover easily be represented 
os motions to the right, and similarly for siibtraotion. But, while 
willing to accept any help in the way of suggestions which we can 
get from our geometrical intuitions, it is of fundanu'ntal importance 
that we should give strictly arithmetical rlctinitions of all the notions 
used in analysis,—and in particular thcnd’ore of the iiTational 
numbers. 

18. A property of the straight line. Let us fii'st invo.stigate the 
problem geometrically. We have seen that the rational points on 
the line of Fig. 1 (p. 13) are an-anged infinitely densely on the line. 
It follows that if P is any point on the line which is not a rational 
point, rational points can be found on oitlier side of i*, as close to 
P as we may desire (short of actual coincidence with P), There 
are therefore rational numbers which are "approximations” to the 
number corresponding to P (if there is to bo such a number), the 
degree of approximation being os close as wo like. Thus, for ex¬ 
ample, we readily agree, because 

1> < l-4»< 1*41" < 1-414» < 2 < 1-415» < 1-42“ < I'o^ < 2*. 

that the irrational number V2 must “lie between” the mmiberS 
1, T4,1’41, ]'414, on the one hand and l’41f5,1'42,1’5, 2 on the 
other. This idea cennot be used directly as tin arithmetic method 
of definiUon of the irrational number V2, because in it we have 
presupposed the existence (and properties) of this irrational number 
V2; but we notice that the point P (or the point V2) divides tJie 
i'otioml poMs of the line into two classes such that (1) every 
rational point lies in one or other of the classes, and (2) every point 
of one class (the lower class) lies to the left of every point of the 
other class (the upper class). This simple property of a point on a 
line,—of dividing the line into two parts,—Ogives us the clue to 
the strict arithmetical definition of irrational numbers. 

19. Dedeklnd’s definition of a real number. If the whole set 
of rationed numbers is divided into two classes, L and R, such that 
(1) eoery raMonal nwmber whatever is in one or other of the two 
classes and (2) every number of the one class, L, is less than every 
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number of the other class, R, then the classification or division cor- 
re^nds to, or defines, a real number. There is no logical objection 
to saying that the real number is the classification, or even one of 
the olasaes of rational numbers concerned (say L), but the student 
will probably find it more satis&ntory to stiy that the real number 
corresponds to the classification and is defined by it. The essential 
thing to notice is that we have defined the new systctn of real 
numbers by means of the previously defined rational numbers; not 
as pairs of such numbers (as in the case of the definition of the 
rational numbers by means of the whole nnmbera, § 2 above) but 
as classes (or pairs of classes) of such rational number’s. It is an 
essentially arithmetical definition. 

20. As on example of the use of this definition we may note the 
example of just mentioned. We know that, if a: typifies any 
positive rational number such that «’ < 2 or any negative (or zero) 
rational number and y any positive rational number such that 
y‘ > 2, then every rational number whatever will belong to the class 
of ffl’s or to the class of y’s; and every number of the w class is loss 
than every number of the y class; i.e. this division of the rational 
numbers into these two classes has the two essential properi;ieH 
necessary (and sufficient) for the definition of a real number. The 
real number so defined is called \/2. It is easily seen that the point 
of division on the line which will divide the rational numbora 
marked on the line into these two classes will be the point which 
would he obtained as \f2 by, any geometrical or other method. 

Or agoinj take the classification into ®’8 and y’s such that a; ^ 1, 
y > 1. Here again the two fundamental properties are satisfied 
and a real number is therefore defined. The number evidently 
corresponds to the rational point 1. In such a case it is convenient 
to identify the real number with the corresponding rational number 
(in this ease 1). 

If a real number does not oorrespond to a rational nnniber in 
this way it is said to be irrational. 

If the real numhor ooucerned cerrospunda to a ratiaiinl number tlio dofiuitiou 
may be expressed in alternative forms; ag. the real number corresponding to 
the rational number 1 may be defined as the classification into (1) all rational 
numbora <1 end rational numbers > 1, or (2) nil rational numbers < 1 and 
all rational nninbors ^ 1. This suggosts a modification of the dofinitiou, by 
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omitting the number to bo dofined (e.g. 1) from IxiHi Tlioso dift'urencos 

of delinition are evidontl)' not vital and wo fdwll in tliis cdinw iiw* wliichovar 
method of classification is most oouvenieiifc for tlin juattnr in hand. 

21. Arithmetical properties of real numbers. We have still 
to define the arithmetical operations of athlitioii etc. on tho.Ho real 
numbers. Reference once more to the straight line of Fig. 1 will 
mnlra clear how these definitions have to be made. IC.vi)rc>s.sod 
strictly arithmetically they will be os follows. 

Denoting by (ajly) the Dedelcindian classification into classes 
typified by a and y.then if (a; | y) is the classification which defines the 
real number a and (a-'jy') is that which defines tlie real number 
« + j8 M the iivmher defined by the clwisijicatioii (.r + a' | ?/+ y'). 

That the classification («,• + «'|y+ y') doi’s fulfil the two funda¬ 
mental conditions of p. 16, and so in all cases aotnally defines areal 
number, is easily seen; and it is at the sann? time easily seen that 
the commutative law for addition, a h- = /9 -t-«, is triif*. 

To define the product of two real numbers it. is simpl(j,st first 
to define positm and negative I'cal numbers and l.hen considur the 
different oases separately. The real number a defined by the. chm- 
fication (ajjy) is said to be positive if some of the numbei's x (of the 
lower class) are positive; it is mgiitive if seme of the mnnbura y 
are negative*. Now if a and /S am two positive real numbers 
defined by the classifications (a?[,t/) luid {x’\y') the pnidiict o/9 is 
the tmniber defined by the classifimtum {xx'ly;/), tlie lower class 
being completed by the addition of all numbei’s widcli jsO. 

This definition is easily extended to the other i»ii.sHibilitieH wdiich 
may arise; and it is easily seen that the fundamental law.s affecting 
multiplication are still true. 

Subtraction and division are defined ns the inverses of addition 
and multiplication. 

The notions of inequality as applied to two irrational numbers 
«, ^ will agree with the cose of rational numbers already dealt with 
if we agree to call a greater or less than j8 uocarding as a — /3 is 
positive or negative. 


22. Adequacy of real numbers. Wo do not develop in detail 
this DedeMndian theoiy of irrational numbei’s, the general lines of 

Btudeut ahouiii verily that thoeo dotliiUlunH oorrospond 
witn tne plttin faots o( Fig, 1 and agree with tbe dallnilionit for rational tmabotii. 
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■which are now sufficiently clear. The details may be left, to the 
student. The essential point is that we have a purely arithmetical 
definition of real wumbers which not only corresponds to our ordinary 
notion of distance on a straight line and so solves the problem of 
measurement, but also ensures that all the fundamental laws (p. 2) 
are satisfied by irrational numbers, which can accordingly be mani¬ 
pulated by ordinary algebraical rules in the same ivay as integral 
and rational numbers. As in the extension from whole numhcns 
to rational numbers in § 2 above, the new “arithmetic” of real 
numbers includes our old arithmetic of rational numbers as a 
special case. 

It may be noted that the introduction of real (iiTatioiial) nuinbors has made 
certain operations, Such as extracting tho square root of 2, possible; but nob 
all such operations have been rendered possible by tliis oxtonsiou. ]?or oxiimplu 
it is stiU impossible to extract the square root of — 2, i.o. bhora is no real 
number -whose square is - 2. Tho numlier system can ho extended further— 
by the introduobion of imaginary or aornjiex mtmhera —.so .as to make all such 
operations possible; but this extension lies outside tho main scopu of this 
oourse*. 

The system of all real numbers is called the arithmetic continuum 
of real numbers. Henceforth in this course all mnnhera with which 
we shall he concerned will be real numbers unles.s the contrary is 
stated or implied. 

It will occur to the student tliat wo may have Dcdokindiiui clossiticatumH 
of the real numbers (rational and irrational). l!ut every Dodekiudian ehwsiib 
cation of the system, of real numbers corrospoiids to ouo and only one such 
claasiAcation of tho system of rational mitubora, i.c. to a real number. The 
introduction of sueb. classiAcatlcna therefore does not iiitroduuo a now class 
of numbers. It will often be desirable in this course to use such ula.ssifuiations 
of the real numbers instead of tho corresponding clossifiuatioivs of tho niitional 
uumbera 


EXAMPLES III. 

1. Prove that there is no rational number whoso square is S. 

2. Fi-ovo that .^2 is UTational. 

3. Give Dedekind’s definition of 1/2 and, by finding numhorM of tlm two 
■classes of rational numbers by which the number .;/2 is defined, find rational 
appimimations to J/2 correct to within •!. 

4. Prove from tho definition of addition and mnltiplicatiun of real number.s, 

* A short aooonnt of complex unmbsrs is given In tho Appoutlix^ 
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defined aa Dedekiiidinn clnsHificationH of Ihn mtioiiiil iiuiiilHirw, bliat the asso- 
cietwe, commutative and distributive laws, vi*. 

«+(6+c)=(o+Zi)+c, <»x(6xn)=(«rxfi)xe, axh^bxn, 

and (a+A)e=fl«+l<c, 

hold when the numbers oonoorned («, 6, c) are any real imrubers. 

0. Pjwb that the iiunibor s/2, os defined on !•. 17, is suoU that s/2x v'2 (os 
defined on p. 18) is equal to 2. 

0. Prove that between any two real mimlKtni there lie Imth mtioiinl and 
irrational numbers. 

§ 4. Algebraic Consequences op the Fundamental Laws. 
Equalities and Equation.s 

23. Equalities. Mathematics has been described as tautology. 
Without entering upon a discussion as to the full meaning or 
limitations of this description it may be useful to keep it in mind 
while considering equalities. Two numbers are equal simply if 
they are the same number. The notion of equality thus appears 
at first sight as somewhat unnecessary, but this is far from being 
the case. The fact is that in algebra wo do not know what actual 
numbers our letters represent; it being in fact ossontial to algebra 
that we should not know. It is possible that difierent calculations 
performed on the same set of numbers may htud to tiio .same 
number as result, no matter what the particular numbers may 
have been. Our notion of equality applied in such n case (e.g. in 
the relation (a + 6)” = a" + 2a6 + 6") thus implies rather more thM 
the mere identity of two numbers; it implies the etjuivalence of 
the two different calculations concerned,—an equivalence which 
may quite possibly be of interest and provide a definite addition to 
our knowledge (as we know in fact to ho repeatedly the cose). 
Formally an equality (or identity) is the statement of the identity 
of. two numbers represented in general by two different sets of 
symbols. We have already met equalities of wide scope in the 
fiindamental laws, e.g. a + h^h + a, a and b being any two real 
numbers. We collect here for rofererice other standard equalities 
which we shall find of constant use, all of which con he proved by 
application of the fundamental laws. 

■ (i) (a±&)'‘=a’± 2a6 + 6S 
(ii) (a+6)(a-b) = a*-!i)“, 
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(iii) (a ± hf = a" ± 3a=i + 3 o&“ ± &», 

(iv) (a ± h) (a» T a 6 + 6 >) = a“ ± 

(v) a-'+ 6 * + c» - Sasic = (os+Z» + c)(a 2 4 - 6 = H-c»- 6 c-ctt-aft), 

(vi) (®±a)(®± 6 ) = .'B“±a;(a+ 6 )+a 6 , 

(vii) (® -«)(«- 6 )( 3 ; - c)=«=‘- a?{a + 6 + c) 

+ «( 6 c + c« + ai) - aic, 

(viii) (1 + a; + »= 4- a;” + ... + (1 - a;) = 1 - ®n, 

(ix) a + (os + 6)4-(as + 26) + (tt + ,S 6 )+... 

4- (a + ?i —16) = (2a 4 - h — 16). 

: In these equalities a, 6 , c, at represent any rcixl numbers without 
restriction and n any positive integer; and in (i), (iii), (iv) and (vi) 
the ambiguous signs ±, + are used " respectively,” i.e. cither the 
upper signs only or the lower signs only must be used throughout 
the equality. 

24. Induction, A special method of proof which is of consider¬ 
able use and power is that known as mathematical induction. Thu 
method is useful in proving general results, such as (viii) and (i.x), 
concerning positive integers where the result is easily soon to hold 
for the first few integers, 1 , 2 , etc. It will be understood by a 
consideration of its application to the proof of equality (viii) above. 
We know from (ii) that 

(1 4- a;) (1 — a,') = 1 —^ j 

therefore (14- a; 4- a;») (I - «)=(l + „) (1 _ a,) + a,, 

= 1-®“ 4- 
= 1 — a?, 

and therefore again , , 

(14-® 4-4-a;’) (1 - «) = (14-fl. 4 -(1 _ aj) + ^ 

= 1 —®’4-®“— 

= 1 — 

and so on; the argument by which we prove the truth of our 
desired result for ?i = 4 from the known result for a = 3 is evidently 
general. To make the -argument sound we argue: 
f/the equality (viii), viz. 

(14-ffl 4-4-... 4-fl!”->) (1 - «) =. 1 _ ®n 
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is true for sowie value of ii then 

(1 +® + ®®+ ... + a!")(l~a;) = (l+®+ai“+...+a!"'-')(l-«)+.'c’‘-ie«+i 

= 1 - a" + a?‘- a;"+* =t 1 - 3 ;’'+', 

i.e. the result of the same form is true for the next greater iiiti.'gral 
value of»; hut we have seen that the result in true when 7) *2, 
therefore it is true when a = 3, and again when 11 = 4, atwl when 
«=6, and so on; the result is therefore true for all positive, iiitcgral 
values of n (the case when 71 = 1 being trivijil). 

26. Binomial theorem. Another eiinulity of great imporhinco 
is the hinomial theorem. We shall h7iv<» occasi(7i7 lattir to establish 
this theorem in its general fonn. Wo hero .state 7ind prove the 
special case known ns the hinomial theorem for a poititive integral 
indexi 

If mis any real number and n any jiosiike integei' then 

/I 1 n(n- 1) .. , 

(1 + 37 )“ = 1 + 773 / + 2 "' 


, n(n-l)...(j7-7‘+l) ,, 

H-T'V'. . +... + .r", 


The expression on the right ct^uUiins 17 + 1 ter7778 of whi(!h the 


term 


a(n-l)...(u/-r4‘1).., 


r -whicli is tlie (7* + l)th (r l77;ing ,Hiy 

integer from 1 to a), may be cidled the typical tertu. 

We prove the theorem by induction, thus: 

If 

then 

(l + 3;)»+» = (l+®)"(l + 3,0 

= 1+773!+—3?+,.. 


1.2 






31’' + ,.. + .'i:” 


1.2... 7 

+ 1B + ?13!* + 

, ^(n-l) ... (a—r+ 21 

1.2... (^<_ • a’’’ + .,. + 773;" + TT,’""*' 

= l + (m+l)3; + ic''' +... 


^ (77. + llm(;t-^I)...(ffl+l.,y+ l^ ^ 


1.2.3...r 


. x’’ + .., + 
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because 


7i(tt - 1) ... (w —r + 1) ji (n—1) ... (71 — 7’ + 2) 
1.2. ..7- 1.2...(7--1) 


(jl - !■ + 1 + 7-) 


71 ( 77 .— 1) ... (jl — 7* + 2) 

1.2. ..7- 
( 71 + l)»(7l — 1) ... ( 71 + 1 — 7’ 4- 1) 
1.2.3 ... r . “ ’ 


for all integral values of r from 1 to n. 

Therefore if the equality holds for some given positive integral 
value of 71 it holds also for the next greater integral value of n, 
and therefore similarly for all greater values of n. 

But the theorem is true when » = 2 because we know that 
(l + a0“=l + 2a' + fl!“; 

therefore the theorem is true for all integral values of 71 greater 
than or equal to 2 ; and the theorem is proved (it being obviously 
true also for n = 1). 


26. Equations. In all equalities the numbers concerned may, 
broadly speaking, be any numbers whatever, without affecting the 
fact of the identity of the two numbers i-epresented;—thorn may 
be broad I’ostrictions placed on some of the nnmber.s, but, provided 
the numbers belong to certain specified chussos the equality always 
holds. 

Equations on the contrary are not statements of the equality of 
two numbei’s except for certain exceptional values of the numbers 
concerned. In fact the sign " = ” in an equation is esaoiitially 
hypothetical; it does not state a universal fact as in an equality. 
The equation «* + 2® +1 = 4 for example does not state the fact 
that fli“ + 2® +1 = 4, for wo know that «“ + 2« + 1 = (® + I)® for all 
real values of a and therefore + 2® +1 can never be equal to 4 
except in the two special cases when ® represents one of the two 
numbers 1 and — 3; the equation is in effect meaningless by itself 
and has a meaning only in reference to some such context as “ if 
ffi is a number such that «* + 2® +1 = 4.” There is always an 
" answer ” or solution (possible or impossible) implied in an equa¬ 
tion. To avoid confusion therefore it might he preferable to use 
two different signs for the “=” in equations luid equalities, and in 
fact when attention is directed to this difference the sign " = " is 
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often used in equnlitiuH and the sign " = ” I’eservod Ihr equations; 
bub there is really uo vital need for thin (hii)lic«tii)ii of Mj-mbols. 
Aftei' all, the meanings of the "=" in fiiitialitieH and equatioiiH are 
similar; moreover a mere glance will iii general anflicu to decide 
whether a statement containing the sign is an eiiiiality nr an 
equation,—no one could, for oxamplo, for a innmnnt cnnsidcir the 
equation »+1 = 2 to bo an uquuHty, and finally thn use of the 
same sign for the two ideas has dcjfiiiili* advantages in that in 
dealing with equations tlio uso of equalities is fneilitatetl by such 
use, This method of using the same symbol and word to reiiresent 
two different but similar ideas, when this can ho done without 
confusion and with advantage, is oharacteristio of niathonuitics. 
It is the method we have adopted above in introdiicijjg the notions 
of non-integral “numbers” and opcratioivs of "tnldition” etc. with 
such numbers. 

27. Reversible and Irreversible operations. To solve ai\ equa¬ 
tion involving an unknown, say a,wo have to doteriniiii* all possible 
values of as, if any, which satisfy tho e{jnation. In Hunplu cohl’S we 
aim at simplifying the equation by orrlinary algtsbraical manipula¬ 
tion until we have reduced it to a form in which it is obvious thab 
a can only have a certain value, or one of certain several values. 
For example, in the case of a simple equation, by ccdlecting on the 
left-hand side all terms containing and on the right-hand side 
all terms not containing m, wo reduce tho equation to tho form 
0 ® = 6, whence, by division (if 0),» is nucoHsarily 6/a. 

We have hitherto applied algebraic operations only to numbers; 
and, in thus extending the operations to equations, we have to 
take special care in some points. In tho exainplo mentioned it is 
easily seen, by reversing the process used, that n; = hfa is actually 
a solution, There may however he cases in which n value of it 
obtained by some such process does not satisfy tho equation. Thus 
if V®= — I (where ^Jas understood to mean—oa always in this 
course—the positive number whose square is ®), by squaring we 
get ® =1, What we have proved is that no number other than 1 
can satisfy the equation; bub « = 1 is obviously not a solution. If 
we try to reverse the steps of our original argument wo cannot 
pass ftom the last equation ® = 1 to the preceding eipiation 
V® = ~1. 
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Generally if, by algebraic manipulation, we reduce an equation 
to a simpler form, from which we can infer that x has only certain 
values, any one of these values of as will satisfy the original equa¬ 
tion if all the operations used are reversible, but not necessarily if 
any of the operations is irreveraible. The two iireversible opera¬ 
tions most relevant to the solution of equations are that of squaring, 
just considered, and that of multiplying by zero. 

28. Polynomial equations. Standanl processes of solving simple 
and quadratic equations are given in all books on elcrnontory 
algebra. These equations are the simplest forms of an important 
class of equation expressed in the form 

+ .( 1 ), 

where n is an integer and c(„, ... a„ are independent of x. The 
expression on the left-hand side of this equation is called a ‘poly¬ 
nomial-, and n is called the degree (or oidor) of the polynomial 
and of the equation. 

For 14 = 3 or 4, standard pi-ocesses of solution, of a complicated 
kind, ai’e given in books on higher algebra or the theory of 
equations. 

An equation of the above tyjie can bo reduced to one of lower 
degree if one root is known or can be found by any means, by 
using the factor Hmrem, viz: 

The polynomial tin®”-!- ... + 0 ^ has ® —a os a factor 
if, and only if, a; = a is a root of tho equation (1) obtained by 
equating this polynomial to zero. 

To prove thia thoorom wo obaorvo that the cxpro8.sioii 

is neoesaarily divisible by a-a because it can bo written 

a* (;»» - a")'+ etn ., (.V*-1 - a" - >) +..,+(.* _ n) 
and each of tho toims of thia last axpressioii is divisible by .v - n. It follows 
that the expression in the first bracket of (2) is divisible by .i;-a if and only 
if the expression in the second bracket is zero, i.o. if and only if .r = a is a root 
of equation (1). 

The factor theorem shews at once that if « = « is a root of tho 
equation (1) tho polynomial is divisible by *■-«. The quotient 
will he of degree one lower tlian equation (1), and tho roots of (1) 
other than « are the roots of the equation obtained by equating this 
new polynomial to zero. 
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With equations of degree higher tlimi the seeoiitl the in’iieesses 
of solution are often impracticable. In .sueh (!u«es it is often 
simple to obtain approximate solutions of I he* etjuation correct to 
any desired degree of accuracy. We .shall see later (Cli. Ill) that 
if the expression +... + a„ is positive for one value of .1; and 
negative for another value of x, then it niu.st b(! zo.to ff»r some 
intermediate value of x, i.e. there is a root of efjtmtion ( 1 ) between 
these two values of x. By continued application of this principle 
the two values of x between which the mot lies can bo brought 
closer and closer together and thuncu the root sought for obtained 
more and more accurately. 

29. Equations involving more thmi one unknown also occur, 
If the number of equations is equal to the nuinbor of unknowns, 
the equations hsing simultaneous, the sohiticm is goiicu’idly rofluced 
to that of equations each containing only tmo unknown. If the 
equations are all simple (or of the first (hfgi*c>e), i.t.'. of the fi iriii 
ax + bp + Bs = d 

(taking the case of three unknowns y, s), the .solution, if it exists, 
can always be obtained simply or can bo writtem down at once by 
means of determinants, as shown in advanced bof)ks on algebra, 
There is no other important class of BiiiuxltiUKious equations which 
can be solved simply. 

EXAMPLES IV. 

1. Establish the cqiialltieH oriunoiabrf in tlio text (iqi. 20, 21), 

2. Provo the divisibility of imil iif «’•+&* by rt+fc if n is odd, 

3. Provo that if ai, oj,a„iuid ... t\V(j sots of « ixtal inuiilierB 
and if 

then 

oi 61 + 0263 +...+a*Jn=«i(6i-68)+ss(6.i-63)+.I ( 6 „_i~ 6 „)+ 8 „ 6 k. 

[This is sometimes oolled Abel’s equality.] 

4; Deduce equality (ix) of p. 21 from E-v. 2, 11 . 5, 

B. Sbew that if oj, cj,... a„ are tho n roots of the exjuation 

®»^+®n—+... + (tl® + (f,|=0 

of the nth degree, then 

oi+a2+...+o„=» - —— 

fXii 

and that ni<<a...o„»(-l)»"^!-. 

(In 

6. Provo by factori sing the quadratic equation a.«’'+6,*H-«KB0 that tho roots 
are (-6±\/6®-4afl)/2a‘ 
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7. Solve the oqiiai:ionH 

(i) a!;')-13A'='-10a;+21=0, 

(ii) (.r-1) (,i'‘-i-ai--2)=(a?-2) (j;*-1). 

8. Solve approximately the equation a!3_a,3q.i=o, finding the root wliicli 
lies between -1 and 0 oowoot to one place of dcoiToals. 

9. Solve tlio simultanoona eqnatione 


§ 5. IKEQUALITIES AND INEQUATIONS 

30. Inequalitlo9. The notions of inequality, viz. greater find less, 
which are intuitive as applied to whole numbers and have been 
defined above for rational and real numboi’s (pp. 8, 10, IS), deter¬ 
mine an order in the system of real numbers and are of fundamental 
importance. In this section we shall consider those deductions from 
these notions which will be of use to us. 

We recall the definition that of two real numbers, a and h, a is 
greater than, equal to, or less than b (i.o. a>b, a = b, or a<b) 
according as the real number a — i is positive, zei’o, or negative, 

We here introduce the adilitional symbols and to 
denote " greater than or equal to ” and " loss than or equal to ’’ 
respectively. 

The statement of the fact of inequality of two muubors is termed 
an inequality. Inequalities are of great use and importance, par¬ 
ticularly in higher analysis. From the point of view of technique 
the main difference between inoqnalitios and oipialitios lies in the 
care which has to be taken to distinguish between possitivo and 
negative numbers in inequalities. Thus, c.g., if a is positive, 2tt > a, 
whereas if a is negative, 2a < a. There are certain inc(pialitio.s 
holding for positive and negative numbers alike; thus a +1 xt 
and and again li a<b and b<c then a<o; but 

quite ordinary operations applied to incciualities will lead to con¬ 
trary results according as the nurabera are positive or negative. 
We proceed to study the laivs which inequalities follow and to 
give a few standard examples. 

31. Laws of inequalities. Firatly, whatever real number,s tho 
letters a, b, A, B represent, we have*: 

■* In these lows of ineqnalUios tho sigti uioy ho rojiluoed hy •'> ” (or viao 
verso) throughout. Bimilor lows with onfi eon olso b« lit onou trnuiuil. 
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(I) lia<A. than a + b< A + b. 

(II) If (K A than a—b<A -b. 

(III) If ff < and h< B then it + b<A + Jf. 

(IV) If a <.<1 and h>ZJ thou (*-?)<-/J. 

These results shew in particular that jhmi jrivcn in(!tiu.alitieB 
other inequalities can ]bo deduced uithor by adding the same 
number to each side or by adding the corrf.^iMjiiiiing sidoa of two 
similar* inequalities, a process which may convoniontly ho called 
adding the inequalities. 

If we wish to use the operation of multiplical-imi it is necessary 
to restrict the multiplier to be positive. Wti luvvi? in llLct; 

(V) If 6 is positive and a< A then ab <Ab. 

: This covers also the ease of division. 

If the multiplier b were negative, ab > Ah, 

Finally if we ivish to multiply togotimr two inequalities wo have 
further to restrict all the numbers concerntid to he positive. In 
this case: 

(VI) If a, A, b, B are positive and a<A,lKli then ab < AB, 
Proofe of these laws are hardly necessary. 

The first four ore immediate deductions from the deliiiition nf additioii (and 
Buhtraotion). The remaining two tvn> linnlly low olwimm. (V) for oxainplo is 
proved hy putting a=A—d whore c{Cl, whonco ufi*^{A~ii)6'^Afi~illKAb 
because efi>0; (VI) follows from (V). 

Operations of subtrootiou (o.g. II and IV) can Im iiicluiUsl uiidor mlditiou 
by means of tho useful further inequality; IfiK.l tlioii •’•fi>~A. 

To sum up: Any inequality may be oporatml cm witliout rever¬ 
sion of any sign of inequality 

(i) by the addition of any number or of any iiionuality similar 
to the first inequality j or 

(ii) by tbe multiplication by any positive number; or 

(iii) by tbe multiplication by any similar inequality provided 
that the terms of the inequalities are all positive. 

Another allowable operation, a special case of tbet multiplication 
of two positive inequalities, is that of squaring. Extracting tho 
square root, is also valid provided the positive value of tho square 
root is taken in each ease. 

* Inequalities such ae a->b, odaro similar; the Inequalities «>fc, e<d are not 
similar. 
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32. Standard inequalities. Many standard inequalities can 
best be proved by the use of the differential calculus. We give 
here a list of those standard inequalities which arc useful and can 
be easily proved in an elementary manner. 

(i) If a and h are any two positive real numbers 

(a + i)/2 > ^{ah ); 

or the arithmetic nwan of two positive nmiibers is greater than or 
equal to the geometric mean. 

(ii) If on is any real number greater than — 1 and n is any 
positive integer, then 

(1 + a;)“ > 1 + V'SB, 

unless 01 =0 or Ji = 1, in which cases 


(1 + a!)“ = 1 + nai. 

(iii) If a and b are any two (unequal) positive real numbers and 

a“— 6“ , 

, lies between* 
a—b 


n is any positive integer greater than 1, 
and 


(This inequality is true for any real value of n. See Ex. 2, 
p. 91 below.) 

(iv) If a and b are any two unequal positive real numbers and 

• vn 

m and n any two positive integers, lies between - 

Ct O' 


and — 
n 

(v) Abeff» lemma, 

If Oi, aj,... a„; bi, 1 ^, ... ft,, are two sets of imraborH such that 
ftl>fta>& 3 >-->&n >0 

and if M and m aro the greatest and least respectively of tho sot of nunibors 

^1) *l + ®8i ®l + ® 8 + 03 i ...j ttl + l <3 + ...+«nl 

then mft, ^ ft, +0363+...+a„6„ $ j|/6„ 

i.e. the sum of the n products aift,, agfts,..., «„&„ lies between wift, aud ifft, 

or equals one (or both) of these numbers. 

(vi) If a,, 03,..., a„ are n positive numbera, then the ni-ithmotio mean, vis:. 

i35i + flt2+... 4*fl^ ,, it. ... • . 1 . 

--, ^ the geometric moan, viss. «„), 


33 . Proofs. We append proofs in view of the importance of 
the inequalities and the instructivenoss of the proofs: 

* The word between is used throughout this oourso in tho striot (oxolusivc) HeiiHO, 
Thus a lies between a and ft only if a<;r<ft or ft tho values a=« and xssb 

being excluded. 
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(i) We have (a + hf- ‘kib =a?+ '2ab + - -kih 

= «“ — ' 2 tijb + 

= {a~bf 

>0 whatever u iiml b iimy he. 

Therefore (a + &)'■> 4«6 whaUiver « niitl ft, anti hfuco 
ft + ft > t/{iiih) 

provided a + 6 is positive. Hftiice 

(ti + ft)/2 3: \/((»ft) 

if a and 6 are both po.sitive, it being inuifSHtM-y titul suftittiimt for 
the “reality" of the geometric mc*au t/(nb) that tt anil ft should 
have the same sign, and for the imsitivffne.SH i»l‘ a 4 ft that that sign 
should be +. The sign “ 3 " is uscil and not the .sign " > ’’ because 
it is possible (if a = 6 ) for the two sides tr» be eijual. 

(ii) By induction: 

If (1 4- a;)" > 1 +1101 for some particular value (tf n, it follows, by 
multiplying by 1 4- a;, that 

(1 4- a;)"+’ = (14* fc)'* (1 4* o') 

> (1 4* ?«») (1 4-.'i;). 

the multiplier 14 -a; being positive under the conditions slated*, 
i.e, (14- > 1 4- (ft 4-1) . 1 ! 4- 

which evidently > 1 4 - (ft 4 - 1 ) 

But it is plain that (14- a*)’ > 14- 2a!, except when x «■ 0, the two 
sides of the inequality being then equal; tluTcfori* (1 4- a;)* > I 4 - .“te; 
and again (1 4 - a;)* > 1 4 - ix, and so on, givijig in gcmiral the result 
stated, with the exceptional case when a; = 0 . The other excep¬ 
tional case of equality, when n = l, is evident. 

(iii) We have from equality (viii) of p, 21 (or by diree.t tlivision) 

a“ - 6" 

—an-i + jjn-Jft + + ... + ftn-i, 

there being a terms in the expression lost writtfui*. 

Supposing, for definiteness, that a > ft (tt and ft being botli posi¬ 
tive by hypothesis) we have evidently, if n > 1 , 

a"-» >a’*~“ft >a’‘-»ft’ > ... >ft«-i, 

* It the Btiident has any diffloulty in appreciating a gunmiJ proof applicahlc at 
once to any value of », he should first work through tho proof with ono or two 
definite values for n, e,g. «=2, or 8. A similar rotaurk appUcH also to the proof 
of inequality (iv), where the studont may find it advieithlii to work through the 
proof with say tho values 6 and 3 for m aad n. 
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whence it follows that the sum of these terms is leas than tho aum 
of n terms each equal to a’* * and greater than the aum of n terms 
each equid to 6 ““*; whence 

ft’* — 

if ft > 6 > 0 ; 

and similarly the aaine result holds with the signs of iuetiuality 
reversed if 0 < ti < b. 

It is easy to see further that the result holds also if a and h are 
both negative, though the proof wonlil need some modilication. 

(iv) To prove, more generally, that lies between 

ft — f/* }j 

7 ) 1 / 

and -- i™-" let na suppose, for definiteness, that (i > i > 0 and vi > n. 

By dividing both numerator and denominator of the given 
fraction by the common factor a-b, the fraction is seen to be 
equal to 

+ «“*"'•’& +... + ab'"'-’ 4- 
a»-i + .. +~ab^^^ +1)^~' ’ 

which equals 

ft’""’* (ft"”' + . + b“”*) + . q. J,m-i 

ft'*”' + ft"”“ii' > 

which equals 

„™-» + + + - 

ft"”» + &»-■=& + ... "+bn-r- - ■ 

which is less than a"*-" + Z '*”‘""7* 

?ib'*-' 

which equals 0 ’“”"+— 

It ’ 

which is less than a’"”" ^ 14 - , 

i.e. IS less than — a''^ ", and one part of the theorem is proved. 

Similarly the same fraction may be expressed as 

+ .ft i'"-”:* + .^4- a™-'-* 

i»"”* 4-... 4."a»-i“~ ’ 

whence it follows that under the same conditions as before the 

given fraction is greater than ~ 6 "*”" 

n 
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The theorem is completely proved in the en.sc;. .snicjwsed; the 
other cases can he easily deduced or proved .similarly. 

(v) To prove Abel’s lemma let cw ileunte tlin sums 

«i, «i+rt|i+".n «i+Ma + ... + o„ 

by 4 i, »i', "3) •••! 

Then we have at once 

CCj 4 *^ 31 * 2 d”*... "b(iCn 

“ *1 (1*1 ~fta)+*2(^a~ I'll) + •••+*n..l I'ld+Cn^B. 

But, jrbeing the greatest of the nutnbcrM «„ *3, wc; liuve 

1 *., 

and, since by hypothesis 

l*l^l*3, l*2^1*3l •••» 1*11—1^1*111 I'n ^ Ih 
and therefore lii-fij, h^-h, K-\-Kt and l'« arc; all piwitivc (or zero), it 
follows that 

•l (1*1 ~ 1 * 2 ) ^.^f (1*1 “ 1 * 2 )) *2(^2”“1^3) ^ il^(l’s"'I’.'l.s 
«n-l (l*n-l -1*1.) < {K~\ ~ I'm) ail<l «,!*« < J/^h 

(from our fundamental ineciualities), whoueo wo hiivi.*, by luhliiig, 

Jj (6i - 1 * 2 ) + •. •+*n-l (I'm-! “ I’m)+* i»l’« ' 

< jtf (6i-l*2)+J/(lca-l*,)+... + i5/‘(l'„-i -1'.)+J/l'M«ifl.,» 

Hence the sum tti6j+«i6j+..,+«»!.„ $J/li,; 

and similarly we have the same sum >7nl*|. Tlio tliuoretn i.s iirovnd. 

In this theorem, if none of the numbon. i(|, ttg, is nugative, the 

numbers m and M are respectively Sj (Lex «t) ami «,. 

It should bo spooially noted that, though the iiniiihei'H X), u.j ,in tlio 
theorem are unrestricted, the numbers &i, 63,..., !>« are iivutriuttKl; ns written 
in order they must not inoreoae at any stage and must mum of tliom be 
negative. 

The theorem may evidently be modificKl by rcphmiiig m and ,lf by any 
numbers respectively less than and greater than all tlm sums Sj, Sj, 

. (vi) To iirove (vi) we have to prove a,aj... «„ ^. 

Write Jf for the arithmetic moan, i.e. and consider the 

product OiOg... a^. 

If all the numbers Ui, 03,..., a„ are equal, they iiro all equal to Jf, and 

“l«2...®ll=*.ilf^. i 

* By this use of the sign "=" we mean that the exprosHion immediately pie- i 
oeding the ngn is equal to the exprosBion following the sign; tliu relation between j 
the expression •i{l*i-'liB) + ...+««_i(bH-i-l>,0-l-«„h«nnd Mb, is of course one of in- 1 
equality. Thie oonvention confliots with the proclioe of some booke. | 




“.I 


§ B] inequalities and inequation,? 33 

• 1 “ “11 «< 1 «“ 1 . fchei-o muNt ba at loaat oae of them which 

IS less than ^and at Icist one greater than Jlf, for, if, ag., all the nuinbera 
and were not o 11 =j 1 /; wo should liavo 

«i+ «a+—+ «»> Jf+ifH-... + Jf 
-n.J/, 

and M would> Jlf, which i.«i iiniiufwible. 

Suppose a, and aa> Jf, 

If the two tei'ins uj and in the product a,fQ... a, wore replaced by J/and 
at+a^-M, the profluct would lie meimsod; liucniisn 

a,aa ...«/„“J/(a,+«a--'V)«3...««=«a ■..a„[Jlf-a,) <0 

(because «a...a„> 0 . and Jf-a,<o). 

Calling, for convenience at this stage, 

if, cii+a.^ — Jlf, 03 , ..., 
respectively a/, a./, 

we have proved that rija^... aa<ai'aj ... n,/, 
whore «,'= if. 

If the numbers a,', nJ, aj, ..., < am not all eiinal (and = 3 l/), tho same 
argument will apply to show that ' 

. ui'Ui'tta'... ... 

whero «j"=j|/nud aJ'=Jf. 

This process can be repeated until all the numbers in the produot are equal 
and equal to i/. Tho produot them*: if". *1 

Hence, if the nuiubors «i, «a,..., a, are not all eipial, 
while, if the imrubers are equal, 

a,«3... «„ = 

Tho inequality (vi) is ostahlished. 

34. Inequations. Aa tliu equating of an algebraic o-xpreasion to 
some number or other algebraic expression leads to an equation 
so the statement of the inequality of two expressions leads to an 
mefuahm, or contingent inequality, satisfied for certain value,s of 
the u^nowii concerned. The problem of solving such inequations 
therefore arises. ^ 

The solution of inequations can be carried out on lines suggested 
by those followed in the solution of equations. Ineipiations can in 
lact be operated upon Jis equations (with the qualification that 
multiplication or division by a negative number will necessitate 

WUA 
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the reversion of the sign of inwjimlity niid f hnrefnrc iw not a 
directly valid operation) and so bi-onght into slatnliml forma. If 
the left-hand side of the inequation, when the right-hand side has 
been reduced to zero, can be fachtrized, the complete solution 
follows at once. For oxaiiipks the inequation 

has evidently as its complete sulutiim all bln* valnes of x for which 
either one or three of the foctora is, or are, imgativc, i.e. x < -1 
or 2 < » < 3. In fact in general the solution ctf tin? ineipiation 

(a — fli) (ffl — rta) ... (jk - «„) < 0, 
in which ai< Oj < nj<... < ff„, 

if n is even is 


ai<ai<aa, a„<cc<iu, .... f/„, 

and if n is odd is 

®<ai, .... 

and evidently the sign “ < ” conld be altcrcsd to " '' or" >" 

throughout the inecpiation and solution. 

It may happen that a quadratic expnjssion (e.g, ;r’ — 2.r -f 2) has 
no real factors. By the introduction of complex numbers* the 
equation «*-2® + 2=0 can be solved and thus comple.x factors 
1 and a!-l + V~l) found for the. expression, but 
such factors can be of no help in solving the inequation 
(E>-2a:+2<0 

for neither of the factors can be said bo bo positive or negative or 
greater than or less than any number,—those notions being applic¬ 
able only to real numbers. 

However, it c^+psa + qia a, quadratic exprc'.s.sion, 

q = (x + ^ +q 

and will therefore have two real &ctnrs or not according as tliis is 
of the form a? - d» or not (o being a real number); i.e. according 

jj’ 

as < 0 or not. 

If < 4g the expression will not have real factors, but then the 


* Soa Appendix. 
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expression +|) + (/“f' necessarily positive for all values of 
A, because (a + |)' > 0 ami (i > 0. The inequation 

»= + pas + (jr < 0, 

in this case, will have no real roots; the inequation 

4 -p® + g X) 

will have every r(;al number as a root. 

It will be noticed, that tlie solutions f»f inequations do not con¬ 
sist of certain isolated values of the unknown, but (unlike solutions 
of equations) the solutions in general consist in the restricting of 
the unknown to lie w’ithin certain ranges. 

It is impoitant to rciiicmber that, in multiplying (or dividing) 
an inequality by any expression containing an unknown a, the 
sign of inequality i.s reversed or not iicconling as the expression is 
negative or positive. Until an ineipiation is solved, however, tho 
sign of such an Qxpre.ssion is not known, and it is essential to take 
into account both the pos.sibilitio8 as to sign. For example, the 

inequation -“-j >0 is equivalent to .-b > 0 if a>-H > 0 (giving t;he 

solution io > 0) but is eqiiivalonb to x < 0 if a- +1 < 0 (giving tho 
solution ® < - l)j the mots of tho inequation consist of all thii 
numbers x for which either ® < -1 or a: > 0. (Tho number » = - 1 
is clearly inadniLssible.) 

36. Other types of equations jind inequations, such as .*!>»“,_ 

where icl, called/ac<07*iai w, and occasionally written |*, moans tho 
product 

x{x- 1) (x-2)(x~3) ... 2. 1,~ 

are often met with in analysis. The solution of such equations and 
inequations which cannot be written in the form 

+ Oil.,®’*-! + a,® -I- a„ I 0 

IS however a matter requiring special consideration for each par- 
tioular type and is best dealt with as rotpiired, 

fsimiiltaneouH iauquutionH in more thim eno iinkuowii are net itnpiirtanl:. 


»~2 
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EXAMl’LKS Y. 

1. Provo that if a>b then ~a<-h mni Uwt if r i» negative and a>fc 
then tfe<6e. 

2. By tjilfiiig a=sl+* nnd dedme iinviUHlity (ii) nf tlm text (p, 29 ) 
from inequality (iii). 

3. Prove 1 ^ 

if *>0. 

4. Provo a®+6®+<!®^3ulie if **+A+e^(>. 

6. Provo that, if m and n arc poaitive iiitegero aturh that m > n and </ m any 
positive'real number, then a"*> a* if « > 1 wild n”< «" if « < I. 

6. Shew that if a > J then a" > &• 

(i) for all positive integral valuea of n if iilwt 1 n {> j /»., 
and (ii) for oil odd positive intcgitil valuoa nf n only if 1«[ < j ft! *. 

V. Prove that if ai is any real positive iiiiuilM^r Ii'sk than iiiiily and if c is 
any positive number whatever (however biiuiII} then .r" < r for all isisitive 

integral values of n greater than if ^ i** “ay real iiositivo 

pumhar greater than unity and K any ismitivc imtidmi- wlmtevcr (liowover 

A**-*! 

great) then ®"> iT for all itositivo integral vahnw of « gmilnr than . 
rFor the first part put tuid apply inwinalily (ii) of tins text to 

L 1' "" 

the denominator, whence a* < 

8. Show by using Abel’s lonnna that if 0 < .r < I and M anil wi are the 
greatest and least of the n numbers 

Oi, di+oa, «i+®*+as, o,+«^+...+rt„ 

then »i^a,+aja+ 03 jc»+„.+ff„.T""‘$df. 

0. Shew that 2" > 7i for all positive integral valnoH of «. 

10. Shew that (!+«)'*>» for all jawitivo integral vahioa of n greater than 
some value depending on ®, x being any positive nuinlior. 

[Prom inequality (ii) of the text an integer m eaii be choHon Hiiflleiuntly great 

to moke (l+®)™>H-i. From the some inequality (I +,v)» >!! f JL ff if p ia 

W-1-- 

any positive integer such that 1 i.c. if p > .i.ii.n.. if • whence it 

1 +- * 

je 

* For the definition oE the modulus [«| of a real number x, see p, ii bolow. 
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follows that if n is iwiy jtositive integer (m+;> say) greater tliaii wn- , - 

X 

(wheie m is the integer chosen alnve) 

(1 + =(1 +a0’"(1 +*)»' 



1 


and the thoovom is provtsd. 

It can bo seen in fact that (1 +a')"> n for all positive iiitogral values of a 
which oscaed 1 ; this does not exclude the iH)ssibility of the iiioquality 

holding for smaller values of n tvlHo.] 


11. Prove that px^+iix+r>0 for all roiil values of.® if (f<4pr and y >0. 

12. Solve the inequations: 

(i) vr‘'' -4Hj;+rir)l <0, 

(ii) .1"* “3 a’®-2.'!;S+12.i.’-8>0, 

(Hi) -^-^<‘2, 

(iv) n ! > jf'*, (>i Ijoiiig a positive inlegnr) *. 

[The oomplote solution of (iii) is *> -1 or .v < -2. It may he illustrated 
grapbioally by drawing and comparing the two graphs y = , y*=>S.] 


13. Show that2“< a! if a>3 and if 7i> 1, 


14. Shew that, if u, h, c, A are positive numbers 1o.hs than 1, 
(i) (l+«)(l+i)(l +c)...(l + f')> l+(tf+6+o+..,+A), 
and (ii) (l-a)(l-ft)(l-<i)...(l-i)> 1-(it+f7+«-t-...+X’). 
Dedneo that, if, in addition, a+6+c+...+i{r<l, 


and 


(iii) (l+u)(l+i)(l+c)...(l+*)<^ 

(iv) (l-o)(l-h)(l-,,)„.(l-I-)<^ 


1 

— (tt+h-l-c+... +X‘) ’ 
1 

+(i *+6 -i-c+... +X") 


16. Prove that if x, y, y' are any real numbers 
V(A'®+y“)-^/(af“+y“) ^ s/K.«+«')*+(y+/)“} «v/(«“+y®)+V(a''»+yi‘). 
[Ifyny'EiO these relutiuim reduce to the simple, hub useful, rolatiuus 
I a- 1 -I •<?'U1 *±•'5'1« I ® 1+1 ■*'|.] 

* See p. 36 above. 
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§6. Infinite SEQi'KNfiEs 

36. ApproximatiouB to Irrational numbors. Iji § 3 we saw 
how to define irrational mmibera iu-illiiii«!tically by moans of 
Dedekindian olassificationK of the system nfralinnal numbers. The 
definition of actual elassiticatioiw <Mirre.sjionrliiiff bi particular 
numbers (e.g. \/2. ^10) was left however to be (iotcrmined .sepa¬ 
rately in each sopurate case, and no gtmenil im.*! hf«l of obtuitiing 
rational numerical approximatioiiH to irnitionul numbei'H was given. 
Since, however, rational nmubem in the two Dedekindian clasaes 
defining an irrational number can be found tw close together juj 
may he desired*, it follows that rution.al uppnMinaiiom bi any 
irrational number can be found arbiti’orily clo.se to the, inutional 
number in. question. For pmctical pHrtM)ses sueh approximations, 
if expressed os decimals, will be of more utility in the repre.sentatioii 
of irrational numbers than the somewhat llH'oroticuvl Dedekindian 
classification. If we wish to have a set tif ratioiud api)i-oxiinatiijus to 
an irrational number of arlritruTy aoeuracy (short of ahsolutu accu- 
racyt) we must have an indefinite nnviher of sueli approximating 
rational numbers; for, if wo had only a definite number of ratioiml 
numbers (e.g. 1, 1‘4, 1‘41, 1’414) we could not thereby obliiiii a 
number arbitrarily close to any irrational number (e.g. ^2, which in 
feat differs by more than '0001 from any one of these four appro.xi- 
mations). It will be necessary thereforo tc) ctmsider indefinitely ctm- 
iinmd aegnences of appronmationa (o.g. the unending seipience of 
numbers obtained at the successive stages in e.xtiiieting tlni .square 
root of 2 by the ordinary arithmetical method, viz. 1,1'4,1'41,1'414, 
the dots indicating that the sequenee of iiumbcu's i,H supposed 
continued indefinitely according to some supiiosed law;—-for by 
continuing the sequence suffidently far wu can obtain a number 
as close to >J2 as we may wish). 

In other words, the effective representation of irrational nimbers 
demands the consideration ofinfinUe sequences of nimbers. 

This consideration,—which is a matter of cajiitul importance 
from several points of view, theoretical and practical,—will be the 
concern of the present section and the miu next following. 

* This geometrionlly evidont proporty of tlio Bystwii of nitioiml munhurH is not 
difiioalt to prove. 

+ Absolute aoouiaoy is of oourso impossible if tiiu mmibcr ooiiooniwl in reslly 
iiration^. 
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37. Upper and lower bounds- of a set of numbers. Wo login * 
by consklering the trivial easo of a finite set of numbers, e.g. the 
six numbera 1, 3, 2, 8, .i, 0. 

Of theao innnborB ono, viz. X, i.s the, gT(!ate.st; any real number 
greater than 8 exccods all inniiberH of llio set, and any number le.sH 
than 8 ia le.S3 than at k>a.st one number of the set. The number 8 
marks the upper boundary between the nuinI)er.H of th(( .sot and all 
other real numbera; it ia thorcfuisi eallud the upper hound of the 
set. Similarly 1 ia the least number i>f l,h<i aet and ia eallod the 
lower bound of the set. This .set ia also a.aid to be hounded above 
and below becauae iiumbe.i-a (sin be found greater than (and leas 
than, reBpoc.tively) all the nnmbei-a of-the set. 

38. Sequences. Let iia hck! to what o.'ctcnt the.se definitions eun 
he applied to indefinitely continmsl seta or sequences, A sequence 
is any act of nuinber.s written in some tb'finite oitler, but we .shall 
interpret the toriii to exclude finite HeipiemieH; i.o. in future a 
sequence will mean an indefinitely ttoiitinned acfjuenei! (anmetimea 
called unendinij or iiifiivite), Ktir thia purpose let ua eoiwider three 
pai'ticular e.xaniple.s: 

(а) the aeciuence 1,1/2, 1/3, 1/4, ...; 

(б) the sequence ii s. -U, •••; 

(c) the socpience 1, 2,:}, 4,.... 

The, sequence- (u) ia similar to iJie abovo finite .set in one respect: 
it has one number, 1, greiifan- than all tile t)ther miiubera of the 
sequence and it ia bounded tdme. As before wo call 1 the upper 
bound of the aeijnence. 'I'ho fie(]uoiice however differs from the 
finite set considered iti that there is no leust uumhend theaoqucnee;— 
whatever number of the seqiunm we to Ice (e.g. J /20) there are oilier 
numbers of the sequence less than it. Meverthcloaa the. numbers of 
the sequence are all poaitivt! numbers and their representative: 
points on the lino of Fig. 1 therefore all lie to the right of the 
origin 0; so that tlje sotiuencc is certainly bounded below in the 
sense that tlieru are. numbers less than all tlio nnmber.s of the 
sequence. Ia there a liiwe,r bound ? That ia,-—i.s tliero a number 
which luarka the lower boundary between the imnibor.s of the 

* The stiidunt is Hlraii«Iy lulvisccl tu ruvurt to tho HtmiKlil lino of 1''!^. 1 roiicatoilly 
throughout tlie lo'osi'nt 9 and tu mark ull for liittisoU' on ouch a straight lluu tlio 
numbers mid sets dealt vvitii. 
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sequence and all other iminberH, i.c‘, a inunhor such that all real 
numbers greater than it exceed at least ene niiuihcr (if the sequence 
and all numbers leas than it are less than all the nunihprs of the 
sequence ? Geometrically tlie answer is evident: the point 0 (i e 
the number 0) represents such a ntimhtu'. Aniilytitsilly also this is 
yerified, for if (b is any real iiuiiiImh' greater than 0 we. can find ii 
number of the sequence hiss than .r hy simply going to the nth 
number of the sequence (i.e. I/n) where 7i.> l/.r, such a v.alue of n 
evidently necessarily existing whnt<;ver jxisitive imndier (howcjver 
small) » may he; and at the samo time, any imiiihor less tliaii 0 
is clearly less than all the numbers of the aequtuiee. Though the 
sequenoe has no least number, yet it has a Unrev Itoiind (vis. 0). 

The sequence (6) is seen similarly to Ik) brmnded below; the 
least number, viz. is the lower bound; and the seipuiiice has no 
greatest number, but it luvs an upper bound, viz. 1. 

Take now the sequence (c). This setpietiee evidently has a hiast 
number, I,—which will be, ns bidbre, the lower bound of the 
sequence; but it has no upper bound, for whatever mimber m-o 
take, no matter how large, wo can find a niimh(‘r t»f (.lut seipienco 
(as many as we like in fact) greater than it. Tin* sequence in fact 
is unbounded above,—as is once more geometrieally i-vidiuit. 


39. Definitions of upper bound, etc. Wo can tiow put down 
the follo^ving definitions, applicable to any S('ts or se(njence.s of real 
numbers, finite or infinite: 

A sequence of numbers is bounded above if soino real number, K 
sa^can be found greater than all the numbers of the setpioncc. 

_ The sequence is bounded below if some real number, K say, can 
be found less than all the numbers of the sequence. 

The sequence is bounded if bounded abovo and bounded below. 
The wp^ bound of a sequence of numbore is the least real 
number which is at least as great as .all the numbers of the sequence. 
It there is such a number. * 

It there is such a number, 

inJaimuZbiTf now prove the follow¬ 

ing simple but fundamental theorem; 
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If a sequence of real numbers is hounded above, it necessarily has 
an upper bound, rational or irmtional, a)id similarly, if bounded 
heloto, it has a loiver bound. 

The student will probably think a proof of this thcorciti uiinecc.s- 
saiy; the thoorem i.s in fact gcoiiictrically ovideiit, being tnorely 
an illustration of the continuity (or iinbrokcjine.'jH) of the straight 
line of Fig. 1. The need for a proof i.s however more apparent if 
one reflects that if irrational niunbei-ft were exchtdod from onr 
consideration such a Hef|ncnci! as that in.stanc«'d above obtained by 
carrying out indefinittily the process for extracting the .scpiare root 
of 2 (viz. 1, 1'4. l'4l, 1-414, ...), though bounded above, yet would 
have no upper bound (because there is no rational number having 
the properties of an upper bound of this .serpuince). 

The proof is: 

Let the nunibci-s* of tho .st;quencc be 

S\, >%, Si, ... ....• <•(!). 

We know there are some real numbers (e.g. K say) which ex¬ 
ceed all tho munberH .v.,, ... of the seriuence (1),—because of 
the hypothesis that bhu st'ipumce isboundeil above; and there are 
other real nuinbers (e.g. k .stiy) which are less than Home (i.c. at 
least one) of th(! immbera .v,,«s, Sa. ... of the seciuence (1); this 
division of the system of real numbc!r.s into two chtssos (i) those 
numbers K which (ixcc-csl all the niimboi-s of the sequence (1) and 
(ii) those nuinbci-s k which are less than at least one of tho numbers 
of the sequence (1) is a J)(3dekii«lian tlivisionf of the system of 
real numbers, because every rminbcr k is les-s than every number 
K, and every real number, with only one exception, is included in 
one or other of tho two claHse.s. The classification therefore defines 
a real number {M = (k | K )), which is such that all nunibei-s greater 
than M belong to tho K class and thei-cfore exceed all the nuiubera 
^ 1 ) *3, Si ,... of the .sequence, and all numbers loss than M belong 
to the k class and are therefore lcs.s than at least one of the 
numbers s,, s^, s„ ... of the sequeiico; i.e. ilf is tho upper bound of 
the sequence. 

similarly tho existenei* of a lower bonnd (/a) of a sequence 
which is bounded below may be provctl. 

Tlia numbers of a nuiiiiciico will fifteii bo rofcmsl to aa tliu ternu of llio buiiuougo. 

t See p. 10 above. 
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The existence of the lower and upper boiwulH of the Mctpiences 
(a) and (b) above (p. 39) Jirc thuH Imt parlieular instances of this 
general theorem. 


40. Monotone sequences. Unique limit. Definitions. Sup¬ 
pose now we have a seriucncu which Is not rmly bounded above, 
but also steadily incrensiny, i.e.. the tcu-m.s in nnlcr steadily become 
greater and greater. 

Take for example the scquenco 


•9, -99, -999, •9999. ., 


.( 2 ). 


the successive terms being decimals cotuposial of a .stciidily in¬ 
creasing number of 9’s. 

We see at once that the upi>cr bouml of this sequonce is 1, 
because evidently 1 (and therefore, a furtiuri^ every number greater 
than 1) exceeds every number of the setiuenco (*2), and any number 
less than 1 is less than some numbers of the seiiuence; 1,liis last 
fact being consequent on the fact that tins tliHerenci' between I and 
the ath term of the soquoncts etprals 1/10“, and, ni» matter how 
close to 1 we take a number at (< 1), we ctui find a power of 10 

(10") Avhich exceeds the number j~~*, i.e. we can lind ii nunibor 


ofthe sequence (2) which excecd.Ha!. Thouuinbifr 1 tlierefore.suti.sfius 
the terms of the definition of the upper bound of the sequruice. 

It should be clearly realised that there i.s tm doubt whatever 
that this upper bound 1 is greater than all ami not (!(pial to any 
ofthe terms of this sequence, and that any numbt-r whateviu’ lew 
than 1 is actually less than some nund)er.s of the si-queiice.; anil 
that the upper bound is the number 1 and not sonie imagined 
“next number just below 1." 

In this sequence we notice one quite remarkable fact: the nninbeis 
of the sequence form a succession of approsimafions to the upper 
hound, of steadily greater and greater accuracy; and in fact, that as 
we progress in the sequence the terms all tend to coincide towmils 
the upper hound 1. The relation between this fact and onr prob¬ 
lem of approximations of unlimited accuracy to irrational nninboiTi 
is apparent. Such sequenoos as tend together in tlii.s manner so as 
to form a set of approximations of nalimitecl accuracy to suttio 


* See Hx. 7, ji, nit. 
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number (whether that iminber is the iqiper bound of the sequence 
or not) iirc Buid to be mmergent and the nunibei- so approximated 
to is called the unique limit of the scupienee*. 

The special sequences fiiseti.ssed above belong to the important 
type of sequunctis whieli are called monotone or nionotonic. Thu 
term inoiiotoiie is applied to any Muiptenee which is either non-- 
isareasinff or noit-increimnij lusiordiiig tn the definition; 

The sequence s,, ... is non-ilecreasing if 

it is non-incimsing if ,v, 5 .... 

We have at once the following rundaniuntal general theorem 
concerning monotijne .Kccjnences. 

A monotone honnded sequence necemanlff has a unique limit, 
which is the upper hound of the sequence if the sequence is non- 
decreasinrf ami the lower hound if the sequence is iwn~vicreusin</. 

Proof: 

Let the soqueiioe .s,, . .Ite non-decreasing; .so that, 

and, hceaiiHu the si‘(|ni'n<‘e is bounded, it 1ms an n|i]M;r bound,ii say, 
which is such that any number greater than 7/ is greater than all 
tho terms of the sequence and any iniinber less than L is loss than 
some term (or terms) of tlie. seuncnce. It follows that, however 
small wo take the positive tinmbcr e, tliere is at h-ast one term ff,i 
which exceeds h~ e. Um\<.l,) and thcndbie, siuetf all the. siihse- 
quent tonus ef the .soquenci* 5^ s„, all the Utiiis of the sequence, from 
the >ith onwards, oxceed i.e. the*, terins of tin: Hcqntmcc tend 

towards the number L, i.e, the Ke(|uence 1ms tho nniqno limit L. 

Similarly for a non-Increasing seqnenee. 

In future, to denote the fact that a seijnence .v,, s.^, ... is non- 

increasing and has the lower bonml and nniepu! limit L we shall 
write * 1 , Sg, s,,,... V*. L, or, .shortly, .v^ V Lfl mnl if the .sequence is 
non-decrcosing and Ims the upper bound and unique limit h, we 
shall write Su Sg, .Vg, ... ^L, or We make use of the 

shortened form of Nl,:itemout that «„ tends dvomisinj/li/ {or increas¬ 
ingly, as tint case! may bo) to L. 

* UofltiilimiN which are more Hlrielly iinnlytkiil ari! Kivcii iin ihii ni!xt pasu. 

t Soc fuotnobc, iiexl |iiisi!. 
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41, Definitions for any sequence. Wo .shtill find tl 
sequences are much the nioab iniiK>rtfinfc tyjK* of nt 
shall moreover be able to reduce the cerj-Hifloratioii of 
general to the consideration of such inonotoiu* Hequ 
quence which is not nionotono may or may not bi 
i.e. have a single definite limiting iK>iut Ktwanls which 
of the sequence tend. For gem>riil sfuncnces we defii 
limit point, limiting point, limitmtf value, limiting nn 
sequence s,, Sji «ai numlier L, tvithin nn artn 

neighbourhood of which {i.e. within the range of valm 
to i + S, for any and every po8.siblo choice of the nu 
lie numhet's of the sequence', a number of the serjiun 
being a limit of the sequence unless it is veijeattjrl I'nri 
as a term of the sequence or there are ut/ier torm.s of 
within the arbitrarily small neighliourhtmd. 

With this definition a aequencii may Iiavo niig nun 
If it is bounded and has only one such limit ire sag t. 
convergent and the limit is culled the unupie limit. 

It is clear that a bounded monotone seiiueiiee lias i 
according to this definition. 

If the sequence Sa, ... is c:<mverg<>ut and (in 
limit L, whether that setiucncu is monutoiie or not. v 
a#, or, shortly, Sn—^L\ and wo .shall say 

We write also alternatively Ihn ffn = //. 

For convenience we define the modulus (or nbst)l< 
merioal vadue, 2 iositive value), jeej, of a n-al number 
number « if « is positive (or zero) or - ® if x is uogu 

In the above definition of a limit, a number s„ of 
will lie within an arbitrarily small neighbourhood (I 
of L if I Sn — -h [ < S. The number L will therefore be 
sequence Sj, «a,... if and only if, for any and cveiy j; 
of the positive number S, there are terms of the i 
Sn say, such that | % *-£ j < S; with the special prnvi 
when L is one of the terms of the sequence. 

* When the ahoctened atatamenta, m„ eto. iiro naetl, iho i 
oreMBB indefluitoly" or ■' aa n tenda to Infinity " or • 'aa «-*■»" ia < 

it is doaired to make clear that the rank ot the lorma of the acti 
by 71 . 
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We have also that thti swjiieiice *>,, will have a unique 

limit L if, and only if, com-,si»nding to oveiy pjsHible choice of the 
positive number e tliore is always a Kirin s„ of tlie sequence such 
that |»«-ami all terms, say subsequent to s„ in the 
sequence, also satisfy the inequality i - //j < e*. 


It is gcniastricully cvidi'iit that if the sisjiwiitH* satislirs these eoiiditiniis it 
has ft unique limit avcouitng In our th'liiiitinii. We can provt! this as follows: 
Such a Hcqueia-t! iilainly has the uuiidsm J, ns a limit. Isit L' be any lainilH))' 


diiforent from 1. 


Take 


\L-V\ 


There is a ttiriu such that, for it and 


all terms Kubuequeiit to it, | < t. 

and therofoi'e ! «i,i A' j *= j - A+A — i' | 

>;iA-A'i-.l 


Of the terms of the stsiuencn ureeedinK (exeludiiiK those, if any, which 
equal U) there will Im.< one or wore nearer to A’ than are the others, and thore- 
foro there is a positive number, i say, such that la,,,-A'| > A for all terms 
j,„ preceding a„ (c.'teludiiig those terms which A'). Taking A to be the lessor 

of the two nunibers ^ anil «t, we liave proved that thms is a positive 

mirnbor 8 for which is not less than S for any term of the soqmmue 

(with the poasihle exception of u coruin nuiiilwr of them wliioli mnys-. A'), // 
is therefore not a limit of tlie seipieiice. Thus A is the unique limit of the 
sequence. 

It eon also he pnivisl wnivei’sely that if a si’quence has a uiuipiu limit A, 
then the above conditions are satisficil. 

For the purposc-s iif this the. nntiun of unique liiidt is of 

much greater iniporKinco tlmn that of limit in the wider sense. It 
is customary, nnd often ooiivutiiout, to iisu tbo word limil in the 
sense oi unique limit. Whi*ru theiu is no divngor of confusion (o.g. 
where we have occasion to speak of the limit of a sequence) wo 
shall use the word in tlii.s w.ay. Wherever cinpliasis i.s needed we 
shall use the term limiting nniaber for limit in the wider semse. 
It must not be forgotten that the notions of unique limit and 
limiting number have vital diflercnce.s, nor, in particular, that only 
sequences which have unitpu' liiuitM are said to be eonvergent. 

A. conaidoration of a few examples in councKtion with the geo- 


* This HtatonioiU in applicablu also to Rcquoiiccn of eQiuplux iiumburs. Hue 
Appendix. 
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metrical representation of Fi;j. 1 will .soon oonvinco (Jiio of,the 
fundamental theorem that any bounded sequence necessarily futs at 
least -one limiting number. For a im)of of thi.s thooroni,—the BoU 
zano-Weier 8 tra.s 8 theorem,—tin* .student i.s ri'fi'ri’ed clHinvhore*. 


42. Examples of sequences. Tho loltuwiiij^ (‘xainpleH of se¬ 
quences will be instructive: 

(ft) i{;i. 

M+l « 

the uth tei-m being 1 - 1/2 “ or 2 - l/S'-* lUMioi-ding as n i.s odd or 
even. 

Here the sequence is bounded above nnd htdow; the upper 
bound = 2 , the lower bouncl = i; the lower boiiiut Ls one of the 
numbers of the sequence; tlui upper bound is not a nninber of the 
sequence but is a limiting nuinbiw; there i.s no unique limit; there 
ore two limiting numbers, 1 and 2 . 

(6) i.li.S.ii.S.H.-lS'.iA. 

s+l n 

the nth term being 1 - 1/2 * or 1 •+ 1 / 2 * nretnsling as n is odd or 
even. 

The sequence is bounded above and below; tin* upper bound 
= 1 ^; the lower bound = i; neith«‘r the tipper bound nor the lower 
bound is a limit, there is one utiitpio limit, 1 ; iihe- sispienue is 
convergent. 

(®) sin 1 ", sin 2 ", sin 3",.... 

The numbers of this sequence repeat thoinHol ves imU’lhiitcly for 
sin (180° - 1 °) = sin 1 °. sin (.860° -b 1 °) = sin 1 °, etc.; 
there are in fact only 181 distinct numburs in this Keqtumco, viz, 

0 , +sinl°. ±sin 2 “.±.sin 00 ”. 

Each of these numbers is repeated indefinitely often and thore- 
fore is a limit (limiting number). This sequence thoreforu has 181 
different limits, of which two, viz. 1 and - 1 . are the upper bound 
and the lower bound. 


■ “ essential to consider a number wliich is repeated 

indefinitely as a limit (as is done in onr definition above); other¬ 
wise our fundamental theorems would cease to hold. As a matter 
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of fact it is easy to modify this particular sequence so as to retain 
the same 181 lira its while ensuring that these limits are not 
repeated. The sequence whose nth tonu is sin('ft +l/7i) will have 
the same 181 limits while none of the tcrm.s are so repeated. 


43. General secLuenceB by method of monotone aequenoes. 
To show how the cuimiduratiuti of ijfnvntl. sequences may Iw inado to depend 
on that of monotaue sequences let uh consider u;iy stKiuinive 

H, »« *:i.(3) 

which is bouuiled ahovo and below. 

Let Ui ho the nppor Imnitd of tlie sequoneo ••• 

ffg ho tho uppoi* bound of the setpicnce «;i, X), ... 

If;! ho the upper bouud of tho sequence «,i, ... 

etc., 

.-md A tho lower hound uf the uaqnciiuc xj, ... 

A the lower hound of the sequence Xn, X;i, x.|,... 

A the. lower bound of the sequence .13, *4, s ^,... 
etu. 

It is evident that in all eases 


some number /{ 

and A A < A ••• < senio number A". 

Tho two sequeuees f/i, ffj, ... 

A» A> ^ 3 » ••• 

are monotone and hounded and tlu’reforo each bus a unique limit {S and iS’ 
say)j 

i.c. fLi'vA'aiid 


It is easy to prove now that tho mquemn ( 3 ) is convergent if nnd onli/ if 
these tm limits S, S' are eqiutl, uvd, in the case of eonvergnnee, the unitpie limit 


=,S=<S'. 


for, in auy case all the limits uf tho sequenuo ( 3 ) must lie between (S'and 
(S' inohisivo. Ijocauso if iS'+fl is any number Avhich ejt(!Ood.s S (which is tho 

lower bound of tho sequence A* At L’ii ••■) <^+2 will exceed some number 


Un of the sequence Ui, U.^, L'l,... and will therefore exceed all tho numbers 
x») «n+ii An+jj, ... uf the original sequence from the nth term onwards, so that, 
d 3 d 

between (S+j and S+~ none of tho numbers «», »»4.i, Sn+ai ••• will lie, i.e. the 

SB a 

number iS+fi can be enclosed in an interval a 

definite number (< n) of tbo mimliora Xi, Xj, Xg, ... of tho seipionco. That is 
the number (S+fi oniiuot he a limit of tho soquoiioo. Sixiiilarly iviiy number 
< S cannot bo a limit of the sequence, and wo have proved that all tho limits 
therefore lie between tho two numbers S, S' inclusive. 
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Moreover the numbers S aiul S' cerUinlj arc liuiite of the w.MnuMiee nj, , oj,., 
for if, e.g., S were not a limit of this sotjueiici;, wu couKi find an interval 
S-a, S+8(8>0) in which onlya dcfliiitc miinUir of the nuiiili(.‘is*,,aa,«3,... 
liej so tha^ for all values ivf » suflideutly Kieat, s„ either <.S'-» or > S+j 
and then every cori'esponding Un cither $ A'- 8 or ^ S+ 8, vvliicli is iinpossihlu 
heoauee S la the unique limit of theHCquciicc f’,, C’„ ...; thereforeSmtwt 

be a limit of the sequence «i, Si, *3,.... Similarly A” must Isi also a limit. 

The theorem now follows at once. If S«.S'' all the limits ttf the snquenee 
*1, »ai *3) — lio between S and S, and therefore all coineide with Sj i.e. the 
sequence bos a unique limit S, 

On the other hand, if the sequence «3, ... lia.s a niiii]ttc limit, this 
limit must bo S (and S') j and the tlictaem is in-ovisl. 

We note incidentally in the proof of this theorem that in the general cuae 
the nutnhers S, S' are the greatest and least of the limits of the seqaence 
*1) S21 hi ••• • “rhey are called the upper and litmr limits of the setpinnee. 

We have immediately the neemurt/ and suffieicM emditinu ttf mnveryeuce: 

The leguenee 4,, 43,43,... is eonveryenl if and tmlp if the difftreiiee | 4 *+„-»„| 
14 less than any positive number whatever (t) hoimrr small, for all jmsitire integral 
valves of p and all values of n, sujfiekntiy great, i.e. given tlie mnnlter t, iv 
number «o can be found so great that for ail values of n gn'uter tluui »,> 

14 n^ „ - 4n I is less than «for all positive integral values of p. 

For; if this condition is satisilcKl, sinee S, tlm great4!St. rpf tlm limits, is a 
limit of the sequence, there are values of n so grait tliut the given conditions 
ore satisfied and at the same time s„ dittbi's from S liy less tliaii tiny arbitrarily 
small positive number c; therefore, for all iiositive inh'gral values of p, s,,,.,,, 
which differs from «n by less than s, and from S by I** k,-4 „+4„ -Sj, must 
differ from S by less than <+r, i.e. 2r; i.e. all terms s„ ,,,or tlm tsHpicncusnfii- 
oiently for on differ from S by loss than an urhitrary small iinmlier, and the 
number S thoroforo is the unique limit of tho stspteiice. 

On the other hand, if the sequence bus a unique limit (.S' wiy), hutli s„ and 
4 »+, must differ from 5 by loss than any arbitrarily small luisitivc number e 
if « is sufficiently great; and thoroforo the difference iKitwecii them, viz. 
Isn+t)- Ini, must bo arbitrarily small if n is sutlieieiitly great. 

The Buffleienoy and necessity of the condition an; established. This thcoreiu, 
the most general theorem in tho theory of convergence of sequnnees, is often 
known as the principle of convergence. 

The consideration however of genoral Beqnencc.s lies beyond onr scope and 
the above indioatlons are given only to shew tho important role wliieh may bo 
played by monotone sequences in the cunsideratioii of gimcral siupienccs. 


44, Special BequeuoeB. Let us now coasider in detail seine 
special sequences, with reference to their converj.(eiU !0 and the 
evaluation of their unique limits (when convorgont). Tho student 
is strongly advised to work through some of tha emsior examples 





S'» 


at the end of thi** ’»• ’’ '”" ' " ’ ] '" ' 

with the ideas of i.r--, -.i, •*.' -w. '< v 

ofthegeoinelri«d ‘-J i l h- 

(i) Th*e wfinon*’*' wii'.'-j' oil* '■■ ''' ■■ '■''' ■ •’ 

the unii|ue limit 0 if JW ^ .o . «« * ...- } ^ ^ ^ 

-l<a<l)( i« I'OllVt’rgMst doni-*''■-*-■ < i ^ >■'. ‘ 

otherwise is iiol r'<nvi'r){*'»j 

To prove this wi* sci* liio' jt j — I »- i ;■ ,. •■ 

are 1 , and tlmn-foro »}i« - si-. i - : ■■ . *. ^ ' = 

definitely repijatA-d I. Sm«t!.<i3y 

the unique limit 0. 

IfO<ie< I lht‘ suNlUrll*'*- S(* Ii|.» !. rtt'.T !, 

1 ! 


' 3^^ 


I i 


! T 1 * V 


where >*» si'iio- {••I'lSj'i'* 3% s. 

equality (ii), p. 2!», 

.i" * ►. * ' * 

11 «' 3/r 1 4 ".v ■-> 


which is less (Imii miy |s»!«iUvf mm.}-'r. t j ? i.' m, . « .»’ •. 
greater than 

Thereforo the Inwi'r ImoiiuI iijo} f 'I** 

this case is 0; i.»;. .r" V* O if l»»' -r •- ] 

lf-l<a;< 0 . tho loritis of ? 1 »-- •» ' 4 |U«‘|}> > ,K 34 ' 

And ncgativ(*i Imt j*« ^vir*’ t* s »4 rl. "i'' ^ ■? . 

therefore 

In the case when .r > I iv<* 

***** 11 '1 (* " 1 >)" > f I )■ l.r - 1 I > Ii»jr } i 

which exceeds any immlMT K whm *’!lfl, h>»Hi'V‘ 3 , Jti" J»-* ?J .i!> 

I)i mill the s<s|iiiaii'<’ i» th» r» J.in 4 ijs- i.. 

Similarly,if j’< •" I, tlio w“;|ii>'||in nt 4 .4>- .m.-? 

because the terms are ail<'ni<il«4y je«*i!iv»- i»is>l n* i,T 4 !t»n ^«..| s5u« « 
moduli exceed any nuinis r A'. 

Finally, if .(is*-, ^ rtjj,| j g,, 

two numbers are hoih liiniiiiijj niitiil«< ts. aixt kS*.^ Wi.j.M-H'-*' i* 
convorgont, though IhiiuiiIisI lw4li alkAi' aiel ln-b.n, 

wn* 
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(ii) The sequence sn, 2a?. Sa?, 4a?,... cun verges to Uiu uuiquB limit 
0 if -1 < a; < 1, but is otherwise iinbouiidefl. 

Taking first x to be positive, the aequence will not be a steadily 
decreasing sequence unless 0<;c<i, for the second term will 
exceed the first; but in any case, if 0 < a: < 1, naomr or later the 
terms of the sequence will steadily decrease: for 7i.:e'‘ > (?i + 1) *'*+', 
so soon as m/(?i + !)>«(« being positive), i.e. so soon as 1 +1 jn < I/®, 
which will be the case ao soon as n>x/{i - .»•). 

Therefore, from and after aoiwc terin, tin; soqiienci; is stemlily 
decreasing. It is moreover bounded below, bewmse all the numbers 
of the sequence are evidently positive; therefore it is convergent 
and its unique limit is greater than or f>t|nal to zero. 

To shew that the limit is equal to zero wo can nsc tin; itusiuiility 
of Ex. 10, p. 36. 

We have, if 0<ffi< 1, 

1 

■'■“i+y* 


where y is some positive number, viz. (1 —,r)jx. 

Therefore a?" = n~Z~% ~ iumpmlity cited, if m is any 

1 

positive integer sufficiently large; whence it will follow that ~, 


1 2 

and therefore %m—- = —*-() as jn inereuses iudcifmitcly; 


1 4> I 

and also (2m + 1) «?"*+* < (27a + 1) = - + 0; and therefore, 

vi^ in 

whether n is odd or even (n = 27/1 +1 or 27/4), nx"' 0, 

■When X ifi negative the torms arc altcTii/itely positive find 
negative, hut their moduli are the same as when j; has the corre’ 
spending positive value; and therefore again 773 ?* -► 0. 

When x^\ or < —1, that the soqucnce is unbounded is plain; 
for the wth term is, in modulus, greater than or equiil to 77. 

(iii) The sequence whose nth term is 


l + ® + a?4-... + 3:«“i, 

where X is any real number lying between — 1 and + 1,18 convergent 
and has the limit 1/(1 — a); if -1 ur > +1 the Hi)t|ueneo is not 
convergent. 
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Hero, if I ii) I < 1, tlie ^lfch term of the sequence 

1 _ -J.n 1 

= 5„= 1+® + a;’+...= 


Since 


1 - ® 


1 — ® 1 — ® 1 —‘ 

will bo less thnii any positive numbei’ e, however 
small, if n is sufficiently large, we see tlmt the terms Kn toiul 
towards the unique limit :r-—; <tr, more precisely, within an 

arbitrarily .smiill distance e of --- - , thtu'e lie all the terms «„ of 
the soqucuco farther on in the sequence than the -mth term 
where which will be the case if m ie any integer 


1-x 


, 'll 

exceeding ; and therefore the sequence is convergent 

and its unique limit is —. 


If ® > 1 the sequence is steadily increasing but notbounded above; 
if «< -1 the aoqucnco is unbounded above and below; whilst if 
«!s=-l the terms of the sequence aro alternately 1 and 0 and 
therefore, tliough bounded above and below, the sequence has not 
then a unique limit. Q.E.D. 


46. The number c. Consider the sequence (1 +l)h (1 + 1/2)=, 
(1 +1/3)=,.... This sequence, which we .shall find of great impoi’t- 
ance in the next chapter, will bo seen to be steadily increasing and 
bounded, and thcrofore it must have a unique limit, its upper bound. 
This unique limit is in fact on irrational number—the irrational 
number e —which we shall evaluate as accurately as is hero con¬ 
venient. 

We first prove that the sequence is steadily increasing, by applying 
the binomial theorem (p, 22 above) to the expression which is the 
nth term of the sequence, and comparing the expansion with the 
corresponding expan.sion for the (ji + l)bh term. 

We have: 




^ »i(a-l)(a-2) 1 


n 


1.2 


11-' 


1.2.3 


(where r denotfs 


, n(«-l)...(fi—r + 1) 1 ?i(7i-l)... 2.1 1 

.”1.' 2 ‘.. . r 1 . (91 ~ 1) n n“ 



fin^?i) 



£2 


NUMBER 


+ 

and 


[CH.I 

+ •••+rl('“i + l) ••■('“ » + !)■'■ "• 

After the first two terms, every term in the Hceond expansion is 
seen to exceed the corresponding term in tiie first, the terms 
in both expansions are ail positive, and t!n;re is moreover an addi¬ 
tional term Bccond expiinHijm; tlninifore the 

second expression is tho greater, ias ^1+jJ 
fob all positive integral values of n; i.(‘. 

IV 


(*+&'<('+ 5 )’<•■•<(■+!,) 


i.e. 


IS 


The sequence is lomded above becaus(( the ?itl\ term cciunls 

“ ^ ^+1:2 +073 ■*■■••+ r.Tv;/’ 1. 2L n 

< ^, + ^ + f72+17272 1 . 2 I.. 2 1. 2 V.. 2 

(by replacing all the factors greater than 2 in the. clonominatoi'H by 2) 



INFINITK SEQUENCES 


53 


5 6 ] 


= 1 + 1 + 2 + + 



+ 


1 

gii-'i 


^1 + 



gtt-i 


= 3 - 


1 


<3. 


The HcquencG is thon'-l'ori) luiuiulcd, luul its upper bound and \iniquc 
limit is some inmibnr which ^ 3. The limit is approximated to 
indefinitely closely by the terms of the scipieucj!; we have there¬ 
fore only to evaluate terms of the sequence sufficiently far on to 
obtain the limit correct to any degree of acctirocy; but we do not 
yet know how far in the sispieiice we shall have to go to obtain 
any desired degree of accuracy of approximation. It is easential in 
the evaluation of any limit that we should know within definite 
limits how iiccurahe our approximation is. 

In this COSO wc see that 


= (1 + 1/n)" < 14-1 + + g-j +... + 

= l + H-g-,+ 

■••+;F!+[(r + l)! + - + y 

-H-l+g-j-f, 

■” r! (f+l)\ rT2 (f + 2)‘.“7i] 

<l-l-l-(-2i + 

1 . 1 fl ^ 


4. —?: - +. + -.^ - . 

=i+i+ii+ 

1:_ ^ - 

. 1 , 1 (r-t-2)»->- 

•••+r!'''(r + i)l . 1 

r+-"2 


, , 1 1 1 r-t2 

<i + ^ + 2'i+-+h+(1^iF+i 

for all integral values of n, r being any integer less than n. 

By taking r = 10 say, we see that, for all values of 7i greater 
than 10, 

, , 1 1 , 12 
a„ < 1 +1 H- STi + "• + 1 ni + 11 


21 


10! ' 11.11! 



0* XfMHKK [■ , 

[Ott. I 

which equals 2‘(KKMI0{MK1 

+ •SIMMKWKH) 

+ •IfifiilBfifi? 

+ OillifiRfi? 

+ •OOH.TtRSa 
+ ■OOlRHM.Sf* 

+ 'OOOm.S4.I 
+ -WKwaisn 
+ 000002111 
+ ■00{KHK)2H 

ix«. 271M281KI 
+ -OOCKWOOa 

i.c. 271«28IK.1.<2-7 i,s2H2. 

The required limit will bo loss than (»,r at mast tsnial to) this 
number. 


Reverting to the cxjn'us.sion for viz. 

we see that, on the other hand, 

•.>1 + 1 + 5 ^ 31 +- 

- f-ii+ 


1 

1 



+...+• 


r! 

n! 


1 

/I 2 r 

~ 1 


j (' *!■ ■■+• t. + 


r 


n 


. 1 /I 

2 


^71 sin 

+ - 
n 







r— 
n 



7*_-l\ 

\ n n n ^ ) 

for any positive integer r less than ?i. 



r-1 

n 


) 
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Therefore 


s»>l + l+ ^ + + + “[+•••+ ^7 


711 


fl 1,12.3. .1(7--1),-, .l(ji-l)w 

2171 312.71 2.71 n!" 2.rt “ 


because 


1 + 2 + 3 + ... + (r-l) 

(by equality (ix), p. 21, or Ex. 2, p. 5); 

.1+1+ ...+! 

21 3! r! 




i.e. S„>1 + 1 + 1 +l + ... + ;;;^+... + l 


71! 


' 

271 . 


, 1 1 
l + ^+^ + *" + /v 


(7-2)! 


(71-2)1 


, 1 1 1\ 3 

^(l + l + 2! + 3l + - + ri)“27[’ 


because the expression in square braokots has been proved above 
to bo always leas than 3, whatever the value of the intega* ti. 

It will follow in pjirtioular from this result that, whatever positive 
integer 7i may be, greater than 10, 

1 _L _ ® 

2 !+... +101 27 ^’ 


Sn > 1 +1 + oi + ••• + T?ri “; 


and, taking n = 10’ say, and using the value of 


1 + 1 +^,+ 



just calculated, we see that for all values of n sufficiently great 

(>i<n 

Sn > 2'7182818 - *00000016 > 2*7l82816. 

We have now proved that, for values of n suflSciently great, s„ 
lies between 2*7182810 and 2*718282. The unique limit of the 
sequence must lie between these two values, and its value there¬ 
fore, correct to six places of decimals, is 2*718282. 

We have, in the above process, seen how this limit e can be 
calculated to any desired degree of accuracy whatever. We have 
proved that 

® < 1 + ^ + fl +••• + ;;;! + (71 + i)(n +1)1 
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and > 1 + 1 + jr- +^ 

2! «! 2i/f ’ 

where n is any positive integer and m i.s any piwitivi? iiUcgm- which 
exceeds n. From the second of these ndations we c,an deduce that 

1 + 1 + 2 '-, + .-. 

because, if not, a positive number S could ho found siitrh that 

1 + 1 +^-, + ... + ^.-15 

would exceed e; but an integer m could be ftmiul aueli that 

and the second relation would then bit eontriulictetl. 

Hence we know that 

and <1 +l + 5-i + -r + ...+^-4- 

2! ;il «!^(m+ l)(H-f 1)1' 

If therefore we wish ho calculate c with an error leas than say 

1 /10“ we have only to find an integer n .such that 

n + 2 J 

(71'+ 1 )(» + 1 )! ^ iT)*'' ’ 

and then e is given to the required degree of accuracy by 

+ ^ + + 

To obtain this degree of accuracy « »ly will sullici- })ecauH(* 

In the same way we can determine what value of ?t will suffice 
whatever^° ^ correct to any deshvd degree of Jiccuracy 

In this discussion wo liavo proved that tho whose > 7 th is 

+ “ ““goat and has the limit a to tho languago of 

the next section this proves that the inlinito snrioH 1 +1 + 

ZltTo““ h.I!, JLtly i« tho 
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Sequencoa may bo defined in many ways. Some different 
methods will bo found in the following examples. As we can 
sec from the .soquenoes considered above, the methods by which 
a sequence may be studied and its limit (if any) evaluated depend 
largely on the particular way in which the sefiuonce is defined. A 
large part of the theory of infinite sequences and sorie.s is concerned 
with the special consideration of sequences defined in special ways, 
In the next .section w«» shall give special consideration to sequences 
defined by .veim 


EXAMPLES VI*. 


I. DiHcnsH tku fulhiwiiig Heqiiaiicoti, dctorniiniiig wliotlioi* or not the/ are 
bouiidctl and whether or not they arc monotone; when bounded determine 
the upper and lower 1 louiids and the liinitiuf; numbers of tlie Hoquenecs; when 
convergent determine, the. unique limits: 

(i) 1/2, m 3/4, 4/r., ... «/(«+!). 


[Bounded and steadily iucrua.singj lower iKmud^:^, upper bQUud=l=the 
unique limit; convergent.] 

(ii) 1, 1/3. l/», 1/27,... 1/3’-^. 

[Hmuidod; steadily duoroaHiug; upper bouud«*l, lower hound=uiiiquo limit 
=0; convorgunt,] 

(iii) . 

[Bounded; etoadily doorousing; upper buuud=;), lower liouud=uiuquo limit 
=2; convorgout.] 

(iv) 2, 2“ 25, 2* ... 2» .... 


[Bounded below, not bounded above; eteadily iuoinaHing; lower bound =■ 2; 
no upper bound, and iio limit; not convorgont.] 

(V) 2,1,13,U, If.lil. 


n 

the wtb term being IJ+Ci) ® or li - (i)® tieuording os 7i is odd or oven. 

[Bounded; not monotone; upper bouiid=2, lowei* bi)und=l; oonvergout, 
unique limit=l^. Soquencoe of this typo, whioh oaoillato regularly, tending 
to a unique limit from above and below, are of frequent ocourrouce.] 


(Vi) 1,2, 1/2, 2k. 1/4,23,1/8,25,..., 

«-i « j 

the ?ith tOHii being 1/2 or 3 - according as n is odd or even. 

[Bounded, not tiu.notiiiio; lower hound =0, upper bouud=3; two limits, 
0 and 3; not csouvorgout.] 

* The student will find it instructive to sketch graphs to reproeent the seiiueneos 
in these examples. Thus in 1 (1) the giapb y=nl(,n+l) Is plotted and is seen to 
tend to the limit 1, 
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(vii) 

[Bounded; not monotone, but, after tlic. tlurd tnmi hfcmHly tlcd reuxin;;; upjier 
bound=gi'eatmttormi=,;y3, lower tmimd-I —unniiie limit; eniivorgeii'l. 
Proof; yJl>"^4/(M+^)if;^"*>>()H.l)*, i.e. if >;>(1 + l/,(}* n„t 
(l+l/n}"<3 

for all intcgrol valiiea of n, ami then>fi)re +1) if « ^ 3; it, m oimii.. 

seen that ,^3 > ^2, becauKo 3^ =.0 > «= 2^. 

That tha lower bound and niiiqtio limit ia I I'oii Ite dciluaMl fnirn fix, lo 
p. 36; forif 1+s bo any number gmiter than I, n can U; rniiml tei large that 
(!+,»)*>«, i.o. 0i<l+,r, and tlierefoit! any nmnla'r 1+,r greater tlmn 1 
exoeeda some term of the Hoquence ; wliwice the luwer IniiiiiiI 4 1 ; but all the 
terms of tho sequonce > 1, and therefore the lower lanind »1.] 

(^i“) 2,1/2,3,1/3, 4,1/1. 

the »!.th term being (tt+3)/2 if n ia whl and 2/(n+U) if « i« even. 

[Bounded below, not bounded almve; lower lntmid&lt, whieli is the only 
limiting number; not convergent and no unique limit, iHjcanse uiilM)iuidMl.] 

(ix) 1,1/2,1/3. 2/3, 1/4, 2/4. 3/4, 1/5, 2/5, 3,-5, 4/5. 

the «,th term being pfy whoro y is tlio ititegral jiarl, of (j+A sf{Hrt-iri) and 
3(7 

The scqueiKX} is dnliiitHl morn mitumlly by the prnccfw 

aiigg^od by the torniH exproHsed.-i.e. tho fractious aM> t 4 ik«n in order Avith 
steadily inci'oosing donoraimit<»ra atkil tiuinumtni'H, 

[This sequonce (which the student may iiutinA iiieludcs ammtg its terms all 
proper fraotions—i.e. all rational numbers between 0 mid I niiiJ is for that 
reason of considerable interest in tlm theory of the aritlnimlh: contimmm and 
sets of points) is bounded above and below; upiair lsmml« 1, lower hiimiil-O' 
every real number between 0 and 1 inclusive is a limit of this sequenee- it is 
not oonveigent.] 

2. Invesligato tho eonvcigonco (or otherwise) of the sequenee 

I+(~j:)h.,., 

cliBoi^mg the different eases which arLso according to tlic. value of tlui real 
niiznbBr ic. 

3 . Shew that the sequences whoso »th terms are 

1 /n, 1/n*, l/(^n), 1/2”, I/IO”, 1/71!, w/?t!, ! 2"/«!, 1/ :/«” 

all converge to the unique limit zero. 

[OoiffldOT-^jg—, W1.1 ftiijily iiioqHttlity (iiij „f 

5. Shew that the sequenee whose nth term is sin i„ b„u,„u,d aliovo 

tJeupterCXtf^ 
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e. Iiivastigate, fov difforont values of fclin rojil number x, the oouvovgeiice 
or otherwise of the scquenccH whose wtli tcriiiH are 

.v’', .i;“/h, h !.b», (fin.r)ln, (ma’)", (,v/a)’*. 

7. Prove that the sequence whose (a-l)th tonii is is steadily 

increasing and has ^ for its iipi»er btmnd and unique limit, 

fi. Prove suceessivoly tlm following general theorems on monotone and 
other sequenetis; 

(i) If «i, »a, «a,... V * and * 1 ', */, *a'i... V >f, then 

<j + Sj', +a/, *a+*a'i 9+9'. 

(ii) If S|, sai »ai...f^* and si', * 3 ', * 3 ',.../^ 9 ', then 

(iii) If 9 i,.<i 3 , Sa,...->-« and V,»/, 93 ',then 

9l + 9l', 9 . 3 + 93 ', , 93 + 93 ',...-9-9+9', 

[(hi) can bu deduced from (i) and (ii) by the method of p. 47, using the 
relations 

U{»u »a, . 93 ,...)+ tr(9i', a./, 9a',...)^ £r(»i+9i', 93 + 93 ', 93 + 93 ',...) 

^/i(9i+9i', 93 + 9 . 3 ', 93 + 93 ',...)^.t(9i, 93 , 93 ,,.,) + /y(9)', 93 ', 93 ',.,.), 

Avlioro U{hu 9 a> 93,,..), 7 /( 91 , *ai 93,...) etc. denote the upper and lower bounds 
of the scrpionce a,, 93,93,... etu. It also follows dirocttly from the condition for 
the oxistonen of a unique limit on p. 45 .] 

9. It is not true in general that the iipi»cr and lower bounds of the sequonco 
9i+9i', 92+ 93 ',,.. are the sums of the upper and lower lioiinds of tho sojiarato 
sequences 9 |, . 93 ,,., and 9 i', 93 ',..., but it is true if the separate sequences are 
both increaHing or both dcumisiiig. 

10, Prove that it 9„-»-9 and 9,i'-»-9' then 9„9,i'-».99' aiid 9„/9„'-^9/9', pro¬ 
vided in tho latter ease that 9 ' (and tho terius 9„') + 0. 


11. Provo that in general if tho terms of the sequenoe 9i, 93, 93,... alternately 
increase and deci'case by stcivdily dcercasiug amounts (i.o. so that 

9i <93 <9f,< ...<... <9o <94 <94) 

and if the difference between any two suecussivo teriiis tends to siero os tho 
terms are taken indefinitely far on in tho sequenoe, then the sequence is con¬ 
vergent and its unique limit lies between any two consecutive terms of the 
sequonco. 


IS. Provo that the sequence 

1+4, 

3+4 

is convergent Evaluate its limit, oorroiit to two decimal places, and prove 
that it equals 
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= 1 + rrT-/^TS—ri =' + ' 


^a+(,/2-i)‘ 




3 + . 


a+wa~i) 

and it is easy to koo that tliw osiiresskin Hoh ImtwetMi 5* mirl j!„ + i, tho wth and 
( 7 i+l)th terms on the Huqiioiico. To comitlete tho pwof, tlm (liHcroiu;o hetwoen 
a* and a„_i is shown to tend to zero.] 

13, Evaluate tho limit of the Hoqnenqc whose ?ith term is 

4[1 -1/.3+l/n -1/7 4-- D" ♦ V(2« - 1)]. 

correct to within "1. 


14. Shew that if a?i, Xj, Xs,... is any convorgent .swjuenoo having tlje unique 
limit a, then, if k is any positive integer, tho sequciiee *1*, .v/, Xif,... is con¬ 
vergent and has tho nuiquo limit «.*. (Continuity* of tho power .t^.) 

[This may bo done from tho detinitiun of i), 44; or by the method of uuino- 
tone sequences, thus: 

If Ui, Ut, i7„ ... are tho upper hounds of 

4?i, ... j A‘a, JI3, ... I 4?a, ,1*4) ...; ... 

and ij, Li, Zj,... tho corresponding lower bt)undH, wo liavt« tlm .seqiionce 
U^, Ui, Ui ,... ft, 
and Zn Z.j, Z#,... ti, 

whence easily C,*, UJ‘, £?»*,... V «* , 

and Zi*, L/, LJ‘, ... i»*. 

But we know Z„ ^ »„ 5 £f« and Uierofon! .r„‘ ^ U^. Tho i-usiilt 
follows.] 

15. Shewthatif thoAcquouuo.V|,.vj,.r],-^-a, iimi k is lUiy po.sitiveintagor, 
then the scquouco 

.ri*-a * .V8*-fx» , j..., 

’ cjj-a ’ ~.V3-Vt ’ ’ 

(Differentiability* of a*.) 

18. Shew that if Aj, Aj, Aj,... is any seqnonoo whicli tcinds to zero, tlioii tho 
sequence whoso nth term is («-(- A„)*-h3 (a-i-A„) - 2 .r'-+3.c - 2, if a is ai\y 

real number j and that tho sequence whose nth torni is 

[(a+A„)«-p3 (a-+A„)-2]-ra-»+3.r-..2l „ , 

I. . .. - + 

"fi 

17< Prove that tho number 0 ia irratioual. 

[If e were rational it could bo c.\prossed us a frnution ?ii/»; but /t diflbrs from 
1+1+1/21+... + l/nl by loss than («+2)/(«,+ l)(7t+l)!, mid thoroforo tho 
integei- m.ml/n would' diffov ft-om tho iutogur n!(1+1+ 1/21 + .,.+l/»il) by 
loss than (n+2)n !/(n+i)(n-|-]) j.o. (»+2)/(?H-I)'i u W'uun' fruotioJi, This 
IS impoasiblo.] 


* See Cliaptev ni behw. 
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18. The upper bound of the wet of mtmborH of the lower okas of a 
Dcdekindiiin ukssillcation is the luniiLor defined (.v|^),—os m also the 
lower bound of the untnbcra y. E.g. ^f2 is the upper bound of those numbers a; 
which ore negative or are suoh that ar* < 2. 

[Such a set of uuinbiirs is not a Hequoiiao, but the definition given of upper 
and lower bounds will up]il;y.] 


§ 7 . Infinite Berie.s 

46 . If we attempt to perform the division of 1 by 1 - a; the 

process will continue indefinitely, the remainders being successively 
a), a.-®,... and the quotient apparently the sum of the unending 

series 1 + a; + a;“ 4 .... If, however, we ask ourselves what the 
meaning of this process can be, we are compelled to admit that all 
we know for certain is that at the «th stage of the division, when 
the terms in the quotient arc 14a;4a;® 4 ... 4®""*, tho remainder 
is a!"; or thiit 

1 

T-= 1 4a’4a!®4 ... 4a.’’*"*4 -; 

l-/« I-a;’ 

and that this is true at any and every stage. The idea of the 

process being “completed,” giving as (juotient tho sum of the 

infinite scries 14«4«'''4... and leaving no romaindor, is certainly 

attractive, but, wc are compelled to admit, is meaningless. For 

addition essentially implies that the nmnbei’s to be added must 

be finite in number; it is possible to add up any finite number 

of the terms but to add up the whole infinite series of 

terms is certainly not possible in any sense of tho term "addition” 

hitherto considered. There is moreover a very reasonable doubt 

as to the propriety of omitting the remainder,—^lost in tho haze 

of an infinite process. 

Nevertheless we feel that in some natural way the infinite series 
considerod, 14a? 4 a!®4 .... docs arise in the process of division 
described, and, even if it were only for the sake of curiosity, tho 
entire banishment of suoh infinite series seems undesirable. 

47 . The sum of a convergent series. The particular series 
considered arises out of an indefinitely continued process of 
division, at successive stages of which the quotients arc 1,14®, 

14 ® 4 . Wo have therefore an infinite sequence of quotients. 

This sequence, which has already been discussed in the preceding 
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section, is convergent and has 1/(1 - x) fin* ils unique limit if 
(and only if) x lies between — 1 an<l 1. Thus, though it would be 
quite meaningless (at present) to aay that the suin of thfs infinite 
series 1 + ® + ii!®+... is 1/(1 -«) and to write 

1 + ® + /c= + ...= ^ , 

L — IV 

yet it is true to say that the nequcnce fornuiil by taking 1, 2, 
terms of the series l + a! + .'ji“+... is conuerymt and has for its 
unique limit 1/(1 -«) (provided I®]< 1), and to write 

lim (1 + ® + ii:’ + ... + *»“') = >..*■— . 


We may now, if, for the sake of brevity, wn wi.sh to introduce 
terms more directly concerned with the seileM rather tlian with the 
sequence, say that an infinite series is converrjmt if the correspond¬ 
ing sequence (whose terms are the sums fd' terms of the series 
taken in order) is convorgoiit; and wm may giv(- to the limit 
of the sequence a special name—the mm of the .series. If wc do 
this, we must realise that the wt)rdH "convf.frg(‘nt" and ‘•'siim’’ are 
used in entirely new (though suggestivn) senses and that in 
particular, to speak of the '‘sum” of an iiifiniltj seriits docis not 
suppose in any sense that the tcriim of an inlinite serit's can be 
added together; the "sum" of the inlinito series means simply 
and precisely the unique limit of the correspontling setjucnce 
(if there is such a limit). We may go further in this simplification 
of tenmnology and write oven 


1 + ®-k -I- (if Ii 

as a symbolic expression of the fact that the "sum" of the, infinite 
series l-k®-I- is j-^--,i.c., expressed fully, the statement 

l + ffi-t-ffl=-k... = _ means precisely that the sequence 1, l-k.®, 


l + co + x \... is convergent and ha.s for its unifpie limit. 

The student may at first find this endowing of words with 

shortened foims of expression until thoroughly familiar with the 
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actual meaning of the factn expressed. But thi.s process of using 
words in this way is so cssentiiU a feature of mathematics that the 
student is advised gradually to familiarise himself with it. 

48. Definitions and necessary condition for convergence. 
Series may arise in many ways and be of a variety of types. The 
particular series just eonsiderod is a specially simple case. We now 
consider convergence of scries more generally. 

Let 1i,4-M.j + Ma +.(1) 

be any infinite serit:.s, tif which the terms are ■«,, Wj,.... Let 

represent the sum (or partial sum) of the first n terms of this 
series, i.e. 

«rt = '«l + «a + Ms + ••• + Mil- 

Then we say that tlm infinite series (1) is convergent if the 
.sequence 

S'l, 4‘a, Ssi ••• ..(2) 

is convergent, and, in that casu, the unique limit of the sequence (2) 
is called the sum of the Koriem (1). 

It is clear that the hohaviour of the secpionco (2) will depend 
very closely on tlmt of the terms of the series (1). For example, the 
sequence (2) will bo steadily inorciisiiig if and only if the terms 
Ma. «ii. ••• of the sorio.s (1) are all po.Hitive; th(! secjneuco will bo 
steadily decreasing if the terms of blie series (after the first) are all 
negative; the torins of the sequence will alternately increase and 
decrease if the tiunns of the series are alternately positive and nega¬ 
tive; and so on. It will be our concern to endeavour, as far us is 
easily possible, to find rules and methods by which the convergence 
(or otherwise) of the series is doduce<l directly from a knowledge of 
the terms of the Horie.s. 

One simple central fact is at once noticeable in this regard: An 
infinite series u, + 'u.j + 'ica +cannot be convergent unless the sequence 
of its temis. Ml, It,., Mj,.... has the unique limit eero; for the sequence 
whose nth term, s,i, differs from its (ri-l)th term, s„_i. by m„, 
clearly can have a unique limit only if m„ ->• 0 . 

This simphi lact may be sufficient to shew at once that a scrie.s 
is not convergent, but it must be pointed out that a series in which 
the terms tend to zero is not necessarily convergent, and that some 
such series (o.g. (vi), p. (57 below) are in fact not convergent. This 
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necessary condition for co 7 ivergence ciiniiot thoreforc be used to 
establish convergence. 

Other simple conditions of convergence depend on the type of the 
series concerned. We proceed to discuss two siinidc and important 
types of series. 

49. Series of positive terms. Necessary and sufficient con¬ 
dition. Let us consider any series, 

11 ,+.( 8 ), 

whose terms are all positive (or zero), and invtjstigate conditions 
under which such a series may he proved to be convergent or not*. 

The sequence Si, fij, ..(4), 

formed of the partial sums of the series, is necessarily .steadily in¬ 
creasing (or non-decreasing) for if»+i^ 0 for all integral 
values of n. The necessary and sufficient condition, therefore, that 
the sequence (4) should be convergent is that it .should be bounded, 
i.e. that a fixed number K can be found such th.at all the terms 
of the sequence are less than K (aeo p. 48 above). 

Hence the series (3) will bo convergent if and only if a fixed 
number K can be found such that, for all values of n (no matter 
how large), 

Sn = Ui + U.i + U3 + ... + Hn<I{. 

Ox the necessary and sufficient condition that a series of positive 
terms should be convergent is that a lumber (/f) tutu he found to 
easceed the' sum of any number of terms of the series beginning at 
the first. 

60. Examples of series of positive terms. Let us consider 
some examples of series of positive terms. 

(i) Take first the geometrical progression 
1 +a;+a!“+... 
in which the common ratio x is positive. 

The terms of this series are all positive and the sum of the fimt 
n terms (if ib=)=1) 

=s„=l+« + .');“ + ...+ ®"“* 

_ 1 — aj” _ 1 a:” 

i — « I — a: i — a;' 

* The slight modifloatlonB needed to cover the oano of HcriuH wIiokh toriiiH are all 
negative ate left to the student, 
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If X, being positive, is less thsm 1, the number ^.’7(1 - x) is 
necessarily positive, and it will follow that 

^ 1/(1 ~®) 

for all values of n. 

The condition of coiivi.Tgonce is aatisiied (with K = 1/(1 - x)) and 
therefore the series is convergent for all positive values of® loss than 
1. If, however, x > I, the number «"/(! - «) is negative, and it will 
not follow that < 1/(1 — «)■ Moreover we cun easily prove thal: no 
number, 1 C, can be found in this case so that «,,< K for all values 
of n\ for, if x > 1, 

«„=l + ® + a-^ + .,. 4-a!"-‘ 

> 1 + 1 + 1 + ... + J 


and, whatever nnmbm- K be taken, » can bo taken to oxcecd it; 
i.e. by adding together suflicieut terms of the series we can obtain 
a sum exceeding tiny a.ssigned nninber whatever, however great. 
The necessary and .sulKcient condition of convergence i.s not satisfied 
and therefore the series is not convurgont for values of® exceeding 1. 
It is similarly evident that when ® = 1 the .scries is again not 
convergent. 

(ii) 1 he sorioH 1 + ^ ^^ , + ,., 

hue its terms all positive and tlu; siiin of the first n tenns 
^1^1 1 , 1 1 ^ ^ 1 
*« - + 2 + 2 2* 3 2» n - 1 2"-* 

< 1 +i + (i)“ + (i)’ + ... + (i)"-'. 

This last expression is the sum of the first n terms of a geometrical 
progression with common ratio ^ and therefore equals 

which is necessarily less than 2, no matter how great n may be. 
Hence fi„ is bounded, and the series is convergent. 

(iii) Th<,Bmas 1+1+i + j--l-g+j-1—+ ... 

or 


has its terms all jiositivo. 


WMA 


5 
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Ill 1 

^ ^ 1 2 ^ 2.3 2 fs ... (71 - I) 

<l+Y + | + |j+..- + » 


in which the rth term is (i)’"'’; beciiuHc, if r > 2, the 7'tli term of 
the original series 

= l/(r -1)! = l/[2.3 ... (r -1)] < 1 /(2.2 ... 2) = 1/(2'-=); 
whence, by summing the geometrical progro8nion, 

= 3-(4)'*-“<3. 

Hence is bounded and the series is convergent. 

(iv) The series 1 + O 3'?4 ‘ ‘ ‘ 


also has its terms all positive. 


11 1 

Sn = l + i-2 + ^g+... + ^„ri). ,1- 

In this case a little trial will soon convince n.s that we cannot 
replace the terms of s» by the corresponding terms of any geo¬ 
metrical progression, with common ratio less than 1, whose torins 
would exceed the terms of j?„; we could argue that 


1 + 1 2 + 2“ g + 3.'4 + ’” + („ _ 1 ).n 

<l + (i) + (J)= + (i)» + ...+(i)» 


but this number increases indefinitely as n iuci-csasi® and therefore 
we cannot hy these means find a number K a\ich that, for .all values 
of 71., s„ < K. 

However, it happens exceptioually in this case that we can actually 
find an algebraic expression for Sn, thus: 


1,11 1 

‘-^+r:2+o + -+(„-i).n 



1 

«■ 
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Hence, for all viilnes of n, s„ < 2, and therefore the seriea is con¬ 
vergent. 

(v) The aeries 1 + 1 + i +1 + .., 

has all its terms positive. 

. 1 1 
S)i= 1 -l- ^ 

Attempts cither to find an algebraic expression for the sum of the 
n terms of s„, or to find a geometrical progression with a common 
ratio leas than 1 whose terms exceed those of s„, will, in this 
case, fail; but we notice that the terms of this series, after the first, 
ore all leas than the corresponding terms of the series (iv) just 
considered, i.e. 

l/2» < 1/1.2, 1/3= <1/2.3,... l/n“ < l/(?i-1). w; 
and therefore 

= 1 + + + + ~ 

1 . 1 , 1 . , 1 

< 2 , 

by the preceding work; and therefore the series, is convergent. 

Ill 

(vi) The hai'monio seines 1 + o + q + . + ”. 

a O V 


has all its terms positive and 

,11 1 

s» = 1 + 2 + 3+- + -^- 

As with the series (v), the methods which have succeeded with 
seriea (i)—(iv) will not apply. Also, here we cannot argue that the 
terras of this series are less than the corresponding terms of one of 
the series dealt with and so prove the convergence as with the 
series (v). The fact is that this series is not convergent, for it is 
possible, by taking n sufficiently great, to make s„ (i.e. the sum 
of n terms of the series) exceed any number whatever, however 
great. 

1 

In fact: the sum of the first two terms = 1 + ^ = IJ, 


6—2 



€8 


number 


] 1 1 . 

the sum of the first 2* (i.c. 4) terms “l + 2'*'3'^4 

, 1 /I . 1\ 
>l+«+I 


U'*'4) 


1 2 

= 1 + 2 ‘*' 4 ~^’ 


the sum of the first 2“ ( 1 . 6 . 8) temis 


, 1 1 . 1 . 1 , 1 i 

= 1 + 2 + 3 + 4 + 5 + (5 + 7+S 


>1 


1 /I /I 1 1, 

+ 2 + (i + 4) + (s + 8'*’« + K) 

= 1 + 1 + 1 +g= 1 + i + i + i = 


[cu. I 


the sum of the first 2’"' terms 


+ 1-^-1 


,12. 

> 1 + 2 + 4 +- 


+ ... + 

2”‘-i 

2 '“ 


= 1+^ + 1 + ... + ^, 
there being m terms 
m 


■1 + 


2* 



Thus, hy adding the first 2™ tenns of the serioH, we get a sum 
greater than 1 + -^ J—whatever integer m may be, however great. 

Hence we shall get a sum exceeding any number, K, if we add 
the first 2**^ terms of the series, where A1 is any integer not less 
than the number JC, for the sum of 2'*'’^ terms 


>1 + 


m 

2 


>M-, 


e.g. «n> 6 if n>2*'' = 1024, i.e. the sum of the first 1024 terms of 
the series exceeds 6; or s„ > 100 if w > 2®®, or s„ > 1000 if n > 2“*. 
The necessary and sufficient condition for convergence is not satisfied 
and therefore the series is not convergent. 


61. Evaluation of the sum. The above examples will suffice 
to shew the nature of convergent (and nou-convergent) series of 
positive terms, and to show how, in the most usual oases, the 
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nnestion'tus to whcbluT (.r not such HHoriea is convergent may 
sefctlefl. We will now cioiisiclur the question of the actual evaluation 
of the sums of such serieH as are eonvorgfmt, partly for its own 
sake, and partly for the light it thmws on the question of conver¬ 
gence itself. In cases (o.g. scrie.H<i) and (v)) whore a simple precise 
formula for s„ ean be obtained, tho sum,—lioing the limit of the 
sequence whose nth term is s„,-~can gwitrrally he obtained precisely. 

Thus, in (i), if *'« <1, 

1 ai’' 

and. lu. we saw above ((iii), p- 50). as n increases in¬ 
definitely, and therefore i-®- 

series is precisely 1/(1 - a). 

Or, in (iv), «„ = 2 - 1/n, and wo know that 1/n 0, and tlieretore 

s„-*.’2, and the sum of the series is 2. , . . 

In oases, however, whore a formula for s„ cannot be found, tbe 
precise evaluation of the limit of the sequence s,, Sj,... will nob,;m 
general, be possible, and wo have therefore, in general, to be content 
with approximations to the actual sum. If, ns is most often the 
case, the sum of the series is an irrational number, this approxi¬ 
mate evaluation is necessarily the most that is possible if (as le 
usual) we wish to express the result as a decimal. What is essential 
in such approximate evaluation of the sum of a series (as with the 
limit of a sequence) is that we should know with certainty the 
degree of accuracy of our approximation, and that we should be 
able to obtain approximations of any desired degree of accuracy. 

62. Estimate of error. Let us consider series (ii) above, viz. 

Call the sum of this infinite series s and let Sn denote, as before, 

the sum of the first n terms. • / \ 

We will call the difference between the sum of the series (s) 
and the sum of the first n terms (»„) (i.e. s - s„) the error after 
n terms* of the series, and we will denote it by so that 

5 = 

* Ofton oallod the remainder after n terme. 
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We will try to obtain an eatimatc to the value of A’,, for .-my 
value of n. 

We have evidently that ie the .sum of the iniinite series 
beginning with the (n + l)th term of the original vseries, viz. 
Ill 1 
>i2»'^k + 1 

which is clearly the unique limit and upper bound of the aeriueiico 
whose (m + l)th term is 

+ . , 1 „1 

w2“ n+12"'*'' ■ “ + ?» 2'*+*“' 

m being any positive integer. 

The sum of these m +1 terms is clearly less than 

i.e. i.c. 

which IS leas than no matter what intug(;r m may he (i.e. no 
matter, how great), 

, Bence A'n<a)»-. 

, If now we add up say the first five turms of the given series: 

■ TOO 

' " -50 

; -12 

■ ' ■ -04 

. : -02 


we tnow that this number is loss than the sum of the infinite 
senes, but that the error, Aj, is less than (J)"-', i.e. •0()25, which 
Therefore the ti'ue sum of the infinite series lies between 
and 1-75, and the sum of the series correct to the first 
decimal place is certainly known to be 1-7, the five terms of the 
senes considered sufficing for this degree of accuracy. 

Moreover, if we desired to find the sum of the series to within 
V easily seen, by using the estimat.t for thi> error 

^n< (4) > that the first 15 teims will suffice; for 

(4)"-» < -0001 if 2"-* > 10.000, 

■“ 
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Avhich is the «iso if ii — 1 ^ 14, i.e. if n^l5; and therefore 
which is less than is less than '0001, and the sum of the 
infinite series is given hy the sum of the first fifteen terms with 
an error less than ‘GOOl. 

Evidently the sum of the series can be found correct to any 
desired degree of accuracy simply by ascertaining what value of n 
will suffice to make i?.„ less than the assigned degree of error and 
adding up the first n terms of the series. 

The student may have noticed that in passing from the ex¬ 
pression 

11 11 11 
n 2 “ ■*■71 + 1 2 “+i ‘ ft + m 2 '^+'“ 

to the expression + ... + 

wo have made a very generous allowance;—not only is the first 
of these expressions less than the second, but it is very consider¬ 
ably less, being in fact, almost as evidently, less than one nth of 
it. We can indeed assort that 

lix ‘ 4._L_ 1 

712" n +1 2»+‘ n + 7ft 2**+™ 

<J,[(4)’‘+Qr‘+-+ar"‘]. 

and fi’oju this we deduce that 

r. 1 1 

n 2 ’*"‘ ’ 

This estimate for En is cleaidyleas than the former estimate, 
by using this estimate we can assure ourselves that the eiTor after 
five terms, E„ is not only less than (|y (i.e. ’0625), but is actually 

less than ~(jy (i.e. *0125); so that, by summing the first five 
o 

terms, we know that the sum of the infinite series lies between 
1-68 and 1-70. 

Further, in order to obtain the sum of the infinite series to 
within ‘0001, we need only have 

“ (J)’*-'«-0001, i.e. ft. 2»-> > 10,000, 

which is so if 71 > 11; so that, by using this new, closer, estimate 
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for the emr, we know that 11 terms will suffieo, itistead of the 
15 terms which appeared to bo iieccRsary when wo used the less 
accurate estimate for the error. 

We could go further and get even closer estimates to the error 
but in this case, to obtain an)' considerably closer estimate would* 
entail an amount of labour not commensurate with the advantages 
to be gmned. We have always, in estimating the en-or after n terms 
of a, series, to find an estimate as close as poasiblc without involving 
an inordinate amount of labour. 

Consider now series (iii) above, 




We have 




: + ... 


?il (« + l)l 

or, to obtain a closer estimate. 


.(a). 


-®» = -. + : 


1 






1 


^ ^ 71+1 (n + l)(7(, +2) 

1 + - 1 + .1 + 

^71 + 1^(71 + 1)7 + 


...] 




71! 


1 - 


7^+ 1 
71.711 


.(ft). 


71 + 1 


bk'om the first estimate, (a), we see that, to calculate the sum 

will suffice, for 

(i) ^ '0001 if 2"~7 > 10,000, which is so if a — 2 > 14. 

From the second estimate, (6), we see that, for the same degree 
of accuracy, 8 terms will in fact suffice, for 

'0001 if 7i! -^3 ^ 10,000, 


71.Til 

which is so if 71 ^8. 


'7i + i 
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Actual calculation gives 

s, = 1-000000 
+1-000000 
+ -500000 
+ -106807 
+ -041607 
+ -008333 
+ -001380 
+ -000198 

= 2^8254 

which tliorefore gives the sum of the series (iii) with an error less 
than '0001. 

The sum of this series is e. (See pp. 61—56 above.) 

For the sGrie.s (v) above, 

1 + —+ —+ 


we have 




(11 +!)“■*■ ( 71 + 2 )«'^’ 


+ 




71 (71+1) (?l+l)(?l + 2) 

' (n 71 + i)'*’(k + 1 71 + 2)'*'*" 


_ 1 . 

11 ’ 

whence, in order to obtain the sum of the serie.s to within -0001, 
10,000 terms will suffice. 

This aeries is, as a matter of fact, only very slowly convergent, 
and it is easily seen that no substantially closer approximation to 
the error can be found, for 




1 1 
(71+ !)“■'■ (7i + 2)»'‘'”* 


:+ ... 


(?l+l)(7l+2) ' (77 + 2) (71 + 3) ‘ 71+1’ 

SO that the sum of the first 9,999 terms will differ from the sum 
of the series by more than *0001. 
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Wa oiin argue, if wc wisli, tliat, since ,j > 


the aimi uf the scries 


1 j , 5 

lies between 


, so that the siiin, tliough diffcriug from s„ by 


more than ^, is yet known from «„ to within ~ i.o. which 

ia leas than '0001 if m>100; mo that tlio Hiun of tiio Horics may bo found to 
within '0001 by adding only the lirst 100 terms. 


63. Diminishing series of alternating signs. Oonaiiloi- the 
series 

!/i-«a + «a-.(5), 

in which the terms are any real numbers of alternating signs, 
subject to the condition that the moduli of the terms form 
a monotonely decreasing, or non-increasing, .sequence, or, more 


precisely, that 

Ui ^ ^ ^ ^ 0 ... t...... ..{()). 

The sequence of partial sums 

$11 A], $s,.....(7), 


where a„ = tq - i<j -I-■ ± «», 

is not steadily increasing, hut is alternately increasing and de¬ 
creasing. 

By resort to the necessary and sufficient condition of eonvergeiicu 
of general sequences (p. 48 above) wo can s(!(j at once that our senes 
(5) will converge if (and only if) the sequence u,, «„, ... has the 

uniq^ie limit zero. 

For the sequence (7) ia convergent if )«»,.„-.»„)< any arbitrary iKwitive 
number e, if n is sufficiently grout, for all luwitivo integral valnoH n[p, i.e. if 

I + + ••• i 1 <«, 

which is so if |w»+i|<e 

[because, if p is odd, 

and, if is even, 

and therefore, all the bracketed and uiibmcketcd iiiiiiiburs here iu either case 
being positive or zon), 

1 «iH i - «ii+2+± «* +,(I I «ii ^ 11 ]: 

i.o. the Hoiiuoneo (7) is eouvorgent if «„,, ->-0 iw // iiicreascH indolinitoly; i.o. 
if as n ineroasos iiidelinitely. 
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Or we may argue directly thus *; 

Let us divide the sequence (7) into two sequences: 

the sequence of odd partial sums Si, s.,,.(7a) 

and the sequence of even partial sums Sj, Sj, So,.(7 h). 

The sequence (7 a) is steadily decreasing and bounded below, 
because the typical term 

^an-H — ^*1 “ W'j + Uj — 

“f" Wj — ... -f“ — (Oift — ^ 1 

because l/an - Waa+i & 0, 

and Sjnn-i = (Mj — Mj) + (itj — + ... + (llan-i ~~ *fa») "b ^ 0- 

Therefore (p. 4.3) the eequonco (7 a) has a lower bound and 
unique limit, S say; or Si, .Sj, ... V £f. 

Similarly the sequence (7i) has an upper bound and unique 
limit. S' say; or Sa, Si, s„.... /'S'. 

Furthermore, every number Sa„+i of the sequence (7 a) ^ every 
number « 2 ,„ of the sequence (7 i), for 

®3H-i “ ~ (^hm+i ~ ■Man+a) "!■•••+ (‘Jisa—i — ''hn} if ?l ^ 171, 

or = (Wa,i+s — 'J(a)i+a) + ..• + (Utm-'i~ + Man if M < in. 

Therefore the lower bound S of the first sequence (7 a), which 
exceeds (or equals) every number loss than nil the numbers Sj, Sj,... 
of the sequence (7 a), must exceed (or equal) every number of the 
second sequence (7 b); and therefore S exceeds, or is equal to, the 
upper bound S' of this sequence. Thus S^S'. 

But, on the other hand, we have also 8 ^ S'. For S 2 „+] > 8 and 
Ssn < a-nd therefore 

= S|^i.|.i — Sijji ^8 — 8 

for all values of ?i; and this would be impassible if S > 8' because, 
by hypothesis, u„ (and therefore tiai»+i) tends to zero. 

Hence the two limits iS and S' are identical. 

Finally this common unique limit (8 or 8') of the two sequences 
(7 a) and (76) must evidently'be the unique limit of the original 
sequence (7); and the proof that the series (5) is convergent 
under the conditions stated is complete. That the series is con¬ 
vergent onl^ if M„ 0 follows from the simplo general necessary 
condition for convergence (p. 63 above). 

* The Btudunt is ailvised to skotoli xongb Kraplm, ivh nuggOBted in the lootnote to 
p. 67 above, to ropresont the BoituGiiOGB ( 7 ), (7 a) and ( 76 ), 
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We may state this theorem shortly thus: 

The agries — ?<.j+ —... 

converges ifun^O. 

In dealing with series of this type it is again necessary to 
discuss the error after n terms. In this case the discussion is 
particularly simple. 

We have in fact 

“ i ^*11+!! + ”•■■)> 

which is clearly less in absolute value than the term m„+i, and has 
the same sign as that term*. 

Or we may argue that the sum of the aeries lies between the 
sum of any odd number of terms and of any even number, with 
the same conclusion, viz,: 

The error after n terms of a convergent set'iea of the type (5) of 
cUtemating signs is less than the next {the (n l)ih) term. 

The remarks of pp. 71—72 above, concerning the scope for choice 
in the degree of closeness of the estimate for the en’or, are applicable 
here also, In view of the simplicity of this estimate, however, it is 
not usually advisable to attempt to obtain any closer estimate for 
series of this kind. 


64 SxajapleB of dtmiulBhlng series of alternating signs. As 
an example, consider the geometrical progression 

(а) l+fl:H-a5 + ... 
in which the common ratio, x, is negative. 

The terms alternate in sign. The sequence whose nth term is 
i X V 0 if and only if | a | < 1. 

Therefore the condition for convergence is fulfilled if ® is negative 
and greater than — 1, 

(б) The series 1 ... 


has its terms alternating in sign and steadily decreasing to the 
limit zero. It is therefore convergent and the error after n terms 


is leas than the 
value. 


{n + l)th term, i.e. ii’,, < 


1 

(27r+l)l’ 


in absolute 


* Bxoluding the ofiee when tlio tortnn from the (a+l)th all = 0. 
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To oiilculato thi^ sum of this .std.'H (mrii'cL to within '0001 it will 
suffice to take t-lm lirsl- four li-rtiiH, loi- 

A’,. < 0(101 if < 2« + J)1 is 10,000, 


i. 0 , if n > i' 

Wo havo " 1 ‘00000 -• 'llitUKJ 

4- ‘onjioo - 'fiooao 


t (K)?<;i:i--]iui,s(i 
-.s-tl-t"; 


giving the "f • (/») with uti t-rrm- uf k<Hs than 0001. 

(c) The .serifs ^ + ••• 


has its terms altf'riitit(;ly {Hisitivr* ami m-j^itivu and steadily de- 
oreasiug to zi?ro in uhsoluli* value, and is thoreforo convergent. 

K< ill iih.s(iluk: value; mi thul, le oblaiii the sum corroet to 
/i +1 

ivithin ‘0001, 0,0!1!I terms will Hiitlice. 

This series is only very slowly eouvergeiit; it is easily proved, 

in fact, that AV > i. - y ^ i» alwoliito value, so that, in onlcr to 

obtain the sum to within ‘0001, nt Imist 4.1)!)!) tonus will ho 
needed. 


65. Absolutely oonvergont seriGS, iSeries wliitdi du not belong 
to either of the above two l.yjies may give more difficulty. There 
is, however, one imiiorlaiif type of series which is in fact sub¬ 
stantially as siuiple tin that of series with only )io.sitive. leriiis. 

If a xeries «, -t «a t «j i...,.(8) 

w omvergeid, and ifw senes mmld rcmtitn ctmtimjent if all tfie 
negative terme ii viatf have twre. repluml hy theiv moduli, then the 
series (8) is said Iv he ubsidnleh/ amveryput. 

It is seen that not all Konvergofiit. series arc absolutely cou- 
vergenfc For e.xaiiijjh;, tlm .series (c) above is eoiivergeiit, whilst 
if its negative terms are replaced by their positive absolute values 
the sorie.s beeouo's 


which is the harmouie .series (v I, p. 07 above, and is not convergent. 
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A theorem of fuiidfimeutiil importauec,' in comiiiction with abso¬ 
lutely convergent series is: 

If a series of positive terms «, -I- «a + m., -I- ,.. is eonverrient, then, if 
the signs of any of the terms are altered, the series is ,stiU convergent. 

This theorem con be proved (wisily by on uppeal to the necessary 
and sufiSoient condition of cmivergerme (p. 4'K) nr thiis: 

For convenience, let ns suppose that tin: modified series is 
•Hi — Ua - «a -t >1* - «r. + «,i + .... 

The positive terms of this series, viz. 

Ill + tta -I- ■«,! -1-..., 

if not finite in number, will form a convergent series of positive 
terms, because the sum of any nuniber of tliem is clearly bounded, 
being less than the sum of the original Heri(!H. (!all the sum of this 
series (or of the finite number of terms) Similarly the negative 
terms -iia—itj —Wo-... form a convergent .series (nr a finite 
number of terms) having a ,smn “iV.say. If, now, enough terms 
of the series are taken, i.e. for a certain value of n and all larger 
values, if s,,' is thu sum of the first a terms of the modified series, 
s„' > (P - e) - iV and sf < /' - {xY - t) 
for all positive values (howevor sm.all) of the, .arhitrary nnmbur e; 
i.e. s„' lies between (P - N) — e and (/' ~ lY) + 1 . 

It follows that 7'- iind the niotlified series is convergent, 
having P — N for its sum. 

The argument is plainly general. 

From this theorem wo are able to reiluee the eonsitleration of 
absolute convergence of series to the consideration of scries of 
positive terms. Wo have clearly that if the series of moduli 
I Ml I +1 Ma 1 +1 i + ■ •. cmmrgent then the series w, + «.j -f-Ua + ... is 
also convergent (and absolutely convergent). Tims we. coulil argue that 
the series (ci), p. 7G, is convergent (and alwolutcly convergent) if x is 
negative and greater than - l.bemiuse, when Liu! terms of the scries 
are replaced by their moduli, the .series is the series of po.sitive terms 
(i), p. G4, which is known to be convergent; or again, the 8er’ic.s (6), 
25. 76, is convergent (and absolutely convergent) because the series 
of positive terms formed by rejilmang all its terms by their moduli, 

viz. i, + j 4 -.,,, ia convergent (becau.se, the sum of any number 
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of terms of this sorics is fh'iirly loss tiiiui tlui sum of tho aamo 
number of tonus of I ho stjrios Oii), p. h3, and is thorcfore known to 
be boundotl)* 

66. Oompariaon theorema and testa for oonvergenoe. Scries 
of positive lonn.s kv«* ihoroforo .«orn fo lie of udded importance. In 
view of tliis we add hero t wo fljoorot»i,s by whitrli the convoi'gonce 
(or otlierwiw,) of a series of positive li-niis (nr, I hendbre, tho absolute 
coiivergonct! or otherwise of any series) may lie estahlishcid in some 
cases of frequent ocrnneiiee. 

I. //fli + ra + e.i *"••• t't'invrifciit ni'riex nf positive terms andif 

every term, e.y. *;/' anuthi-r serim uf pmitim terms h, + il.+ u„ + ... 
is less than the imm'spimdimf firm, nf the first series, then the 
second series, v, + -t- .... if *dsit aiiirerijent. 

II. Ifc-i + r... i-4-... is It rimreriftmi series nf positive terms, ond 

if, foe M rallies nf n, the rutin '' of tmo consecutive terms of 
another .series of jiimitiiv ter urn, «, + »j-i- .... is less than the 

corresponding ntlin fio' the first .series, then the second senes, 

Ui +«4 + M.id in also ironmv/nd. 

The proof of 1 is uhuosi intuitive and is left to the stiulont. For 
11 we .see llml t he .stint of the lirsl. ii lenus of the second .series 
= «,+ I "ri+ ... f ".1 

f «j . >l^’h . «,i n,i .i ih u,\ 

\ II, II, II, it^ fi, n,,^, n,i...j n^'n,/ 

^ n,(‘, I , r, t',i',, e, e^e, i;„^, (/’.iCa| 

"C ' [ I, 4' 4' “1* 'f* I 

C, r, Cj I'l I'i i\‘ e, l-ri.'l t/j (.j J 

= {(*1 -I- ej4' e, 4‘... 4- e„), 

which is l(j.s.s tliaii a Itxed nutnher, JC, however great n may bo; 
whence the theonaii follows from tin; ne.etissary and .sufficient con¬ 
dition for the eonvi.'i'geiioe of series *»f jmsitivt! terms (p. 84). 

Kiiowiiit; tliiit iL ttiMiJiii'tririkl (iriign*.t»itrti of (sainiHiii ratio i is eoiivergoiit if 
0<i<l, WK lijive, as diievl riii'olSarifs of these two IiIumjisiuih, tho following 
priuiticid tests for rimviir};eue>‘ of heriist of jsisitive terms or for ali.solutu ooie 
vorgeiieis: 

Uaiidiy's lest,; '/Vie nrrieii «| f »34“j l‘..< nhiniliili'li/ itoiii'iTifMt if, fur aU 
inilui'V of II, !!/. ii„ [ < siiiiir lit'rii jtiiiiilfi' i, u'/iii'fi is Irsv tftttu 1 . 



number 


80 


[CH. I 


d’Alembert’s (ratio) teat; 'J'hn neries M,+Ma+M3+”- ^ nbmlm/y connrgmit 
if, for tdl values ofn, the ratio |«„+,|/I 'i'.i|!S number k, which is less 

For the series may be coiuiiared witli tho oimvergniit aorioa 1 + +..,. 

In using these tests a possible viiliii! of tho iiumi.or t should alwiiya be deter¬ 
mined; it is not true that if the ratio | ''m-il/l n„ 1 < 1 the series is absolutely 
convergent. (See Ex. 11 below.) 


67. Operations with series. It is .soiiiotiiiu.'H tlfsinid to olToot 
arithmetical operations on serins; e.g. to ariti tjr multiply two sories 
together. The following two theorems arc! fumlanieiitiil: 

A. If the series % + Wj + «ii + • • • «»< venjeM ami has the sum U, 
and the series Vi + Vt + V,+ ... is eonveryent and has the sum V, then 
the series («i-!-«,) +(“a + "a)+ <."» +is also eouvergont and 
has the sum U+V 4 

B. If the series «, + ita + ih +... w ahsulutebj convergent and has 
the sum U, and the senes «i + i/a + «»+... is nhsolutelg convergent ajid 
has the swni V, then the series 

U^VJ + (u,V^ + ^hh) + (‘^%+>bV■J+ ihv,) -i- ... 

is absolutely oonmgent and has the sum (I V, 

Theorem A is simple atid this imiof is loft lo tlui studniit. 

In theorem B the *'product sin-ies" 

UiVi + («iv>j + B3D1) + («i+ Wiit'i! + • • • 

is the series, as we .should nornuilly write it, if wt; wrote down the 
two series itj + Uj + itn + ... and Vj + I’a-f ' 1 )., + ... and proceeded to 
multiply them .systematically, as a "long multipliealion” smn. The 
nth term of this series is therefore 

U,V„ -I- Warii-I + ... + Wn-I I’j + M,i Uj. 

To prove theorem B, wc Huppo.su first that all the hfi-ms of the 
series are positive. 

We then have that the sum of the firsl'p n tcrins of the product 
series 

= WiHi + (mi Va + «a«i) + ... + (Ui v„ + ... + (/,,»,) 

< (Mi + M.J -f ... + «„) (», + I'a + ... -t- v„) 

<uv, 

whence it follows that the product Hiu'iiis is convergent and its sum 

« l/V. 
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Oi 

But the snin of n terms of the pividutit series 
= «,ri + -i- «.»,) + ... + («, 

. “ 2 
if 11 IS even, or 

^ (Wi + ... f 11 ^ 

it '■■ir 

if ft is odd, ;uid, hy taking « sumcitaitly great, 

«i (or M,+ 

" 2 ”** 

«, + ... + )>„ (or «, + ...+ j) 

topMuM rtwa,, f,™,; Jr 

Thu difierenec bdaveen « t.(n-ias- of tlie la-odtuit suries. viz 

.«,) + ...+(«,ft, 

and the product («, + ... + h- i.„ + . ^ 

consists of a uorlain sot of terms, which', if ropl.aeo.d l./tiudr positive 
absoluto v.-diies, would ho precisely the dinorenuo hotweci ^ 
iiiW -I- (o.'ft,/ I. (/ ,'»>,') + .., 4. 
and (ft,' 4- ^ 

which IS known to lend to zero as » increases indeliriitely, by the 
part of the tImor<>m jiist inovisl. ^ ^ 

Thuroforu tlio ditU'roiioo hc'twoini 

and the product (a, -i- a,.,.... 

STis amlli;.mi!'a;ur!!anim ;mn^^ "o ^ 

™ii.n..,» „,.,i W,. luv. .„,i, 

... »iii«.m™ 

WMA 

It 
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68 . We have now laid the foundations of analysis. That is 
to say, we have placed on a sound basis the notion of real 

mmher In §§ 1 _ 3 we observed the nature and fundamental 

properties of the different types of real number, and in ^ 6 and 7 
we have considered a systematic method of effectively representing 
all real numbers (rational and irrational). We .shall find later that 
this notion of real number, and the coiisidoratinns involved in its 
discussion, lead to other notions of for-roaching iinportance~.such 
as that of a function of a real variable, continuity, differentiation, 
etc.—and that many other similar notions, acquired from other 
sources, are satisfactorily explicable by means of our knowledge 
of the real number. In the next chapter wt! .sliall con.sidur the 
somewhat special problem of logai-ithms—in particular the problem 
of their evaluation—in the courae of which we shall be led to 
consider certain aspects of the notion of function and the behaviour 
of functions, which it will be our concern in the. third and fourth 
chapters to consider more , fully. 


EXAMPLES Vir. 

1 . DisousB the eonvorgciico of the following sorias, giving in nauli Ciwo ivn 
estimate to the error after «tcriiw and finding l.ho iiumlinr of tni'iiis .snllicimit 
to obtain the sum of the serios to within 'i.)tH)l ; eiilinilnte to this ilegroo of 
aoourncy the sums of tlio nories («), (c), (c), if), (i), anil (./): 

’ 4.' ’ 4 . 


(а) 

(б) 
(«) 
id) 
(e) 

if) 

(//) 

(A) 

W 


1+T+2! + 3! 


1 + i-L+l 

10^23 10 '>^ 


1 
I 


1 1 
4- 10' ■ 


23 "h 4**^ ' 


2 3 

1-S+ 


. 

28 2“^ 


i._i J_ + _ _ 

10 28 10 ® ^ 3 « 108 


11 11 


4® 10’' 


1- 


j_- +. 

23 ^ 33 43 ^ 


, 10 10 ® 
1-Y+ 2 '! 


O I I 


.1. V. 

2 2® ^ 3 2’ 


3! 

I 1 1 


4 S'* 
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2. Shew that the series 

(а) 1+2 + 2*4-28+... 

2 2* 2* 

( б ) 1 + 2 + 3'^4 

(<j) i-i+i_i + ... 

(/) 1-2 + 3-4+,.. 

are not oonvergent. 

3. Shew that the series 

14-1-1 I4.l4.i_l_l4. 

2!~3l'^4!'^5! 6! 71’''"■ 

{in whioh two positive terms are followed by two negative terms) is couvorgeiit, 
and find its sum correct to two deoimal places. 

4. Discuss the convergence (or otherwise) of the series: 

, , sinl° sin2° . sin 3° . 

W 


12* 3* 

(6) sinl°+sin2°+siu3°+..., 

, . sinl" . sin 2° . sin 3“ 

( 0 ) — 

[By .Abel’s equality lemma (p. 26, Ex. 3) 

^ siuw" 


Miij ^ aiii *7 
-+^-+- 3 - + , 


sin 1” sin 2° 

‘ + « T" . 


1 


where Sj, * 2 , represent einl”, sin 1°+Bm2°, sin 1° + ...+sin»l“. All 
the sums Si, < 2 , ... Sn are positive and less than some number (< 180). Thoro- 

0, and the remaining terms 


fore 4« - 
n 


'.G-g —(1-i) 


V* **/ j. »«// 

are the first ?i-l terms of a positive convergent series. The series (c) is 
therefore convergent.] 

6. Shew that the series l+.v+»*/2+a.’8/3+.., is convergent if -1^.«<1. 

6. Shew that the series 

(fl!) l+a!+JI!*/2l+®8/31 + ... 

(6) l-a’*/2l+a!V4l-... 

(fl) fl;-a8^31+a78/5l —... 

ore convergent for oil real values of ®. 

0—2 
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7. Show that tho .sprics 

1 + )m;+ .<■+ 

whore »is any real miinhur otlnT than •• nr a jinhitivi! inti‘(.'cr, is oonvorgent 
for all values of.r between —1 anil 1- 
IJndor what uircunishuieps is the M-rii':* fonvfrjiPii) als-. fi.p 
ie=-11 

a Shew that if «i + kj+«.i + ... ia a -“'Ties nf iiii,-itivi; ten, is, and if, fo^nij 
values of n snflieieiitly finnit, the rafin ” ’' j 1, thrii tin' series is not eoii- 

"n 

vet:gont. 

9, If «i+« 2 +H 3 +"- ia series Ilf iinsilive terms, shew that, if for 

all values of n suRicioiitly great, then the series is nut euiiveii'pnt. 

10, UsQ d’Alomhert’s ratio test t« eslahlish the alt,si.liite eoiivergence, for 
all values of tho real uuinher .r, of tin* series »<f Kx. li. 

11, Shew that no iminher ns r«c|nireil in the tests of ii|i, can be 

found for the series 


and 


03++ ,,“+• 


though in each otisii< I ainl , i/.>„ < 1 for all vnliies of u. 

[The tests will not, aiijily. We kiixw ..Iherwise {ji. 1)7,) that (ii) is not eon- 
vorgeiit but that (b) is euiivergeiit. | 

12. If a serioH is alnohilely nuiveigeiii the terms m.»y 1»' iler.mgeil (witlnmt 
omissioiw) in any way without afleuting the iiiiivergi'ii.e or tin) sinn. Tliis is 
not tnio of a series which, though eonvei 7 ,n'nt, is ind, ali.solntely eonvergent. 

[Non-absolutoly cDiivergeiit series am sjiid !.• I*. ninargeut.] 

13. Show that tho cnnilitionally l-•lnverge||t eerie,, 

{«) '-J + J-J + -. 

when deranged into tint series 

(whose law of foi-matioii is evident,), miiiuiii.s i-<.iiver,geiit, hnt that tho sum of 
series (i) is gi'eater than J wliilst that of-MU-ies (<i) is less than 1. 

14. Shew that the alisoliitely eonvergent series 

, 1 1 I 1 

(»■) I“a 3 + ;i 3 -., 3 + — . 

when dci'.anged into the series 

remains ahsolutely couvergeiil, ami that the sums of Uie two series are 
inoiibical. 



CHAPTER II ' 

LOGARITHMS 

§ 1. Indices 

69. Exponentiation with positive integral indices. Laws 
of indices. In the preceding chapter we have considered the four 
cardinal operations of arithmetic—addition, subtraction, multipli¬ 
cation and division—applied to I’eal numbers. A fifth operation— 
that of ea^onentiatfion —will now be considered. 

Just as the repetition of the operation of addition leads to 
multiplication (by a whole number) so the operation of exponen¬ 
tiation is arrived at by the repetition of multiplication. In symbols, 
a being any real number and m any positive integer, we write 
to mean the continued product of m a's, and we call rf" the mth 
power of a, a being the hose, and m the index. It is essential here 
(as it was in the first instance in the case of multiplication) that 
the index m should be a positive integer. 

The laws governing calculations with powers are easily obtained. 
The addition and subtraction of two powers are operations which 
cannot in general be simplified to any extent, but multiplication 
and division lead to the laws expressed in symbols as 

(I) a”® X a” = a™+" and 

(II) a™ -i- a" = if m > Ji; 

m and n being positive integers and a any real number whatever. 
To prove (II) for example we have, direct from the definition of the 
powers a™, a”, and that 

a’'*-i-a“ = (a X a X a X ...)-^(ax a X a X ...), 
there being m a’s in the first bracket and n a’s in the second, 

= a X Cl X a X ..., 

there being (m — n) a’s, 

= a’"-", 

and the law (II) is established. 

A third law arises from the application of the operation of 
exponentiation to powers; in symbols it is 

(III) (a™)* = a™»*, 
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a being, aa before, any real number, and m and n any positive 
integers. 

The proof of this is also simple, thus 

(o*")** = ffi” X X a” X ..., 

there being ii terms a®* in this product, which, therefore, by law (I), 

there being n terms m in the sum m + ?» + ?» + ... figuring as 
index, whence 

(fit’")** s a™', 

and the theorem is proved. 

The law corresponding to the distributive law, viz. 

(a6c)”‘ = a’»6”*c™, 

o, h and c being any real numbers, is also easily established. 

Observing that the .operation of extracting the root is inverse to 
exponentiation, if we assume that roots necessarily exist and are 
unique *, we can deduce certain laws for this operation, such as, 
for example, that 

= a”, and 7(^o) = ; 

but it is essential here to introduce restrictions on the numbers 
a, m,n; for if m or u were 2, for example, and a negative, or 
would be meaningless as real numbers. 

60. Negative integral and zero indices. Our laws of indices 
deal with the ordinary simple operations, hut slight consideration 
shews that all such operations are not covered by the laws. Our 
law (II) for division is valid only if m > n, or, in other words, such 
an operation as a’ -r- a* is not covered by the law. In the spirit of 
generalisation, however, there are two points which suggest them¬ 
selves : firstly, such an operation is not in the least meaningless, 
it being evident that a?-7-a? (or in fact — ii n=m + l) is 
equal to l/u (provided a=f0); and secondly, the law (11) ceases 
to be applicable in this case only because of the meaninglessness 
of such a symbol as a~\ 

These two remarks suggest that we may “generalise” the 
notion of exponentiation to include “ powers ” with negative or 

* That this is the ease it all the munbors (and roota) coonn'ing nro reatrioted to 
he positive will be proved below (pp. 88—80). 
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zero indices, by ascribing to the meaningless symbol (where 
m^n) the quite definite meaning That is, we use the 

equality 

a"‘ 




which is a statement of /act in cases for which m > n, as the 
definition of the left-hand side of the equality in other cases. 
Any self-consistent definition of a hitherto meaningless symbol is 
logical, but it remains to prove (if possible) that our definition will 
preserve the same laws of indices as hold in the ordinary cases, for 
then our extension will prove useful, in that we shall be enabled 
to operate with both the old and new symbols (the positive and 
negative integral powers) with eqtfal facility and to use, if need be, 
the new powers to help in discussions concerning the old powers. 

Our definition may evidently be expressed in the simpler form : 

= 1/a”* if m is a positive integer, | 
a“ = 1, 

where a may be any real number except zero. 

That law (I) still holds is seen as follows: 

If m and n are positive integera, 

1 


a™ X a”” = or 




by our new definition; 

i.e. = a’"”" if m > n, 

by. law (II) for positive integral indices, or 

= — 3 if m < 


= a»»-» 

by our new definition. 

If TO = n, a” X a“" = 1 

= a“-» 

by our definition of a". 

Also a“”* X tt~’* = -4; X 

by our definition; 
i.e. 


a”>" a» 
1 


^m+n 


by our definition. 

That laws (II) and (III) also still hold can be proved similarly. 
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Our extensiou of the notion of exponentiation to negative 
integral and. zero indices is thus a useful extension with no 
disadvantages. 

61. Fractional indices. In the same way, assuming tentatively 
that roots can be defined uniquely* the question as to the possi¬ 
bility of a useful extension of the notion of exponentiation to 
include fractional indices would lead to the deiinitinn 

a^k = = l/(^/(r r), 

p and q being positive integers; for we know that whenever 
pjq is a positive integer, does equal and by arguments similar 
to the above for negative indices it is seen that the same laws of 
indices continue to hold. Thus, to prove the law (I), 
fflP/ff X ark = X ^a’’ 

by definition, 

= X 5ya’''J 

fi:om the laws for positive integral indices, 

= X oT'i) 

= »■"?»'■ 

p 4.r 
= a» ». 

We argue similarly for negative fractional indices, and for the other 
two laws (II) and (III) in all oraes. Our suggested definition there¬ 
fore leads to the desired results whenever properly applicable. 

62. Existence theorem for root extraction and fractional 
powers. The definition will be properly applicable only if the 
operations involved are possible—a somewhat drastic restriction 
if we were to confine ourselves to rational numbers, since (as we 
have shewn in the case of «/2) the majority of roots of the type H/a 
cannot exist as rational numbers. As we saw in the case of fJ2, 
however, it is easy to see that any positive real mvmber necessarily 
has one cmd only one positive real root of any w^der whatever, i.e. 
whatever positive real number a, and whatever positive integer q 
may be, there exists one and only one positive real number h whose 
gth power is a, i.e. such that ¥ = a, or 6 = ^a. 

* The proof follows immediately below, 
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To prove this we observe that if all real numbers are classified 
into those positive numbers y whose 5 th powers exceed a and 
those numbers x which are negative or have their yth powers less 
than or equal to a, a real number, denoted by {x | y), is defined in 
accordance with Dedekind’s definition, because it is clear that 
such classification includes all real numbers and every x is less 
than every y (because if x y and both x and y arc positive, 
K? ^ yi, and therefore if afi ^ a and iji > a we must have a; < ij). 
From the definition of multiplication of real numbers (p. 18) we 
see at once that the (/th power of this number («| y), which is 
{afl I y®), is the real number a ; any positive number other than 
this number (® | y) evidently has a yth power differing from a. 
Our statement—which we may call the existence theorem for root 
extraction —is therefore proved. 

It follows from this existence theorem that if a is any positive 
real number, there exists one and only one positive ^th root of 

P- 

i,e. one and only one positive pjqth power of a, viz. a* = Our 
definition of a non-integral rational power of a real number, a, is 
therefore properly applicable in all cases when that number, rt, is 
positive. 

The restriction wo have introduced—that the biise, a, should be 
positive—is essential in any theory of indices confined to deal only 
with real numbers. It is also very desirable in any such theory to 
consider only positive values of the powers, i.e. for example, to 
consider 4^ or V4 to mean only -|-2 and not — 2 . In this course 
we shall adhere to those restrictions. With these restrictions the 
power a™, where a is any positive real nuniber and m any rational 
number, necessarily exists and is unique*. 

63. Irrational indices. The question now arises: Can powei'S 
with irrational indices be satisfactorily defined ? 

Let a be any positive real number and m any real number de¬ 
fined by the Dedekindian classification (x | y), whore the numbers x 
are all rational numbers not exceeding m and the numbers y all 
greater rational numbers. We have defined all such powers as a® 
and a*', x and y being rational, and it therefore seems natural to 

* With the altered definition appropriate when complux munbors are used, tliiH 
Giateoient must be modified. ' See Appendix. 
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laydown the definition of the power a™ as the real number defined 
by the olaaaification (a® | a")*. This definition is in fact sound, but 
in order to assure ourselves that this is so we must first prove that 
the classification (a® | ofi) is in fact a Dedekindian classification, 
i.e. (1) that all rational (or real) numbers are included in the 
classification, and (2) that every number of the (s?' class exceeds 
every number of the class (or convei'sely). 

The proof of (2) is not difficult. If x and aro ratiimal mimiKsvs, aay pjtj imd 
r/«, then a» > a», i-e. if ar«>o>«; i.a if if «>l, or r,y<jDit 

if a<l; i.e. if y>xoi' y<.v according ns «.>1 or a< 1; so that if y >a’, 
or «»<a!” according as a> 1 or »< 1. 

To prove (1) we remark that, supposing os > 1, if 6 is any real nmnber e.K- 
eeeding the uppoi' hound of the set of numbers a*, there is a iiositivo number e 
such that 6 — a® > e for all numbers a* of tho a* clns.s; hut thoro are numbers 
X and y of the two classes respectively for which ufi ~ a® < e, becauso 
a* - a* (a" -1)< a® (y - a;) (« — 1) 

by the inequality of Ex. 2, opposite, for ratium'd index (taking y—x < 1), 

<f if y-a’<f/(o-l)yj, 

wheM A ie any number oxoeeding all tho powois a®. But y—x can bo taken 
os small as we like; it therefore follows that any such numlior h must c.xcecd 
some number a<' of the upper class. 

On the other hand any number less than tho uppor bound of the numbers o® 
must be exceeded by eome numbers of the lower class. 

We aa'e therefore juabified in asserting that classification 
(a® I a*') defines a real number and in calling this number the 
power a™. 

64. It is easy to see that this definition of a™ agrees with the 
other definitions in those cases where the index m happens to be 
rational (or integral). That the some laws of indices hold—and 
that therefore there is no inconvenience in this introduction of the 
idea of ireational powers—is intuitively evident; the formal proof 
of the first law is as follows: 

Let m and n be the real numbers defined by the classifications 
(ail I Vi) and (ak \ 2 /s) of the rational numbers j then a™ x a" is the 
product of ,the two real numbers (a®i) a»') and (a®“ | oVa), i.e. is the 
real number (a®>+®« | cr^'i+»«), where a^, Wa, yi, are given all values 
admissible. 

• We use the notation to denote tho clnRHiiication, not merely of tlie 

numheiB expressible in the forms a®, a*', but of nit numbers rcspeolivoly less than 
or greater than the numbere eo expressed. Thus, if a>I, tho lower olaes consists 
of ell numbers wliioh ^ any number of the tyjjo a®, and tho upper class of all 
numbers whioh ^ any number of tho type av. 
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But the classification (^Gi + a'a|yi + yu) defines the real number 
m + n, and the classification (a®>+®s j defines therefore the 

real number ; whence it follows that = 0™+". Q.E.D. 

We are now in a position to use and develop the pi’operties of 
powers of any positive real number to any real index, and in doing 
so to assume any algebraic developments of the original laws of 
indices for positive integral powora, since the laws ai’e formally 
the same. Such irrational powers are of vital importance, not only 
from the theoretical standpoint of the theory of functions, but also 
in the practical matter of logarithms. In future we shall use such 
irrational powers as may be desired without distinction except 
where special discussion is desirable. 

EXAMPLES Vlir. 

1. Provo that the inequality (ii) of p. 29 above, viz, 1 +niv, holds 

if « be a negative integer pmvidod a > -1. (See .also Ex. 3, p. 132 below.) 

2. Prove that the inequality (iii) of i). 2B above, that ^ lies between 

jja“~iand»ih'*“', ct and hboing unequal and either botbpositivoorbothijogative, 
is true for all real values of»», positive or negative, rational or irrational (except 
when n=0 or 1, in which cases all the three iiunibcrB are equal). 

[Por the rational case use the inequality (iv) of p. 29.] 

3. Provo that if a is any real iiuiubor gi’oator than 1 then if !«>}/ 

in cases; («) wlioii a and y are positive integers, (6) when x and y are any 
rational nvimbors, and (o) when ic and y are any real numbers; uiid that if a 
is positive and loss than 1 then a* < a* under the same circumstances. 

[This iiroperty may bo doscrilied by sjiying that the exponential fmietion a* 
is monotone. Cose (a) is proved by direct application of the fundamental laws 
of inequalities to the definition of a* etc.; case (&) cuiu ho deduced from ciuto 
(o) by raising a* and o# to the y-ith iH»wor where x iuid y are taken to bo yi/g 
and rje respectively, with simple oxtoimion to the cose of negative indices; oaso 
( 0 ) follows fi'om case (b) and the definition of an irrational power ns a Bcdc- 
kindian classification obtained from rational powora] 

4. Shew that if Xi, Xs, X;,, ... is (a) any monotone sequence, or (ft) any 

sequence, monotone or not, tending to the unique limit «i, tlieu the sequence 
of corresponding powers of a, viz. a®>, a®», ... is convergent and tends to 

the unique limit a™, whore a denotes any ijositive real numhei', and x^, x ..,... 
oi'e supposed all positive. 

[This property is the continuity of the exponential function. The proof of 
this property is essentially contained in the proof that if (.■» | y) is il Bedekiudian 
cLiesificatioii then the oorrespondiiig ckssificatiun (u® | u^) is also Bcdckindian. 
The proof of (a) may be expressed difiorcntly thus; 

Let X be the upper bound of the sequeiioo /Ci, .ra,... (supposed increasing) 
and suppose a>l j the sequonoo ct*i, a*«, ... is incroii.sing and has its upper 
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bound ^ ffl*. We prove that the upper hound of this aequonco .actually =a^‘ by 
abewing that there ore numbers of the aequoneo exceeding any number (/I) leas 
than «•*. If 6 is any number less than X, - «'>=a'' -1) < " 

by Ex. 2 above (taking X-h<\). Hence if A ia any number Icaa than a* and 
if 6(< A') is chosen so that 

A' -h< (a* - jiyCa'’ (« -1)]) 
the number a** will bo sueh that 

u^-a!‘<a’‘'— d, 

i.o. such that a* > A. But there are munlieiw a;,, of the .soquenoo .rv, a/.j, ... 

which exceed h, and therefore there are niunbcrs a*» of the .setpiei »cu fr*i, a\ ... 
which exceed a* and thei’efore, ufoHiori, exceed A, any immbor less than 

The cose when a < 1 can be dealt with similarly, or can bo made to depend 
on the case discussed. 

For case (6) we notioe that the sequence i/j, 1 / 3 , ..., where ;(/i=upper 
bound of a?!, iSj, aij, ..., yj=upp 0 r hoimd of .fa, .fa, ara,..., //:i= upper bound of 

aig, .fj, a!g,.. is steadily decreasing and has the unique limit A' and that 

the corresponding sequence of lower bounds is inoroasing and h.as the same 
unique limit X-, whence ca.se (a) shews that the .sequonco Wi, rih, a^a, ... 
steadily decreases (and the oorrospoiiding sequence of lower bounds .steadily 
inci'eaaes) to the unique limit By shewing now that the upper bound ei 
a»i, a\ a*a,... eqiuils avi, etc. the proof is completed. See also p. 47 above.] 

5. Shew that if a > 6 > 0 then a" > 6" if % is («) any positive rational number, 
(b) any positive real uumher, [Mowitons of x\\ 

6. Shew that if arj, .®j, .fs,... is any cmivergcut sequonco of i>iwitivo numbers 

having the limit o, and if n is auy real number, the .soqueiiun .Vi", .Ca", ... is 

convergent and has the limit «’>. [Contmuitjf ofs^,] 

[See the proof when a is o positive integer. Ex. 14, p. 60 above.] 

7. Shew that if the sequence a'l, aia, .fj, .„ tends to the uniquo limit «, and 
n is any real number, (lien the seqiieuoo 

a'a** —«" 

.fi-a ’ aia—tt ’ '*' 

tends to the limit na*“ [DiffereniiabUitg of a**',] 

8. Taking as an alternative definition of a ii'oobiunal power that aol<i={Ij/a)’’, 
prove from first principles the laws of indices. 

9. Shew that if the base, a, were allowed to bo negative in the definition of 
fractional powers, or if double values for square roots (and other even roots) 
were admitted, and might differ. Show also tliat the definition of 
av/a as might apply when the alternative definition us (fj/n)’’ would not 
apply. 

£ 

10. Shew that if a? when a is negative wem dcfiiiod us l!/uo (or iJS/a)o), 

having been reduced to its lowest terms, then, indopondoutly of the faot that 
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the exponential function a* would not exist for some rational values of the 
index, the function would not be “continuous” for any value of and that 
similar difficulties would arise if the definition were modified to when q 
is even. 


§ 2. Logabithms 

66. Definition and existence theorem for logarithms. We 
have seen that the equation £A’" = i, in which a is any positive and 
m any real number, can always be solved for h in terms of a and m 
{b being, in fact, always positive). The operation involved is that 
of exponentiation—the raising of a to the mth power—an opera¬ 
tion always possible within the system of real numbers, whether 
m be integral or nob. If a be regarded as the unknown, the equation 

can still be solved,—again by the operation of exponentiation,_ 

for a = If however ni be regarded as the unknown, we have 
as yet no regular means of solving the equation. The operation 
involved is a new operation. Such a solution is however possible 
for all positive values of a and b (except for a = l), as can be 
proved as follows: 

If z is any real number, and a any positive real number other 
than 1, a’ exists and nece.ssarily either > b or ^b. 

Let X denote any real number for which a® ^6, and ?/ any real 
number for which lO' > b. 

Then the classification («| ?/) divides the system of real numbers 
into two classes, such that there are numbers in each class. 

To prove this: If ct>l, lot Tlicn, if n is imy po.sitivo iutc({or, 

«’‘=(l-t-c)’'>l-i-7Mbyiiiequiility(u)ofp. 2!); mid thoroforc-/j cau be found 
so that a" > b. This number 7 i bolong.s to tho y oliiss. Also, sinco 6 > 0, another 

integer m eau bo found so that .„kI thereforo the 

number -m. belongs to tlio x olaaa. If « < 1, we write f«=and tho pi-oof 

proceeds on the same lines. If a=l the statemoutis of oourso untrue, for then 
£i'=l for all values of z. 

Also (1) all real numbers are included in one or other of the 
classes, and (2) every ai < eveiy y ; because, if any x ^ any y, the 
corresponding a® would be ^ the corresponding a'/ (Ex. 3, p. ()I 
above)*, which would contradict the supposition that a". 

Therefore this classification (jsjy) is a Dedekindian classification 
* Assuming a> 1. If («1, the signs of inoguolity must be reversed. 
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and defines a real number, m say. The number a"* is then the 
number defined by the classification (a® | ai'), i.e. is the number b 
i.e. a®*= J; and it is evident that there is only one .such numberin' 
having this property. 

Hence the equation a'”‘=h, in which a and b are any positive real 
numbers, and a is not equal to 1, necessanly has a unique real 
solution for m. This real nurnbor m is called the logmithm ofb to 
the base a, and is written loga 6*. 

66. It is interesting to notice that, except in rare cases, one at 
least of the three numbers a, b, m must be irrational ; and in fact 
that the logarithm to a rational base (a) of a rational number (b) 
must be irrational, unless the numbers (a and b) are positive or 
negative integral powers of a single rational number. 

To prove this in the special ease when a=]0 and 6=2—i.e. to prove that 
the logarithm of 2 to the base 10 i.s ivratioiitil—wo argue; If log,,, 2 wore rational 
it could he expressed as a fraotioii pjq, p and q being (positive or negative) 
integers, and wo should have the relation 10''/«=2; wlmnce 10»=2» an im¬ 
possible relation, since 10»> is an intogoi- ending in 0 (or a dccitmd cdnsistiiig 
of the digit 1 following a number of O's following the decimal point) whilst 2« 
must be an integer ending in 2, 4, 8, or 0 (or n dooimal whoso Inst figure is D) 
Therefore log,o2 is irrational. The proof of the general ca.so is left to the 
student. The student will notice, in oousequonco of this property, that the 
introduction of irrational numbers (in lairtioular n.s indice.s) was ossmitial if 
we are to use logarithms at all generally. 


67. Properties of logarithms. In virtue of our knowledge of 
the power, or exponential function, of which the logarithm is 
the inverse, we at once see that logaritliniH have the following 
two important properties; ” 


(1) If the base a is greater than 1, and x and y are two positive 
numbers, then logjiologoy if and only if x>y, and if «< 1 

og s;>log.y if and only if We say in either ease that 

me logarutimic function is monotone, 

(2) If is any sequence of positive numbers tending 

to the unique positive limit h, the corresponding sequence of 
logarithms, viz. log.®,, log,^®^,..., tends to the unique limit log„&. 
We say the hganthmte fimction is continuous. 

unique. Bee Appendix. ^ oomplox). Huoli logarithms are not 
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The proofs of these properties are almost immediate. 

The i)roof of (2) may be expressed in terms of monotone sequences (see 
pp. 47 —48) thus; 

Because the sequence x.^, ... b, 

we know that the sequence Ui, U-i ,... V*. h, 

and the sequence In, ij, 6, 

where ropi-osontB the upper bound of Xi, Xn, X;,, ..., the upper bound 
of Xi, X 3 , Xi, ..., etc., and In, In, eta represent the corresponding lower 
bounds. 

' Hence the sequence log„ Ut, loga Cfg, logo 27a, ... V*. logn 6, 

and the sequence log* In, loga^a, logo In, — log,, b, 

supposing a> 1* and using property (1) to prove that if yi, yai h I'hou 
log»yi, logo^a. loga^ai — /^logoJt. 

But logo £/i=upper bound of Ingou;,, logoA'a, logoaJj, ...; etc. 

Therefore the sequence 

(upper bound of log«a;i, logons, ...), (upper bound of logo^a, logo«a) •••)> 

... Vlogoi, 

and the sequence 

(lower bound of loga.*i, logons, .••)) (lower bound of log„a;a, log»%, ...), 

• •• logoi, 

whence the sequence logo.Vi, logo-^a, ...-»-log„i. (J.is.d. 

We notice further that, whatever the base (a), logo 1 = 0, bocause 

a" = l. , 

Thus we know that if the base (a) is greater than 1, every positive 
number b has a logevritim, which is positive or negative according as 
the number is greater than or less than 1, and that the logarithm 
inci'eases steadily {and continuously) as the number increases. If the 
base is less than 1, the logarithm is positive or negative according 
as the number is less or greater than 1 and the logarithm decreases 
as the number increases. 

* The modiAoations when ad are evident. 

t That the sequonoe logoVn loHuVa, 1° inoreasing and therefore has its upper 
bound as its unique limit and that this upper bound <log„t is evident from (1). 
That this upper bound is logo& is proved thus; if B is any number loss tlmn 
logoi, fi®<:o'"B»l'=i, and therefore some of the numbers j/j, ... exceed o" 
and therefore some of the numbers log^p,, logoy^, ... exceed B, so that B is 
less than the upper bound of the sequence logoj/j, log,]/,, ... and the aotnal 
upper bound =logoi. Similar remarks apply to decreasing soquunees and to lower 
bounds. 
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It should be noticod that negative numbers have no logarithms 
and that the base of the logarithms mnst in all cases be ixisitive*. 

We shall in this course, wherever for the sake of definiteness 
appears desirable, always assume that the base of the logarithms 
is greater than 1 ; the modifications necessary to cover the case 
of a base less than 1 will bo found to be nowhere vital. In practice 
the base is invariably taken to be either e or 10. 

68. Laws of logarithms. It is of naturiil interest (and <jf 
practical utility) to discover laws concerning the logarithms to 
a fixed base of various combinations of different numbers. We 
have in fact already found three laws of indices, which in view of 
the fact that logarithms are indices, Ciin evidently be restated as 
laws of logarithms. 

Thus we have firstly, from the firat law that ti'" x tt’* = 0 ™+’*, that 
the logarithm to the same base a, of the product of two numbers, 
is the sum of the two logarithms of those numbers; or 
log« (<® X y) = loga x + lofja y, 

X and y being any two positive numbers; it having boon scon that, 
whatever numbers x and y may be, their logarithms, and n, exist 
such that (*’" = «! and a’‘ = ?/. 

Secondly, a”* a" = a’""” gives at once 

log«(^) = log.f»-logtt?/. 

As in the case of indices this law is only a parthmlar case of the 
first law, for we have, in virtue of the relation 1/a" that 

logi»(l/y) = - logo?/, and thence 

logo Q = logo (* >< ^) = logo ® + (- logo !/) = log* X - log* y. 

Thirdly, the law (a™)" = a™" gives 

log* (a") = n log*®, 
n being any real number. 

To sum up these three laws: logarithms uf products and quotients 
are equivalent to sums and differences of logarithms, and the loga¬ 
rithm of a \power is equivalent to the product of a mmiber and a 

* With deflmtiona in torniB of complex numhora tliia Htatamoiit ia nntrno. Sec 
Appendix. 
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logarithm. If we hapxjen to know tlie logarithms to any base of 
all numbers we need, we can therefore replace the operation of 
multiplication by that of addition, division by subtraction, and 
exponentiation by multiplication. In numerical calculations in¬ 
volving such operations of multiplication, otc.—operations which 
are tedious if the nuinliera concerned are large (or have many 
significant figures)—we can therefore simifiify the work by using 
logarithms, thereby reducing the ojoerations of multiplication, etc. 
to the simpler operations of addition, etc. Since in practical work 
numbers with many figures are of frequent occurrence, the reduction 
in labour involved in such a use of logarithms is of comsiderable 
importance, provided only that tables of logarithms can be con- 
stnicted and used with ease. 


69. Logarithms to different bases. Oommon logarithms. 
There is so far in our logarithms an element of arbitrariness—the 
base a may he any positive number whatever. The choice of the 
most suitable base is not of much theoretical* but of considerable 
practical importance, If wo take for cxamiilc a = 2, wo have 
evidently (straight from the definition) tho following logarithms 
to the haso 2: 

logul = 0, log«2 = l, Ioga4 = 2, log. 8 = 3, 
loga 10 = an irrational number greater than 3 and less than 4, 

loga 20 = loga 2 -t- loga 10 = 1 + loga 10, log, 80 = 3 loga 10, 

and generally 

loga(2”.'s) = n+logaa’, and loga(10’*®) = log^ 10 + logao;. 

The last two relations shew that if a number is multiplied by a 
power (positive or negative) of 2 its logarithm is modified only by 
the addition of tho index of that power, Avhereas if multiplied by 
a power of 10 the logarithm i.s modified by the addition of a mul tiple 
of the irrational logarithm of 10. Or, if the logarithm of a number 
to the base 2 is known, the logarithms of all numbers got by 
multiplying (or dividing) the number by powers of 2 .arc also 
known immediately, whereas the logarithms of the numbers got 
by multiplying by the powei-s of 10 are n(jt so known. Since, 
however, the normal systom of notation is tho decimal notation, 

* Uut mio g 1 beluw. 


^YMA 


7 



98 


logarithms 


[CH. II. 


it is easier to see the similarity between numbers whose ratio 
is a power of 10 than that between numbers whose ratio is a 
power of 2. If we chose 2 for the base of our logarithms wo should 
therefore lose the particular advantages of our customary notation. 
It is therefore preferable to discard 2 as our standard base of 
logarithms and to choose 10 for base. We then have the relation 
logic (lO*®) = n + logicso that if wo find (from tables) the single 
logarithm logic ® (®'g* login 1‘2345) we have immediately all the 
logarithms of the numbers got by shifting the decimal point 
in X (o.g. logic 1234‘6 or logic ‘0012345), and it becomes thereby 
sufficient for the tables of logarithms to take no cogni'isance of the 
position of the decimal point but to tabulate only for values of x 
(with a sufficient number of digits) within a certain range (e.g. 
between 1 and 10). It is for this reason that 10 is nearly always 
chosen as the base of tables of logarithms designed for numerical 
calculation. Such logarithms are called common loganthms*. If 
ever the decimal system of notation were displaced by the duo¬ 
decimal system it would be necessary to replace all tables of common 
logarithms by tables of logarithms to the base 12. 

It is nevertheless desirable in some kinils of work to use a 
base other than 10. The investigation of the relation between 
logarithms of the same number to diff’urent base.s i.s, bhorcfoz’e, of 
practical importance. 

An appeal to the definition of logarithms shews at once that: 
If a and b are the bases (positive) of two si/stems of loffariihms, 
amd m any given positive number, then logj» = log;,« x log„j«, or 

For, if loga flj = a and logj x = (8, we have a'‘ = x = b^, whence 
a logo'a = logo x = ^ loga b and a logi, n = logs« = /9 logs h, 


giving logj X = logj a x logo x and logj x = ^ log„ x. 

We can now at once obtain the logarithm of any number to any 
base if only we know the logarithm of both the number and the 
base to any particular base. 

* In demontury and praotiool work tho snfflx denoting the kaeo (10) of oommon 
logaiithma is usually omitted. We shall follow this eustum lu the next seotion, but 
not elsewhere in this eourse. In tkeoretioal work the enlllx is usually omitted when 
the base is the irrational number e, but wo shall avoid this praotiee. 
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1. Given tlmb logm 2 = ‘30103, iind the comnKJii logarithm.'! of 


32. 8. 1/2, 1/8, ^/2, l/{^/2). 

2. Given that logi(|3=‘47712 and logii|2=‘30103, 
find the oonimon logarithm of 


II /312W 

V W 


3. Givoii that lugm e = '4343 (“e” being tlie irrational mnnbBr, dofinorl above 
(p. .ijl), which is tho haao of the Napierian logarithms), and given the oounnon 
logarithms of tho preceding ipucNtioiiH, ctdcnlate log„ 2 and logj 3. 


4. Shew that logs A lies between 


« (&-!) 
?){«— 1 ) 


and 


&-1 

tt-T* 


Hence prove directly that if Ai, Aj,... is a sequonoo of positive numbers 
tending to the uniquo limit zero, then tho setiuouoe whose wth term is 
lofiio (1+ f‘«) unique limit j duduuc the continuity of the logarithinio 

function for all voluos of.«. 


5. Shew that the Ingarithui of a fixed number is a oontiimons function of 

the base (i.e. iftti, then lng„, h, Iog„|,&, lng„j6, ...-»-log„/i) for 

all jKisitive values of tho liaso except unity; and inonntono for all values of 
the base exceeding unity (i.e. log„, /»>log„,, h if anil only if Ui>u, or else if 
and only if < Ua). 

6. If it> 1 and n is any real number and ai positive, pwve; 

(i) tt®>x» and «““<;(!» for all values of .v greater than acortiiin valiiu; 

(ii) x'‘> logaX for all values of a? suiKcieiitly great; 

(iii) .i'»> |l(ig„.i;| for all (positive) values of .r sutlioiontl}' small. 

[For (i) put ii''*=ir. ,Y hy E.v, 10, p. 3(!.] 


§3. Logarithmic Tables 

70. By the use of logarithms the operations of multiplication, 
division, and exponentiation can he replaced by the operations of 
addition, siibtraotion, and multiplieiition. In practical calculations 
these latter operations, as explained above (p. 97), are simpler 
than the former. If the logarithms of all numbera could bo tabu¬ 
lated once for all, such calculations would be made easy, for all that 
would be necessary in any particular calculation would be to look 
up directly in tho tables tho logarithms required and the numbers 
•corresponding to given logarithms. Buck a eoniplete tabulation 
is, however, manifestly impoasible. But it might bo possible to 

7~2 
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tabulate all the integers up to. say, 10,000, anrl their logarithms 
correct to, say. four decimal places. Before entering on the question 
as to whether (and how) such a tabulation can actually be carried 
out, it will be well to inquire whether such limited tables can be 
of sufficient utility to make the labour of compilation worth while. 


71. The first remark which suggests itself in this connection is 
that any tables of logarithms, however accurate, canuot bo used fur 
arithmetical calculations where absolute accuracy is required (e.vcept 
in certain trivial cases),—for, as we have seen, logarithms are in 
general irrational numbers and therefore cannot be obtained ac¬ 
curately as decimals, but only to some degree of approximation 
(though this degree of Approximation is variable at our choice). 
This lack of absolute accuracy is not however a vital objoctiou to 
the use of logarithmic tables, for, generally speaking, numerical 
calculations are met with only in practical work (in tho physical 
sciences and elsewhere) where the accuracy of the actual data of the 
calculations is by no means absolute;—in some surveying problems 
the direct measurements may be in eiTor to the e,xtoiit of one per 
cent., and in very few measurements are the errons known to be a.s 
small as one in a million. It would be absurd to desire iib.solute 
accuracy in calculations on such approximate data. 

. Thus, if only the tables can be so constructed and used as to- 
preserve any desired degi’ee of accuracy, the lack of absolute accuracy 
will be of no consequence. Our object will bo attained if the suc¬ 
cessive numbers tabulated are so chosen as to differ only by the 
range of error to be allowed for in the data of the calculations, so- 
that there will be a separate entry giving the logarithm of every 
distinguishable number, and, if, at the same time, the logarithms, 
tabulated are obtained to such a degree of approximation n.s to 
render successive entries of logai-ithms distinguishable; that is to 
say, if the numbers for sucoessive entries ore taken sufficiently near 
together and the corresponding logarithms are tabulated to a suffi¬ 
cient number of decimal places. If, in using such a table, we en¬ 
counter a logarithm which does not occur in the table, it will lie 
between two of the entries of logarithms and therefore, in view of 
the monotoneiiess of the logarithmic function, the corresponding 
number will lie between the two corresponding number-eutrios; and 
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this will suffice for our needs. One proviso only is needed,—that 
the number of decimal places to which the tables are carried must 
be the same throughout and sufficient for the accuracy of the least 
favourable part of the tables. For work of different degrees of accu¬ 
racy different tables will be needed,—e.g. four-figure tables for most 
practical work, or seven-figure tables for more accurate w'ork. As 
has been noticed before, thore is no need in a table of common 
logarithms to tabulate numbers beyond a certain stage, since, e.g., 
in four-figure tables 16013 would be indistinguishable from 16010, 
whose logarithm is 1 -)- log 1601; so that in four-figure tables we 
need only tabulate logarithms of integers from 1000 to 9999. 

It should be observed that it does not follow that the sum (say) 
of a number of logarithms will have the same degree of accuracy 
as the .several logarithms. It is true that in some cases the various 
errors may compensate each other, but on the other hand it is 
possible that they may be all of defect (or of excess) and thus add 
up, or accumulate, to a coirsiderable totrrl error. In performing 
caloulationa we must of course allow for this possible accumulation 
of errors, and it is best always to write down the limits between 
which the numbers and logarithms occurring are known to lie. 
Thus, for example, if wo know that a measurement x, given as 2’000, 
is liable to an error (of excess or defect) of '001, we read from the 
tables that log T999 ='3008 and log 2'001 = '.3012, to four places 
of decimals (i.e. with a possible error of '00005). All we can guar¬ 
antee about log,® from these data is that '30075 ^ log a: <'3012,"). 
If we work with inequalities of this kind wo shall know with certainty 
the outside limits of error of the result. This method can be simpli¬ 
fied in practice. 

72. Tables of common logarithms. In tables of common 
logarithms in actual use certain corrventions are used, which it is 
desirable to mention here. The logarithm of any number will in 
general consist of an integr'al part and a decimal part; the integral 
part is called the cluiracteristio and tiro decimal piirt the mantma 
of the logarithm; in tiro case of a negative logai-ithm the character¬ 
istic is always taken to be the negative integer next less than the 
logarithm itself, and the mantissa is the positive decimal by which 
the logarithm exceeds the characteristic. Thus for log 20, which 
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= 1'30103, thB chamctoristic and raantisKii iU’C veapcctivoly 1 and 
:30103; for log- 5 , which =-'30105 = -l +■69897, the character¬ 
istic and mantissa are respectively -1 and -(inSST. Such a loga¬ 
rithm is written 1‘69807. 

Tables of logarithms tabulate only the mantiasae, and the decimal 
point is usually omitted; the characteristics and decimal points 
have, to be added. The deteruduation of the charactoristic of a 
common logarithm is simple, for we have from the laws of logiu'ithms 
that if, e.g., log 2 = -SOlO, then 

. log 20=log (10x2) = log 10 + log 2 = 1-3010, 
log 2000 = log (10“ X 2) = 3 + log 2 = 3-3010, 

log -2 = log (2/10) = log 2 - log 10 = log 2 -1 = 1-3010, 
log -00002 = log (2/10») = log 2 - 5 = 6-8010; 
or if log 1-302 = -1146, then 

log 130-2 = 2-1146, log -001302 = 3-1146. 

The characteristic of the logarithm of a number greater than 1 
is always one less than the number of digits preceding the decimal 
point; the characteristic of the logarithm of a number ]e.ss than 1 
is always negative, and is numerically one more tlian tlio number 
of zeros immediately following the decimal point. 

In most published tables space is saved by the use of a "column 
of diflferences,” the precise form of which varies with the publica¬ 
tion, and the use of which will give no difficulty to the student. 

Tlia "prinoiplB of proportional parts" is of oousidcrahlo nso in unitliomatioal 
tables in order (e.g.) to obtain the logarithm of a iminbor intnmiediiitu to two 
numbers tabulated, It is, briefly, that if the riiflbmiuo Ijotwoen the inter¬ 
mediate immber and the smaller of the two tabulated nmubei's i.s e.g. 1/10 or 
2/10 of the difference between the two tabulated mmibers, then the cori'o- 
spotiding difference between the intermediate logarithm and the smaller of the 
two tobulated logarithms is I/IO or 2/10 of the difference between the tahnbited 
logarithms, The investigation of the degree of noouracy of this principle and 
its general justification depend on the notions of differential oaleulns and will 
not bo given here. Generally speaking, the pi-ineiplc will be reliable only in 
, parts of the table where the “differenoes” do not vary rapidly. 

The. student will probably already have had sufficient e.’corciae 
in the performance of calculations with the help of logarithms, but 
in .any case he will be able to find, in the course of practical work 
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in natural scionco or olsowhoro, practioal examplt's for practice*, 
In all cases tlie sturlent shonlcl nse tables approiJriate to the 
degree of accuracy of the work in question, and should so use 
the tables that ho will be able to assign with certainty outside 
limits f)f error. 

73. Construction of tables. Having satisfied ourselves of the 
utility of such table.s as those contuinplated, it rciiiitina for us to 
investigate how such tables can be compiled. That is to say, we 
wish to calculate the logarithms to .any desired degree of accuracy 
(e.g. within '00005 or '00000005) of all numbers of a certain iiuinber 
(e.g. 4 or 7) of significant figures. Our problem is that of calculating 
the logarithm of any given number to any desired degree of acoiiracy. 

For definiteness we will suppose that the logarithms required 
in-e common logarithms, i.c. logarithms to the base 10. 

The logarithms of certain numbers are known at once; e,g. 
log 10 = 1, log 100 = 2. log 1.000 = 3, log 1 = 0, 
log '1 = — 1, log '01 = — 2, etc. 

To find the logarithm of another number, e.g. 2, we have firstly 
that log 1 < log 2 < log 10, i.o. that log 2 is positive and less than 1; 
but we notice further that 2“ = 3 < 10 and therefore 2 < 10“ and 
therefore log 2 < 1/3, i.e. log 2 < '3. Alsu 2' = 1 (i > 10 and therefore 
2 > 10^, whenco log 2 > 1/4 = '25. We have thus already obtained 
log 2 correct to one decimal place, viz. log 2 = '3. 

For further accuracy we may ti'y repeating thus procc.ss of rai.sing 
2 to some integral power and comparing with a power of 10; w(i 
have 

2" = 32, 2" = (14, 2’ = 128, 2" = 250, 2" = 512, 2>» = 1024; 
whence we have, selecting the one actually useful result, 

2“ = 1024 > 1000 and therefore log 2 > log 1000 = '3. 

From these results we have found that log 2 lies between '3 and '3. 

We can find other logiiritlnns similarly. 

74. Two-flgure tables. Evidently this proce.s.s has limitations, 
which must be removed if it is to bo useful for our purpose. 

* Worked exainploH and detailed inBtructiems oii the uho nf Ioi;;aritliiuic labloH will 
be found in any good mcidorn book on uicnieutury algebra. 
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AVo could, aa a laat reaovt, ualcukto tho viiIuub of '2^ 2^, 2', ... by re- 
peated application of tho operation of extracting th(! Kipinro root,-—or we 

could calculate the values of 2iX otc. and tlinii 2*''", •2'“'', ... 

by tho fundamoiital method of "trial'* (c!.g. to lind 2'“ wo argue 1>'>=1 <2, 

l'l“=2-e...>2; thoreforo 2‘'<' lice hotwoen I'O and 1’1,010.). Hut oloarly, 
no matter what Hiniplidoatioua be mode in tliia uiothod, the work involvod is 
prohibitive. 

We have used tho fact (e.g.) that 8< 10 to h1)ijw that log 8 (i.e. 

3 log 2) < log 10; but we have no information aa to how much log 8 
is less than log 10. Clearly what ia neoiled ia .some o.atiinate of the 
magnitude of the difference between two neighbouring logarithms, 
such as log 10 — log 8, or, what cornea to tho same thing, an e.atimate 
of log (1 + a), where .® is fairly small, for 

log 10 - log 8 = log (10/8) = log (1 + i). 

Let us consider this question in the simplified foi’in when .r is the 
reciprocal of a positive integer; i.o. let us try to find an e-stunato 

of log ^1 + , where n is a positive integer. 

Taking first the case mentioned, that of log(l + J), we notice 
that the successive powers of (1 + i) are .5/4, 2,5/1 fi, 12.5/04, etc,, 
and of these, the third, viz. (1+ J)''= 125/64, differs only slightly 
from 2 and that 3 log (1 + |) < log 2, i.e. 3 — 9 log 2 < log 2, whence 
log 2 > '3,—a result which we found before by proceeding to the 
tenth power of 2. Similarly for other logarithms. 

However, we know in general (see pp. 52—53 above) that if m 
is any positive integer not exceeding n, 

(1 + l/n)’" <(1 + 1/?!)" < 3, 
and therefore in general 

log (1 + l/n)“ < log 3, 
or indeed log (1 + 1/n)” < log .3, 

i.e. n log (1 + 1/n) < log 3, or log (1 + 1/n) < ^ 

71 

so that if we can obtain a close upper estimate to log 3, we shall 
\have here a close estimate for log (1 + 1/n) for all integral values 
\^f n, and there will be no need to carry out the process of raising 
tb^e particular value of (1 + 1/n) to the various powers each time. 
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Moreover, we sec that the greater the number n, the more nccuiate 
will be the result. Using the evident fact that log 3 < ’5, we may 
state our result as 

log(l + !/«)< “ or 1 / 2 / 1 ,. 

We can also improve our re.sidts if we obtain un under e.stiniate 
for log(l + l/») as well as the over ostiinate found. A .sufficiently 
good estimate is obtiiiiiud .at once if we notice that if n is any 
positive integer whatovei-, 

(1 +!/»)»> 2 , 

and therefore Mlog(l + l/)i)5log2, which wo know >'3; whence 
log(l+l/n.)>|. 

Combining our two results, we have proved that log (1 + l/r?) lies 
between 'S/n and ’u/ii; whence we have log ^1 + correct to 
within an error of le.s.s than ‘‘i///. 

Certain logarithms c/vn now be found to a considerablo degree 
of aocurixey; for example log 101 = log 100 + log (1 + 1/100) and 
therefore lies between 2'003 and 2‘005. 

The logarithms of the integers from 1 to 10 can now be deter¬ 
mined to a Hub.stantial dogreu of acenraey. Thus log 2 can be tbuiid 
correct to three decimal places thus: 

2“ =1024, which lies In/tween 1020 and 1025, and therefore 
10 log 2 lies hotween log 1020 and log 1025, i.e. between 
3 + log (1 + 20/1000) and 3 + log (1 + 25/1000), 
i.e.betw'een3-(-log(l +1/50) and 3 +log (1 H-1/40), whence 10 log 2 
lies between 3 -l- 3/50 and 3 + '5/40. Therefore log 2 lies between 
‘3 -(- *0000 and 3 + •00125, i.o. log 2 lie.s between ’3006 and ■30125, 
whence, correct to three decimal places, log 2 = '301. 

There is now no real ditliculty in calculating the logai'ithms of 
all integers, say up to 100, to a degree of accuracy corresponding 
roughly to "two-figure tables," The student is advised, as an exer¬ 
cise, to calculate by this method the common logaritlnns of all the 
integers np to 20; there is scope for much ingenuity in choice of 
the particular numeriuiil relations used, but the student will not 
have much difficulty in obtaining the ni.siilts correct to within 
•005. 
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76. Limitations of method. There is sti 11 ii fuiifl.mienfcal draw¬ 
back to this method of calculating logarithms. We cannot obtain 
unl/mited accuracy. 

The possible error iu mir iippmximiitiou to on whicli the 

oalculationa rest, is •2/m, which, oven in the favimrablo etwe of 
log 101 = 2-1. logO-t-l/lOD), 

allows ail error of ‘002. We tiati iniiirovo the inctliod by iviLlisitig that the 
result used—that Iog(l-tl/») lic.s lietwecn •3/«. ami •’ijii -ia not the best 
possible i-esult of the kind. For wo civu awily sbow tlmt log 3 is not only less 
than -B hut less than '48. Wo know also that thu iiiL>i|Uiility (1 -I- 1/h)" < 3 w 
nob the best rasult of its kind;—it is'in faot not haisl to prove directly that 
(1 -H/m)"< 2J for all values of the positive intogov n, or we know already (see 
pp. 01—BS) that the upiier bound of the increiising seqiiciiee who.su nth term 
is (l-fl/a)®^ e, whioh, uorrect to sis places of (Iceiniiil.M=2'718‘2H2, and tliei-e- 
fore (1 -t- l/n)'* < a < 2'72. 

Wc can therefore replace -B/n, in our upper estimate fur log(l + l/H) by 
•4a/» or log 2’72/w, or oven log ejn. 

At the same time, the lower esbimate (*3/n) for log (1 1 /») can be iucrea.sod. 

Using the result of Es. 7 of p. B(l above, viz. that the ineroosing sequence 

i»+i 


whose »tli term 


and tbereibi'e 




1 

<l/a, i.c. 


bos 1/e fur its iiiiper bound, wo have 

<l/e, 




m" 

loge 


\«+l/ 

>c, or 


whence log (1 -l-l/?i) > for all positive integral values of «. Our result can 
now bo modified to 


logo 

74+1 




If we bad the precise value of log e, wo should now have an estimate for 
log (1+ l/n) with an error of less than loge/ji—log el{n+l), i.c. Since 

logs is certainly less than our possible error is seen to bo less than 


27i(»+lj' 

If n is large, this error is very small, and indeed i.s muoh less than our 
previously obtained possible eiTor; o.g. if 71 =100, wo obtain log (1 + 1/100) 

with an error of less than ^ id i**'”' *'^**‘’' ‘OiXlOB, iw eompared with 

002 . 

The degree of accuracy of this method is however still limited. 
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Evidently furthisr modifications of a vital character arc necessary 
before we achieve the niilimited accuracy we need. In the next 
section we shall see how’ the result that log(l + l/?i) lies between 
loge/(w +1) and log«/n, can lie exteiide<l and developed to gain this 
end. 

l5XAMl'liK.S X. 

1. Givon that the Huiiara, fumth, Kith, iiiiml, lI Hli, laHtli, 2fiC!tli, ami 

612th routs of 2 arc. (to thriic iilaoos of (loiniiial.s) 1 '-i 14,1 ‘18!), 1 'OHO, 1‘0.14,1 '(122, 
I'Oll, l'(K)(i, I'OOH, anil I'lKIl res)M«;tiv«:ly, mhailato tlm logaritlinw of all tlio 
iutegera from 1 to 20 to tlio Imac. 2, correct to two ilcciinal places. 

2. Show, by thu iiiutluiiLs of the text, that log 8 lic.s hobween ■47(i and '478 
and log? hotwcon '844 and '847, 

3. Goiistruut that porl.ioii of a “two-fignre table.” of coniiuon logarithms 
which gives the logaritlims of iiiCegurs between 30 ami 40. 

4 . Uho tables to calculate tlio sum of 20 terms of tho geometrical progression 
having 13 for its lir.st term anil l'(l4fi for common riitio. Stale the dugroo of 
accuracy of the result. 

6. Given tho four-Hgure values of the coiniiHin logarithms of 8 and 21, 
obtained from tables, and that logo lies liotwecn '4 and 'fi, use tho relation 
l!l®=U)f) to obtain, by the method of tho le.xt, log 13 correct to four ilncimal 
pkees. 

fl. Oaloulato thu coinmnn logaritliius correct to three decimal phieus of lO'l, 
10'2,10-3,10-4, lO'.'i, I0'(i, 10'7, 1(1-8, U)'9, ami 11. 

7. Calculate the logaritlnas of the integers from 1 to J2, to tho baso 12, 
correct to one decimal iihieo. 

8. Calculate to one place of deehuals; 

(log20-logl(l)/l(l, (log iri~logl())/.'i, (logl2-IoglO)/2, 
(logll-loglCI)/!, (logl()-log!»)/l, (l«gl(i-l..g8)/2; 
and to two places of decimals; 

(logl0'ri-logl(,))/’ri, (liigl()’4-logl0)/'4, (log l()'3-logl0)/‘3, 
(logl0'2-logl())/-2, (log lO-l -log 10)/-J, (loglO-logil'i))/'!, 
and (loglO-log!)'8)/'2. 


§ 4. Thu Logaiutiimic .Sisbies 
76. Proof of inequality. In view of tlie role wliich tlie relation 
proved in the last section, viu. 


1 ,1 11 ^ It'S® 


plays in tho dev(jl()piiu*nt of tho higarithmie .sin'ies'—which is tho 
means whereby wu arcj to b(! csnubled to ealciilato logarithms to an 
unlimited degree of acenracy—we hens set ontthe proof in full. 
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Fii-stly, the two sequences, whose typical terms arc (l + l/n)" 
and (1 - l/n)^‘, are respectively steadily increasing and dccroiisirig, 
are convergent and have the same unique limit e. 

Combining the two proofs by using the alternative signs ±, + in 
the respective sense, wo have, if » is any positive integer greater 
than 1, 

V ^ 9lJ 71, L ^ »(W +1) ± 1)J ’ 

by the inequality (ii) of p. 29, since — -- f > — 1. 

(91 + 1) (a ± 1) 

(l 1 > r > (l i ir ("i’>9'. (l + I)'. 

\ n + lj \ uj ■h(?( ±1) V nj 


Hence the sequences whose typical tenns arc 


and 


^1 - ^ are increasing. 

These sequences arc bounded nb(»vo because, as proved on p. .52, 

/ 1 \’* 1 1 ] 

(l + _) <l + l + _. + _ + .., + „<3, 


and 


HJ 


< 1 . 


The sequences, therefore, have unique limits. That of the first is 
denoted by e*. 

FinaU, 




?t—1 1 

1 + 

71 — 1 


because 


1 
e 

1 




-e and 1+ ,-»■ 1. 

■91 — 1 


The irrational anuilier e, thus dofinsd, has been urovetl (p. 55) to bis approxi¬ 
mately 2'718282, 
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1 - -J r g , iiiKl wc have cHtablishecl the two results 

+ (^-rO 

Secondly, from tliis double result, wo dednce at once, since 

that a logn ^1 + ^J < li e < - (■« + 1) l()fr„ , 

where the base ti is any iiiuiiber greatur than 1; 

i,e. H log„ ^ j < log«e < ()H-1) l(>g„ —^ ^ , 

i.e. n log„ (1 + 1/n) < log,, e < (ji + 1) log„ (1 + l//i), 
or logo(l + l/a) lies between lt)gtte/(w. + 1) and logoc/n,; and the 
relation at the head of tho section is proviul, where the logarithms 
may be taken to any base greater than 1. 

77. Extension of inequality. Omitting from this point the 
suffix a, the relation wo hav(! proved i.s 

,!. + 1 < («■ + 1) - I' »R » < ■ -. 

From it wc deduct' at onet' tho ndation 

,y + p 'K “ < ‘"K 'I < ® 

or -/O-TJ'JF '/ < 

f/ + p i> q ’ 

where 2> and q are any two pnsitive integers. 

For log (fy + p) - 1. ,g ry = log (ty + p) - log (</ + p - 1) 

+ l''g (« +?)-!)- log (^ + p - 2) 

+. 

+ log(fy + 2)-log(fy + l) 

+ log(ty + l)-logfy, 

and to each of the ditl'erenee.s of logarithms occurring, the proved 
relation applies; whence 

+ ^,- i +, + J_2+ ■■• + !,) 

<JMoge. 




no 
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there being terms in the biwkcfc, o.nc,h at must l/ry; and 
log(? +P) - log(Z > loge _ 1 + ■ ■• + 



The relation stated is proved. 

78. Fundamental inequality, b’rmn thi.s we deduce that if h 
is any rational number greater than “1, log(l + /t) lies betuieen 
A.lege and /iloge/(l + A); for the ntthmivl nuiubor h can bo ex¬ 
pressed 08 a fraction ±2V(? where p »uid g are positive integers* and 

log (1 A) = log ^1 + = log (q ±p) — log q, which lies between 

± p log fi/(g + p) and i p log e/g, u?. log (1 ■+ h) lies between 
h log e/(l + h) and h log e. 

Finally if h is any real numJber greater than ~ 1, log (1 + h) lies 
between h log e/(l -I- h) and h log e. 

]?or, if h is defiitod as tiio DudoMudian elnesilicatiun of the rational inunka'!i 
(a;|y), we hovo 

A=(a 1 y), /(log 0 =(a; log a 1 y U»g a), A log egl-t /t) | 

and lug(l -|-A)=(lo{'[l+.r] | liig[l +y]), 

whore, in tho Inst two olnasifioutioiiH, x is rcHtriotoil to uxccud 1, iiud the 
closBOs detonniuiug /(,loge/(l-l-/i) am ooiniilut^xl by tliu adiUtioii of all iiumhcrH 
loaa than mid gi'oator than thoso oxpreaso)!. 

But we know, by the rosult just pnivod for rational mnubors, that 

• < h'K (1 +•») < -r log c, 

and < log(1 +y)<y log ,i ; 

whence, by direct reference to the geomutrioalt or aritbinutieal idea of 
Dedokindion olaasifications, 

I [1 +•’’] I log [1 +y]) < (*’ log a I y log a), 

i-e- ^^^<log(l + A)<Aloge. cj.E.n. 

By an evident alight modification of this result we obtain at once 
the funda/inental inequality 

loge log {x + h) — log X log e 
xfii h ^ vr* 

* ® "I ‘'®‘ I'sferenoo to tho Btraight line of l^ig. 1. 
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if o; and h avo any positive I'eal numbers, or 

logs ^ log (x+Ji) — log ai log e 

Uj /fc iQ -p hi 


if ® is any positive real iinmbor iuid h any negative real number 
greater than — 

This fnndain(3iital iin.'riuality gives upper and lower estimates for 
the ratio 

log (a! + //) — log at 

. h .. ' 

and determines not only the difference log (a; +/t) - log a;, but also 
this ratio [log(a! + /t)—l()gffi]//t, with an error which is small if the 
number h is small. 


79. Limit of Incrementary ratio of log X. The ratio 
log(.'e + /i) —log,« 

A 

is a kind of relative difference between the logarithms of the nnmburs 
w and a'+A, companxl, that is, with the <lifference between the 
numbers thomsclvos. If the difference h between two numbers 
(iB + h and «) is small, wb knew besfore tliab the difference between 
the corresponding logaritlims is al.sn small (.see p. above), but 
we had previously no knowbsdge as to bow this difference between 
the logarithms compares with the diff'oreiiee between the numbers. 
By a study of this "relative difference’’ we shall be likely to obtain 
more precise knowledge of tluj logiirithmie relation and of the values 
of the logarithms thetiiselvcs. In contbriniby with the custom of the 
differential calculus we shall call this ratio the incremeutury ratio 
of log at from at to a; + h, or over the ruiifie .x + h), 

Let us consider tliis iucrementary ratio 
li)g(a;H-/i.) —li)g.'« 
h 

for a sequence of values of k (other than zero) having the unique 
limit zero. The corresponiling sequence of values of loge/(a' + /t) 
clearly is also convergent and has the unique limit loge/ir*. But, 
by our fundamental iuc(piality, the inoreineiitary ratio 
log (.« + h) - log :r 
h . 

* Thn pcoot oC this is Iiilt to the Rtucinnt. 
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lies between loge/a; anil leg +/f); whenen it Intlnwa at once 
that; 

Ifkt, h.j, ...he any seijnenco of rati iiunihm ieutUiiff to the unique 
limit zero {and such Hint .e + lu>li fur all ailues of «), then the 
corresponding sequence of increinenUiry ratios, 

log (a; + hi) - log a: log (.»• + /(„) - log 

■ 'hf “ • h, 

is convergent and tends to the liuiit , .c heing any po,sitm renl 

mmher. 

80, The Htudont will haw, uotieeil tlmt as the seijimiu’i'. foe ti teiiclw to m'n, 
the immoratorH of the inurtmipiitary Viitins (viz. loj'i.z+A)—lof'.i') theniwilvos 
tend to zero, and it might be teiniiting to argue that. thei'i>f<ii'e the ratias tend 

to g. But this oxiii’eHiiioli, 0/0, a.s we know, i« (jiiite liieiiiiiiigh's.i, whereas tlie 

limit to whioh the incronieiitary ratiits havo lioitii lU’oveil to tend (viz. log()/.i;) 
Is aperfeotly deflnituuumlK!!', TheNtuiIent.''lii)iiUl lind no ditlienlty in this and 


will I'ealieo that the limit of a HKipteueeNiieh an 


h)g(.B+/(„)”log.r 
I'h 


, l•orrcsIltlud• 


ing to a HOgueucu /i,„ whioh tends to zero, meuii.s soinethiiig tutally ditibrnnt 
from the ««(«« of thoo-'iiireHsiou? -*^^'* when /i„is put eiiiial to zero, 

which, iw we havo said, ie iiioauinglo.s.M, 

81. Graph of log x. Inclination of tangent. Derivative. A 
recourse here to the ideiw of grafi.s will bo suggostivo iiiul usot'ul. 
From the knowledge of logarithum we have ho tar lUMjiiired, wu can 
sketch a rough graph of log a:. It is ns drawn in Fig. 2. 

Let P, Q he the points on the gmpli conv.spondiug to the values 
a + /i of the vari.ahle ®; PM, QN the respective oi'dinate.H; so that 
MP = log a;, NQ = log (« + It)*. 

The incrementary ratio of log a; from x to x + h i.s 

log(a' + fc)-log x_^- MP _ 2tQ j ,.5 , 

where pPq is the angle of inclination of the chord PQ to the x axis; 
i.e. the intyrementa/i'y ratio from x to x+h is the trigonometneal 
tangent of the inclination to the x axis of the chard joining the piniifa 
on the graph corresponding to the values x and ui + h of the variuhle x, 

* In the figure, Ii is taken to be poeUWe. Thie 1 h unncocHUary, prcviilort .r and 
a +h are both poeitive and the uaunl conventioiiH ae to arn followed. 
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If we take a nei ninnce of vnlnes of h, say //.j, h.,, h .touding to 

the unique limit zero, wo^obtaiii a Heciuenee of chorda PQ,, PQ^, 
PQsi angles liPQi, RPQ.,, , 72 P^,,, aucl iiioretricntary nitioa 
[log [as + III) - log;«]//),. [log (® + /a) - log 

[log (.7;+ /l,,)- log«,■]//(,„, .... 

such that 


log (.i; + //,) - log .7- 

h, 

log (.7; + Il„) — log 

h, 

log (. 7 ; + Ih) - log as 

' . Af 


tan lUU. 
tan lipQ.^, 
tan RpQ.,u 


etc, 




The points Q,, Q.j, ... visibly toad to approach P indefinitely 
closely along the giuph, and the choitls FQ,, FQ«,... tend to coincide 
with the tangent F 2 ’ to the graph at P; >so that the angles 
PPQi, RpQs, ... tend to coincide with the angle BPT, which the 
tangent at P makes with the a; axis. 

Therefore the incrcinentiiry ratios, which ai’o thosauiuastanij/’Q,, 
tanPPQ,j,tend to tim JipT*\ or the limit of the mjiience of 
* 'I'liiH is. III coiirKv, not tneiint tu bo tijiroii/'. 


WMA 


8 
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imreimntuvi/ ratios is the triijoiumelriml tanffenl of the iiiGlimUon 
to the X. axis of the tuiiyent PT to tiie graph at the point P (s.logaj) 

071 tfte graph corresponding to the Vidue x of tlui mritiMc^ 

It is custonuuy t<t cull this Irigitnuiiu-tricJiI lungciit siuiply the 
slojw or gradient ol' tlui graph sit the point P. 

Thus we have seen—isitiiifcively aiul witlujut siuy hind ol proof— 
that the limit of the inermnentsuy ratioe rs'pvesieiils this important 
property of the grjipli, its .slope. 

In view of its importance we give this limit of the .seipmuce of in- 
crementary ratios a nsune,— thadiffei'entiiilaieffieient or the derimtive 
with respect to a; of the functioii logic,—anil we write it Dloga;. 

We have in fact, for any fnnetiou* that if the Hcipienco of in- 
creiaentary ratios (rleiined as ahove for log a.') has a nnirpiu limit, 
this limit is called the differential coefficient, or dcrivatiue, of the 
function and the function i.s .said to be differentiable. 

Thus we have proved, on p. 112 (I’liv. 79 ). that log x has a dei'i- 
vaMve with respect to x for alt 'imitiec values of x, vis. loge/®, 
or IMoga! = loge/./', 

82. Oraph determined by its slope. Heverting to guonietricul 
language, we observe that we have hero the slope of tho graph of 
log®, for all (positive) valuu.s of ai A little rollection of a practical 
nature will convince ua that this knowledge of the slope of the graph 
at all points carries with it implicitly a complete knowledge of the 
graph if any part of the gi’aph is known. It Hoems evident that there 
can be only one gi'fiph starting from a given point and having, for 
every value of w, a given slope. Thu.s we can expect to be able to 
determine the behaviour (and value) of log aj for all values of x by a 
use of this relation, 

P log » = log e/a', 

giving the slope. 

, Arithmetically this seems at least slightly hopeful as a way of 
calculating log « for all values of x, becanso the expression giving 
the slope (viz. loge/®) is in a very simple form in terms of the 
calculable expression l/js (assuming that wo know tho single loga¬ 
rithm log e). We mil therefm'e consider this relation and how it may 
he possible to deduce from it the 'luitw’e of log x, 

* yias funotion ol« If is (jlvcii lu tunas of A funotioiv may bo roptasautad 
by a graph. 
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83. Modification of problem. We will first modify the problem 
in two ways: 

For the sake of brevity we will consider logcuriUms to the hose e\ 
for then all the preceding work is valid and we have logs e = 1, so 
that our relation giving the derivative of logs as is 

jDlogaffl= 1/a;. 

We shall find also (because logo 1 = 0) that it will bo more con¬ 
venient to consider log„ (1 + sa), —with so> — 1,—rather than logo a;. 
It is clear that 

Dlogo(l+a;) = j~ .(1), 

because 

logo (1 + a: + A,) - logo (1 + *) 

A 

lies between 1/(1 + ai) and 1/(1 + as + A), whence the limit of the 
sequence of incrementary ratios is 1/(1 + x). 

Our problem is to find, if possible, expressed in calculable form, 
a function of a which has 1/(1 + x) for its derivative for all values 
of X (exceeding - 1). It would then bo necessary for us to prove 
that the function obtained actually is identical with log„ (1 + x). 


84. Polynomial approximations to derivative. We have 


D logo (1 + «) = : 


• = 1 — « H- a!“ — 


.. ±«™+ ® 


.n +1 


4-0! l + a; 

where n is any positive integer and the upper or lower signs are 
to be taken according as ra is even or odd. 

Since we are assuming a; > — 1, let — 0 be a negative number 
between — 1 and x, so that 0 < 6 < 1; we have 




i-0 


11 + ® 

and therefore D logo (1 + x) lies between 
1 — X + x’‘ —... ± x’^ 


(if X + 0), 


and 


1 — a: + a^‘—...+a;" + 


.n+1 


1-0 


.( 2 ). 


for all values of x exceeding — 0, and of these expressions the second 
is the greater, except for positive value.s of x and even values of 71 
taken together*. 

* If a>= 0 , 7 ) logo (1 +.T) is oqual to both ol the osproBsionH ( 2 ). 


8—2 
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86. Differentiation of Bitmplo functions involved. Now*, the 
inerementavy ratio of (ho function .<• from . 1 ; to x+h jg 
+ i.e. 'lO'l tliorofiiro tlio Moqnoiici* of iiicrciiiciitary 

ratios for this function x, corirspon(Hii^{ lo the; .xi!(|ui<neL' //i, /(a./f;,,..., 
is 1,1,1, which is convergent iumI li:i,s the unique limit 1; or 
the fimotioii ® is ilifferentiobk ami its ikriralire, is I for all values 
ofm. 

Again, tho increnunitary ratio of ihc fiuuitimi ./•'■' from « to 
® + is [(a:+/()“-«“]//'. i.c> + and thiTcfore the .sotjuenco of 
incrementary ratios is ix + b,, 2.r + /»B,..., whicli is cvuli'iitly con¬ 
vergent and has the iinitjuc limit if the sequence /q, b ^,... Im 
the unique limit 0; or the fmictmi a-* is dij}hviitnihle tniil its deri- 
oative is 2x for all values of x. 

Also the incrementary ratio for «* is [{x hf ~ arch'll, i.''. 

‘.hf‘ t\]ix + 

and therefore the scHiiiencu of incu’int'iitary ratios, vin, 

3 a:''' + 3 /qar + /q, S.r'*-t /13, ..., 

is convergent and has tho iiniciuu limit 3,r''; or tin’, fuiidion ar' is 
differentiable and its derivative is Jl.r“/hr all values of m. And so on. 

In general, if n is any po.sitiv(! integer, the incrementary ratio 
of the function from at to x + h is ( (a: ■+//)'*-a”)//(, which, by 
the inequality (iii) of p. 2!l, lies hotwcun n.(.r+ //)"■• niul 11a;""'. 
But the sequence 

n {x + /q)"”', n (a; ■+ ', ... 

is convergent and tends to /ta:"”' if tho sinjueiice //,, Aj, ...- 9 -O;' 
for [w (®-1-/i)"-'- ?ia!"“']/A lies hetwcim 7t (a — 1) (.-/.'-fand 
ArhenoG the numerator, 7i(a’ + A)"~'' —is loss 
numerically than the nmnorically greater of n f;i — 1) (» + 
and n (u — 1) h, and therefore the scquenci' 

«(« + /q)"~' - n (® + /i,)'*-' — jiaj’*"', 0, 

whence the sequence 

TO (® + n {x + /tg)"-',... jia;"-'. 

Thei’efore the sequence of incrementary ratios 
(« + /q)“ - (® + /i,)" - «;'* 

"Ih " ' V ' ’ 

* Tho student CamiUat with tho fnots of eleinnatoT; diflorentiol oahmliiH ■will rcnllso' 
the truth of the equoIltioB (B) ojid ( 4 ) below without the discuHsion of I’m'. SB. 
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itself is convergent and tends to i.e. thefuncUon x" is differ- 

eniiable and its derivative is i?®"”' for all valves of x. 

We notice further that the incrcnientai’y ratios of 2a!, 2®“,... 2a;” 
are twice the iiicrementai'y ratios of a;, ®®,... .a:”; and therefore 
D2x = 2Dx = 2, D2x^ = 2Z),a:» = 4a:,... D2a!" = 2Dx"' = 2na;«-'; 
and in general, if Tc is any fixed (positive or negative) number (i.e. 
independent of x), 

Dkx = kJ)x = k, Dkx- = kDa? = 2kx, ... = /cDa:” = kna?'~^. 

Hence, in particulai’, we have 
Da: = 1. B (i*-) = ^. 2a; = a:, D (J.ar'’) = jjf. 3a;“ =‘x\ ... 

D { a:“+>) = (ii + 1) x” = x\ 

Finally if we have a function, such as 3a: + 4a:“ — Ga!", composed of 
several of the functions just con.sidered combined by signs of addition 
and subtraction, the increinentary ratio of the compound function is 
just the same combination of the inorementary ratios of the separate 
functions as the combined function is of the separate functions. 
Such a compound function is thorofore differentiable and its deri¬ 
vative is the same combination of the derivatives of the separate 
functions as the compound function i.s of the separate functions. 
In the case instanced, 

B (3.7: + 4a:’ — Ga:’) = B (3a;) + B (4a:’) — B {W) 

= ZBx + 4Z).«’ — QBay' 

= 3.1 + 4.2a:- 6.3,'c’ 

= 8 + 8.T - 18a;=. 

86. Applying these results to the compound function 
X — id‘12 + a!’/3 — ... ± x^'^’^jin + 1), 

71 being any positive integer, we have 

J) [a: - ai’/2 +... ± + \)'\ = Bx-B {x^[2) + B (ar’/S) 

—.,. ±B [a!“+70^ +1)] 

= Bx- ^Ha/“ + ^i)a:’ - ... ± —^i)a:“+’ 

= 1 - 4.2a! + li. 3a'« - ... ± (71 +1) a:" 

= l-a! + a;’-... ±a!" .(3), 
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which is the firat of the twt* expivKsiujiK (:i) of ji. 1 15 ; 

d\s- af‘12 + af/S -... ± 3:“*‘j0i + I) + ^ 1 

L 1 - /< + 2 J 

= l)a! — ^Daf‘+^J)ii^~,,.+ ^ ]>.!”'• Z ^ 7 ) 7 h « 

"«+l ' + 

= 1 - (8 + *■•■ - ... ± .r« q: ^ a;..+i .. 

which is the second of the two exprt'ssiotis (2). 


87. Graphical llluatratton. Ilevertin^r oJict'. imtn*. temporarilv 
to the geometrical ideas of gi,iph.H. let ns inlvrpiTt the results (2) 
(3) and (4) and sec wliat wo may exiwct to deducf. from them! 
Let us consider first the simple cose whon 77 = 1. 

Our results may now bo sUlo<l: i;loK,(l+«) lies between 
B{!c-a?j2) and i? [®-+ a?/;Ul - fl)]. whore 6 is some fixed 
number between 0 and 1.-except for .r=.0 when all three ex¬ 
pressions are equal. 


Sketch th^e gi-aphs of y = m - gfz luul ij = .c ~ . 7 .-a /2 -f- a-'/JJ (1-6), 
the graphs are drawn roughly in I'ig. 3 with 0 = 2/3. 



«h.?SCa * f ‘r" »" 'Vill call 0, ,u«l 0„- 

wt ^ ^ ®).—which we will call C\. 

+>. (1 + ®) = 0, i.e. the graph 0, of log, (1 + a,) nasses 
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Also the slope of the graph of logs (1 + x) for all values of x is 
intermediate between the slopes of the two graphs Oi and G^. 

It is therefore geometrically intuitively evident that tJie graph 
G, hies entirely between the two graphs Oi and G^. 

Granting this intuition, we have obtained the result that 
log,(l+fl!) lies between a — and a; — ai“/2 H-(1 — ^) /o’’ eill 
valties of X exceeding — 6,0 being any positive number less than I***. 

If now, for example, ® is positive and less than ‘1 say, 6 can be 
taken to be 0 and < '001, and therefore a?/S (1 — 0) < '0003, so 
that we have obtained the value of loga(l+®) expressed in the 
simple rational calculable form os — ®“/2, correct to within 'OOOS. 

This result is itself an improvement on the results of the last 
section. It is moreover evident that the argument used is general, 
and will shew similarly that log* (1 + ®) lies between 
X — 0^/2 + ... ± and x — a? {2 +... ± T +1) (1 — 0), 

for all values of the integer n, however great*; and therefore, by 
taking n sufficiently great, we ean calculate the value of log* (1 + as) 
to any desired degree of accuracy if x is small and positive, or in 
fact, if X is any number between — 1 and +1 (i.e. - 1 < » < 1). 

88. General theorem on derivatives. We prefer however not 
to rely on “ geometrical intuition,”—a misleading, if suggestive, pro¬ 
cess. It therefore behoves us now to substantiate, by a strict ana¬ 
lytical proof, the deductions we have thus made. We must prove 
that if yu ya, and y, are any three functions of x which arc dilfor- 
entiahle for all values of ® in a certain range-f, and whose derivatives 
throughout that range satisfy the relation 
^t/i < Dyj « Dya, 

and if the three functions all have the same value for the lower bound 
of the range, then throughout the range. 

This will follow at once if we can prove the following theorem. 

If y is a function of x which, for all values of x in a certain sunge 
(a, b) and for the upper and lower bomids, b, a, of the range, 

* Or equal to both exproeeione if .v—0. 

t A range ie any onmiooted act of voluos of .r. The raogo («, h) ineaue oil tlio real 
uumbere between a and b, with or without tlio addition of either or both of the upper 
and lower bpunila, h and a. It a range (a, b) inoludee the upper and lower liounda 
(as in the above theorem) it ie called an internal, and the bounde a and b are called 
the end-pointe. If n<iiicb, ® ia aoid to bo interior to the range or interval («, b). 
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is differeniiahle iiwi h<is Its (hi'lmtive jumtivc (or sera) (i.c. iJ?/^0) 
whilst the function y hds thr mine 0 vjhcv .n = the lointr Inmntl a, then 
y ^ 0 throughout the runge; or, if //== 0 wheit ;<• = the upper hound h, 
then y < 0 throughout the rumje. 

Because, iissvimiiig this thwtffiii, if Dy, <7^/-, wt; huvi • /) (i/., - 1 /,) > 0 , 
and if ^1 = 1/3 for a) rajual 1 ,o tliu lowi'r Immul ol’ the rangii, =0 
for that value of m, and therefore //a—lhr<iMf,dionl the range, 
i-o. yi<ys; and similarly 

89. Proof. To provt! the theorem wn h;u e; 

For definiteness take the first part of the thenreniaiulHuppoaethiit 
the range of values for n is (0, it), where K > 0. If the theorein is 
untrue there will be at least one numher (k say) for which the value 
of the fuiiQtion, y (k) say, is negative. 

The inoremontary ratio of y from 0 to /.■, which 

= [y (/>'•) - y = y 

would then be negative. 

From this it would follow that at lcu.st ou(i j»f the two iiicre- 
mentary ratios: 

(1) that from 0 to kj^, via. y (&/ 2 )/(i 72 ), 

(2) that from /c/2 to k, via. [y (k) — y {kj2)'\l(kfi), 

is also negative, and in fact ^y(k)jk, for the sum of tliese two 
inoromentary ratios is twice the ineromuiitaiy ratio between 0 and k. 

If (e.g,) the first of these ratios is negative and $ y {k)lk, it 
will follow similarly that at least one of the two incremontnry ratios; 

(3) that from 0 to i!/4, (4) that from fc/4 to /c/2, 
is negative and y {k)lk. 

If (e.g.) the second of these ratitjs is negative and ^?/(7c)//c, it 
will follow again that at least one of the. two inoromemtary ratios: 

(5) that fi’oin &/4 to .3fc/8, (G) that from 8/c/8 to kj^,, 
is negative and (k)jk. 

And so on, repeating this halving process indefinitely. 

"We thus obtain an unending succes-sion of negative inoremeutiiry 

ratios,—for the ranges (0. k), (o, ....—which are such 

that the sequence of lower bounds 0, 0, /c/4, ....is non-decrcasing, 
is bounded above, and therefore u uniijiiu limit which > 0 and ^k, 
and the sequence of upper bounds, k, k/'2, /c/2, is non-in- 
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creasing, is bounded below, and therefore V a unique limit which >0 
and and these two limits are the same, .since the sequence of 
differences between corresponding terms of the two sequences, viz, 
/c, kl% kl4i, 0. 

Call this common limit a. 

This number a will belong to all the above ranges, and it will 
be possible to find n sequence, /i,, h,, /»,■„ ..., tending to the limit 0, 
such that the corresponding incrementary ratios, 

:V (o +Jh) - V fa) yj^a + - y («) 

’ ' A, 

are all negative, and in fact, < the negative number y(k)lk. If 
this sequence of incrementary ratios has a limit, the limit must 

this negative number y (k)/k. 

But, by hypothesis, the function y{x) is differentiable for the 
value Of, and the derivative ^0, i.e. any such sequence of incre¬ 
mentary ratios as this has the unique limit Dy (a) ^ 0. 

Our supposition that there was a value of x, viz. k, for which 
y (k) < 0, involving the existence of such a sequence of incrementary 
ratios less than or equal to the negative number y{k)lk, is un¬ 
tenable; and the theorem is proved*. 

90. Oorollarles. Tlio sliglitly modified theorem whore the signs and 
are reiiloced by “ > " uud “ <” rospoctively is proved similarly. The cor- 
rospondiug thooroitm whou tho derivative is nogativo (or not positive) ai’o also 
proved similarly, or deduced hy uousidoriiig tho function -y. 

An important theorem which is needed below {Chapter iv, § G, and else¬ 
where) is; 

If the dmimtive Dy of a f miction y is zero throughout a range then the fimetion 
y is constant throughout the range, Lc. y has the samo value for all values of .r 
belonging to the range. 

The student is unlikely on n first reading to appreciate fully tho ahove arith¬ 
metical proof. The idea of the proof is more eaeily grasped if reeonrse be had once 
uioce to the graph. Tho above proof may then bo expressed in the form: 

If there is a point P of tire graph (whioh passes through the origin 0] helow tho 
X axis, then the chord OP will slope domiwards, and therefore if Q be the point on 
the graph midway (horizontally) between 0 and P, at least one of tire ohorde OQ, 
QP, muet also slope downwards (and at least as steeply as OF ); whence again if li 
be the mid-point of the graph between tho ende of this downward-sloping ohord, one 
at leaet of the ohorde ho formed, having one extremity at ii, will also slope down- 
rratds as steeply as OP, Proooedhig in this way we see that there must then be a 
point, A say, at whioh tho tangent to tho graph slopes downwards,—oontradiotory 
to the Buppoaition that tho graph everywhere elopes upwards or is horizontal (bcoauso 
the derivative, i.o. tho slope, is positive or zero). 
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For, if c i« tho valuu of^ fnr.i' ohuhI tn tlip Inwi'r iKtumi of tljo range, et any, 
and if y denotes tlio fuiiotion y-o, "■’C liavo 

/>y>o mill 

throughout the range and 

/y'=0 for ,»=«; 

whence y^O niid y^l^, 

i.e. y=0, F®'' 

thi-oughout the range. 

The nhovo thooreniH are true oven if notliing is known as to tint oxisUdico or 
values of Dy at the hounds «, /i, iirovidwl the fuiiution y is kiinwii to bo “con¬ 
tinuous on the right” at a and “coutimiouH wi the left” at h, in the terminology 
of the next Chapter (p. 139). The nlnive prnof (miKdified) will apply. 


91. Upper and lower approximations to loga(l+x). From 
(2). (3) and (4) above, wc know that, for a: > — 1 (aud x ^ 0), 
D logs (1 + ®) liefi between 1) {a;—a“/2 +.,. ± ^ )1 'tnd 

I) -/2+...+»,"■/(»+1) T 

Also, of the two rlerivativoH, 


J)[loge(l+B)-(a;-;c’'/2+”. i-.r'''"/(»+ 1)1.1' 

and 

■D (1 + w) - jo! - fl ;72 -h... ± ;i;"+7(7i + ’•) + ^ 2 j ’ 

the first is positive and th(3 second ncgjitivu for all (non-zero) values 
of ffl greater tlian - 0 (where d ia any number between 0 and 1)*, 
whilst both = 0 for x = 0. Fnrthor the functi()n.s in Hfinare brackets, 
viz. 

loga(1 + x) - (ir - *72 -I-... ± a;'‘+7(n + 1)} 

and 

loga(l-f-a!)-|a!-a72-|-... +*»+>/(« +1) T ^ , 

are zero for the value » = 0. 

Therefore, by the theorem of p. 119, of thc.se two functions last 
written, the first must ho positive and the other negative for all 

Kxoept when n isovou; In whioh oann Iho lirst and Kccoiid ot tho Iwo derivatives 
mentioned ate lespoetively positive and nogalive only lor nogotive valnos ot x and 
ate Teepeotivoly negative and poHjtivo lot positivu vuluus ol .r. 
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positive values of x, and the first negative and the other positive 
for all negative values of x exceeding — d*. 

Hmce, whatever real number x may he greater than — 1, logs (1 + ®) 
lies between x — x^l2 + ... + x'^+^l{n +1) and 

.-.V2 + ... ± +1) T .(6). 

where 6 may he taken to he 0 if x is positive, or any positive numher 
between — x and 1 if » is negative; if x = 0, log,. (1 + x) is equal to 
both the expressions (5). This is true for all viilucs of the positive 
integer n. 

92. Logarithmic series. If a lies between -1 and +1, or, more 

precisely, if — 1 < a; $ 1, the difference between the two expressions 
(5), viz. «“+“/(! “ + ^)i diminishes indefinitely as n increases 

indefinitely, and in fact, 

a'"'*'" 

Hence the sequences whose nth terms are, respectively, the ex¬ 
pressions (6) are, in these circumstances, convei’gent, and have 
loge (1 + x) for unique limit. 

Or the infinite series 

a — a?l'i + .t'/S —.(6) 

is convergent for all values of x between — 1 and 1 (1 included hut 
-1 excluded) and its sjim is then log„ (!+«;). 

The series (6) is called the logarithmic senes. 

By its help we arc able to calculate logarithms to the unlimited 
degree of accuracy wc need for the complete solution of the problem 
of the tabulation of logarithms, stated in the last section. 

93. Calculation of Napierian logarithms. Certain Napierian 
logarithms,—^i.e. logarithms to the base e, —can be calculated direct 
from the logarithmic series. 

Thus, e.g. logs IT = T — (T)V2 + (T)’'/3 — ..., 

The eiTor after n terms of this series (see p! 76 above) is less 
than the (n -t l)th term, viz. (T)"+V(7i +1), which < '00005 if 
71 + 1 ^ 4, i.e. if 71 ^ 3; so that log„ IT is obtained correct to within 
•00006 from the first threi! terms of this sories; giving log,, ri 
to four decimal places as '0053. 

* Except when n is even; in which en.se the iiret of the two lunotione ie neentivo 
and the second positive for all values of x ;;roatGi' than - 0. 
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Or again log, 2 = 1 -1/2 +1/3-hiiL this sorios (sije p, 
above), thougli convergent, is only very slr)wly coiiv<;rgGiit. and in 
order to guarantee an error Ujss than ’OOOOo it wcnild be nccessai'v 
to sum the first 20,000 ttn'ins; or (?v(ni to obtain llju result correct 
to within ‘1, we netsil to sum the lii-st nine terms. 

Ill auoli oiises, however, the iirobleia iiiay ho t,iiflcleil in modinerl waya. Quo 
simple way in whicli the lojiaritlimie acrica may lie intiililiiMl fur tliia piu'iuisf 
is (US followa: 

2=hig, (4/2)=lngs +1 = log, Q + J' 

=log, (1 + 1/3)-leg, (1-1/3) 

.(V), 

by using theorem A of p. HO. 

The error after v torraa of this KeriiuH 


^ a. ' . * j. \ 

\2(j+1 3''*“ + ‘ ^ iit -I- 3 S-'"'• 7 


<^‘I7'+135’«(^+V3'-+i/:v'+...) 

(2« + l)3*' + > H(2« + i)3“'‘-i 

anti therefore, in older to obtain log, 2 eorrcet to witliiii -1, one term of thia 
aeries (7) will suffioo, or, to obtain log, 2 eoiToct to within -rxiOnori, live toruia ef 
the series will miffiee, for H . 0 .3" > 20,0(K) and tl lorefi ire 1/H . o. 3“ < •(JOCKlOri. 
The i-esnlt is: 

«(,=•- •iKIfiOliT 
+-()2-MI!)l 
+-001(Wf! 

+•000131 
+ ■000011 

= •(10314(1 

1"K- correet to live deuinial plaeoa, is 

, Ill general, Ifis any poaitivo uumlier givater than 1, iutegera m and n can 
always be found such that m>n and .«=, A,), jf j 
have\heu \ . • 
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= =-log« (l + J^) - lo& (l - 

_rM _ I 1 ^_ ”] _ r 1 1 "1 

l_w. 2 ?ii^ 3 «i“ “‘J 1_ Ht 2 m'^ ii m? ”’J 

„ f w , 1 }!■’ . 1 n" ~\ 

|_j« 3 w* fi w“ J 

The sum of this convergGiit sorioH of jinsitivc tcriiw can always bo cvahuitod 
as above. 


94. Calculation of common logarithms and log^QC. In order to 
calculate oonunion lorjarithms we need to calculate first the Napierian 
logarithms and transform by moans of the formula (p. 98) 
logi|,a! = log,„e.log„ar. 

To calculate logm e correct to four decimal places we have 
log, 10 = log, (8 + 2) = log, 8 + log, (1 + i) 

= 3log,2 + log,(l + i) 

-2-079«B + (l-ii + ,..) 

with an error of defect of less than ‘000000 (p. 124). 

Five terms of the series in brackets will suffice to ensure an error 
of less than ‘00005, for A’, < 1/6.4" = 1/24576 < ‘00005. 

The sum of tlie first five terms of the series 
= «,= ‘2.50000-‘031250 

+ -005208 - 000977 
+ ‘000195 

= ‘257403 - •032227 = ‘223176. 

Hence, with an error of defect of less than ‘000006 or an error of 
excess of less than ‘00005, we have 

log, 10 = 2-079435 + ‘223176 = 2‘302611. 

Finally logu e = 1/log, 10 = 1/2-3026 = ‘43429, with an error of 
less than ‘00002; whence, to four decimal places, logm e = ‘4343. 

Common logarithms, such as logi, 2, can now be found thus: 
log,, 2 = logioe.log, 2 

= ‘4343 X ‘6931, with an error of less than ‘00004 (p. 124), 

= ‘30101, with an eiTor less than ‘00004, 

= ‘3010 to four places of decimals. 

The student will have no difficulty in calculating, correct to four 
places of decimals, the common logarithms of all the integers from 
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1 to 10 and thoso of iho intiivpolatod iVactioiml numbors,—and 
thus to construct a “four-figure table" of common logaritliins. lu 
using series for such calculations it is essential (sec ( lhaptor i, §7) 
always to estimate the eiror involved, so as to be, able to 
guarantee the degree of accunicy obtained and to nave the extra 
labour which would otherwise often be involved in (jvaluating terms 
of the series which are not in fact relevant. 


JiXASIPLKS XI. 


1. Use the result that, if x is positive, />[lug,yi+.(,■)-*] is iiugutivu and 
> - a to shew that, if x is positive, log, (I + a) < j; anil > .v - al-j'i, sketching the 
graphs of all the functions couceriicil. 

2. Given that i)[log,(l+a;)—A'+a'*/2| lias liotweeu 0 ami •()! for all values 
of X between 0 and shew that log, 1‘1 lies between 'OOri anil '090. 

3. Obtain with the help of triguuoinctrical tables the angles of inclination 
to the X axis of the tangents to the graph of log, x at tlio points whore 
A’=l/100,1/2,1, 2, 100; and of the tiuigeiit to llm graph of iogto.v at the point 
whei’O x= 10. Compara the triguuomotrical tangent of tlii.s last angle with the 
numerical results of Ex. 8, i>. 107. 

4. Express in precise analytical language the tlicnroins do.scril)(:tl as; 

(ck) If the slope of a gi'aph is at all points xoro, then tho graph is a straight 
line parallel to the x axis. 

(b) If the slopo Ilf a graph which passes through the origin lies between 
+1/10 at all points, then, for all values of .v botweun + !•, tho ordinate // of the 
point on the graph lies botwoon ± i'/lO. 

Give striot analytical proofh of those thcnrenis. 

B. Express the theorem of p. 119, and tho corolliirioH of pp. 121—122, in 
general goomotriool language (as in J5x. 4). (.live proofs of thoso theorems 
(o) in goometi’ioal language, us in tho footnote to p. 121, and (6) in precise 
onalytiool language. 

6. Caloulato to four places of decimals tho cmiiuuui logarithms of tho integers 
between 2000 and 2010, 

7. Shew that if y>l whilst differs from 1 by 1 cs,m than 10”*, then, 
oorrect to within lO”**'*’*, log,y=a(,5^y— !)»where n and * are positive integera 
and «<20. 


Under what oonditions is the formula login \ correct to tho same 

y Iv— 1 

degree of approximation 1 

8. Use tho formulae of E.\. 7 to calculate logmc and logmS correct to four 
decimal places. 

9. Provo the formula 

(iyio-i)-i(i/Io-^'ijH..;’ 

where n is such an integer that IJIy mid J^IO lie between 1 and 2, and use it 
to onloulate logio 2 oorreot to four dooiuud places. 
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10. Show that if the positive rual numbor a is loss than 1, tho fundamental 
inequality of p. 110 remains true wlion a is tho base of tho logarithms, provided 
the sigi'S of inequality iwe roversod. 


11, Show that if tlui suquoneu of I'cal niuiibors (positive or nogativo) 


thou tho soquoncu 


‘*'11 ^‘il a*;|, ... —>-0, 
(1+.V[)‘V|, (l+.'»i)*a, 


12. Shew that the logarithmic scruts is not convt'.rgont if .v > 1 or j,' ^ -1, 
[If |.ri > 1 the terms of tho series do not tend to zero. If *•= -1 tho sorius 

is the known uon-convorgont harmonic sorius (vi) of p. G7, with signs changed.] 

13. Provo by induction that, if « is a po.sitivo integer, a,-" is difibrentiablo for 

all values of x, and Also is dififorontiahlc (oxcopt for a;=0), 

and !)»■“= - jw"'*" h 

[The inoremoiitary ratio for .I'*+i, viz. [(a!+/0'‘ '^i-.«'‘'''‘]//4, can ho rewritten 


-7i-(A’+A)+a;» 


which tends to (ji.+1) if .r'* is diflhreutiablo and Similarly for 

14. By«()iisidoringthodQrivativn.softl)ofuucti()ns,yi=l + na'aiidya=(H-(i,‘)'‘, 
and using the inothods of the to,'it(pp. 118—122), obtain au independent proof 
of the inequality (ii) of p. 2!). 

15. Obtain similar proofs of thu iimiiniilitius (i) and (iii) of p, 21), 

[Por (i) coimidor tho fmictums For (iii) consider 

^i=nft'*"‘(a!-6), ya=.i'*--5", 5).] 


§ 5. I’HE Exponential SEun!.s 

96. Evaluation of powers. The problem inverse to that dealt 
■with in the lust two .sections, viz. that of the evaluation of the 
powers of a given base (or anti-logarithms of numbers to a given 
base), leads to a similar solution. The power a® can be expressed 
as the sum of an intiiiite series similar in type to the logarithmic 
series for loga(l-t-«)■ A. tabulation of anti-logarithms is not, of 
course, a practical necessity, once tables of logarithms are con¬ 
structed, for it is easy (it is in fact customary) to use a ttiblo of 
logarithms for tho dual purpo.se of finding logarithms of given 
numbers and of finding the numbers corresponding to given 
logarithin.s; hut tliooretically the .solution of tliis problem is, like 
the solution of tho eorrosponding pi-oblem for logarithms, of con¬ 
siderable interest and importance. Tlie iinpoiiiance of the expo¬ 
nential function in the physical .soicnoos is moreover sufficient 
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justification for the study of this prohltun. The. prohlcui can be 
tackled on the same linos as those which have proved successful 
in the last section in the estnblishniont of the loffaritluuic sciries. 


96. Lemma on differentiation of a product. We need a simple 
lemma concerning the derivative of the product of two funetimis: 

1 / ii and V are any tioo functions ofx which are dijjercntiahle, then 
the •product uv is also differmitmble and 

D{hv)=: u])n+ uDu. 

To prove this we argue: 

The incrementary ratio of m from o) t(» + h is 

[«(® + h) V (id + h) — « (x) V (x)]/h ’ 

, v(x + h) — v(x) .n(x + h)— 

= n(x + h) ^- + « (x) ' - ■ -j- . -, 


where ^(aJ + A), etc. are written for the value of a corresponding to 
the value x + h of x, etc. 

But, if h takes on the values /i,, A.^,... of a setpience which tends 
to zero, the corresponding sequences for 

[d (x + h) — v («)]//i and [« (x + h) — a (xi)]/h 
respectively tend to Bd(x) and l>u(x), whilst the seipK’ncc for 
u(x + h) must also -f- u(x), because the seipiencu for 
It (ic + h) - u (x) clearly -^0. 

Hence the incrementary ratio for nv tends to 

u (x) Dv (w) + V (x) Du (x). < j.E.l). 


97. Derivative of e*. Let x, h be any real jintnlKU’s; put 
y = e», y + k = (.^+\ 

so that X = logs y, x + h= log„ (y + k). 

The incrementary ratio for e® with respect to x from x to x + //, 
= («*■*■'*" e*)//i = A/Llog, (y + k)- Iog„ 2 /]. 

,Now, if h has the values A,, hi,.., of any .setpionce which tends 
to zero, k has the corresponding values 

ki = e®+*‘ - e*, ka = 0 ®+''< - e®, 

= e®(e‘<-l), =e»(e'e- 

and the sequence Aj, k.,, ... is convergent and -*-0, for 

lies between Afl'‘-' and A, by the inequality of Hv. 2, p. 91. 
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But we have proved in the last section (p. 112), that if a sequence 
h, h ,... -^0, the sequence 

{log, (y + k) - log„ y}lk. {log, (y + /;,) - log. y]/k„ Ify. 
Therefore the sequence of incremontary ratios for e® from at to 
m + h, IB to a- + /(.j,..., which is 

(?/ + /■'’i) - 2/1. y {logc (.V + /fa) - log. y], 

tends to the unique limit y, i.e. «**. 

The function is diffci'etditililc and Dc^ — ir^, 

Similarly we prove that <r® is differentiable and i)e“” = - e~“ 

A difficulty here arises in that the doi'ivative obtained, e“, is the 
function whoso properties wc arc investigating and not a simpler 
function, as was the case with log^(l + ®). It is clearly hopeless to 
expect to use the fact De® = «® to discover a simple infinite series 
to represent c“. Wo have, in fact, at this stage to resort to other 
methods to suggest what the result might be; and then we shall 
be able to use this method to prove the result. 


98. Suggestion as to exponential series. Wo defined e us the limit 
of tho sequonco wlioao ittli toriii is (1+1 /m)“. .l''rom our fimdivmoutal inequality 
of tho lust Hoctiou it is oiwy to deduue that the uoquonco whose nth term is 
(l+.v/n)’v® is also uouvcigunt and has tho samn limit o; whonco it follows that 
tho HuquonuQ whoso nth turm is 

.W. 


But, by tho hiuoinial tliooroiu (ji. 2a), 


{l+.'r/ji)”= 1+«'“ + 


u{?l- 1 ) iV^ , 

“in 



=1 


)+••• 


. 


As n 00 tlio first fow tonus of this expression (3) clearly -> 1, *, ,v^l2 1, I, 
etc., and, though there appears to Iw some doubt a.s to how tho terms noar the 
eud of tlie expi’cssiuii (3) Vichavc, yet it at least seems plauBiblot that, as 
«i~»- 00 , the cxprcs.sioii (3) tends to l)ocouio the iiilinite scries 
1 1 + 3:'-’/3 1 +.... 

Wo will use this siigg(!.stioii and pnajcoil witli tho proof. 


* Thu irtcof ot the obvious lliunrcm iu auijiionci.'.'i tliat if a sciiuuqou s., 
a unhiuo limit« (whioli h 0) tlien tlie Hoqiicnoo l/«,, l/s^i ...—>• thu unique limit l/« 
is left to the studunt. 
t Hue alternativu proof bulow, 


<) 


WUA 
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■ 99. Proof of exponential expansion. Km’Imn iiy wriic 

A’n(3;) for I + .i- + a-72.' f 
■It being any posibivt; intogor; 
and 7/ for f— •‘•'h (.*0. 

Ah in the lant suction (pj). I If* 117), >%, (■«',) is iiilViT< ii»i(i1ilu with 
respect to ® and its doriviitivo is 
i)s„(®)=;ji +Rr + J'i(yfr.}+ \... i- /n.-“ /*;i 

» 0 + 1 + .'t; + ! + ... + '/(« 1 ): 

= Sii-I («')• 

Therefore 

Dy = 1) (c^ - Sn (^0) = (''-I “ •■' 1 

= e“ — A'n (ii;) + x'‘jn ! = y + !• 

Hence JJ (t-"*. y) = (?“■* J)y + y I 

by the lemma proved above, 

= ,r<‘ Dy - r *.</ -- v ~*. .<" »: .(‘I). 

Therefore, if at is positivo and less I liuii some posit ivi* immbor, K, 
we have 

0 < D {ir *. //) < !.('i It), 

or, if a; ia iiug.abive and greater than soine riogaiivo number, -if', 
we have 

- ! < D (tr-'" .//)<(»[ , ^ 

or 0 <Xf(e“®. 7 /)< «*'’if'"/w! J. ’ 

according os ii is odd or ovbn. 

Now for the value « = 0, y = e®- .v» (a;) ■* I ~ 1 0 and « ®. y = 0. 

Our theorem of the lost section (p. 119) will therefore, apply imd 
we thus deduce that, for all positive valmiH of a; hj.ss than if, 
e~*,y is positive and less thiui K"''\hi\] and for all 

negative values of x greater than — K\ c’“®. y lies between 0 and 
Bi{—K'Y‘e^'jn \, or, a fortiori, between 1 ) ami (— if' e*^ 7 /i!. 

Now, whatever positive number if may be, /{'“ ‘//i !-*■() as 
n-^co; and similai’ly for (— if')"■*•• a^'jn ! * 

* This way be provud thiiis: Lot m be the intiiKur noxt Kicnter lliHu A', bo tliat 
K/(m+l) <1. Then lor all poHit'ivo intosml valiiuH ul p, 

1 _ (jcm+i/,nl)\l{PH,u +l),„(w.Hp)[..(A'"'' ‘/hi!) | A7(jrH 1)}''! 
and thereCoro, no 71 s m^.pco, p —*■ w 

and A»’<’iK=K’'‘-+im/(fl,.j.j,)i<(A»H/ial)tA7(iii 1 
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Hennc! iiH f’"*.7y-»-0 iui<l fcherofore 2/->0; 

r'-,v„(A')-»-0; wheiico («)-,.«» 

i.c'. 1 + •« + a'V- ! + ••■+ «-•’'/'«! ->■ e*i 

(ir the injinite seriv.s 1 -h .i; + ' -i- .r'/S! +... is cmvergent for all 

mlufis of w and its lonii is r'. 

This S(.H’i(!.s is cullod tlir" Oir.jnunmtwl .scritis. 

100. Alternative proof. Au iillmiiitivo iiwmf hI' this o-Ypiitmion can bo 
()btiunt!il stjirl.inj' fi'niii tin: rcl/itiou Cl) almvo. Wu Imvi! (inly to pi-ovo that the 
H(Hpuiii(!i! whose, tttli t(‘rin is 

tends to the .sum of Uio iiilinito sericH l+x+x'~l^\+..., proved convorgont. 

If iH is liny innniior less thmi n we luivo tluit the exprossion (3) 

m2 fUt / ill -• 1\ ^ 

Now, the line lost written, if .<?>(•, 

■^(10+!)!''■ (wi+B)! 


■(hH-I)! 


if X < ?H +1 


J.1IIV1 

niiil arc immoriailly lass than 


/«! Mi + 1 —.r’ 

or, ifa-<l), the Haimi ternw */(»'«+1)1 mnnoriwilly if -A'<m+2. 

iilM t I 1 1 , 

Both the oxpis>s.sion.s ' g. (in+ 1)1 ***** numorloally lass than 

any positive nuinhor t, howe.vor .small, if m i.s uhosen sufficioiitly great,—as can 
be done (see footnote to p. IBO). 

The first lino of exprassion (0) clearly toiids to 

l+a;+.r»/ai + ...+.«”'Ml «-»■«■ 

Hence, from (3), 

(1 +.(;/a)''-l +x+.>iili\+...+«i"'lm\+A+Ii 
(Hii,y), wlo're A —*■ 0 os n —*• ct iitul 11 iiuiiiorieolly. 

Hilt (I +.«/«)" —>■ 

Tliorofore 1+.i?+.r“/21+,„+«'"Art!+/!“»■«* as 

0—2 
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Thereforo l+.t'+.B*i2! + I*’!"* Hunt« ; itinl itfnllows 

that the iiifinitB .siti’ifs l+.)'+.>."4:+... h fiiivt-riffnf’»ii'l i(« wnn»«-' tj,E.n. 

A thii-d ai«l ainvitUn- im«'f (iisiuj; only ihf tlifuri'iii nf |i. H!» ;tMi| Hh> vektion 
J3fl*=e*) is given in Ujc. B, 


101. The nxjHinoiitiiil serifs ililTfi-s irmn f in- htg.iritlmuo, .series 
in thdt it is convei';{eiih ntwl iis .sum « e' I'm- nf/ rciil vtilnes 
of te, whereas the IdRarithnuc Kcrin.s i.s (:itnver>»i'nt. niily Inr values 
of X such that -1 'rim mti* of r«invfr){fnef nf thi! ex. 

ponential stn'ics will of coiir-stf (1o]H.-nil tm tin- vnlin; «il’ Thus if 
a! = 'l, tho orror after three tt-rins will In* Icks llmu '0002, whilst 
if a *=10, 33 tuvtim will be neetletl to nblaiii the .sum cnrrect to 
within this sarno error, 

The oorrespondiiig suries for a' and 1 (F are: 

a*1l,ig,« + (.rlog,i/)72!-f-... 
and 10® = where /*--Ingi^r = ■4:M’2!).... 
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KXAMl'lXS XII. 

1. CnloulatQ thu (ioiiiinoii niitilitgiiritlmm nf -'i, 2'>‘), -.i-.B I’nros't In witliiii -(Kiri. 

2. Evuluato to two Nignilieaiit figures if anil r" * fur .»■* i', A, 1, i!, ID, KXI,— 
using the oxpouontial sariw or lngiiril.liiiiii: taMi''.. 

3. Provo that if 0 >-1, thon fur all nvd viiliMi.s nf.r, (1 i .■,*>I-f..<,r,t)xi;t!pt 
tlmt, when 0<.r <1, tlio inuiiuality is ruver-suil, uinl when .r* ■ n nr I, nr oad, 
(l+oF=l+.w!. (Ooiniuin! inomtality ii, [i. 2!) anil Kx. 1, p. »1.) 

[Consider the tlorivativo Z»[(l +»)*-(I +.Vfi)] ainl iisi! the fcltnniiMn nf p. 11!). 
Or apply mothod of Ex. 2, p. SO to Kx.2, p. Wl. Kon akn Ks, M, p, 127.] 

4. Show that j0a®=«*, lug, a, when;« is any pnsitivu immlier. 

6. By argument similar to tliat of H.\. 3, prnvn sncciwsivoly that 
«»>1, B*>l+.'r, c*>l+.r4:r'/2!, (.-*> l+.c-t-,F/2:+.r V:H,... 
if a is positive, and 

e*< 1, B=>l+.r, e*<l+a:+jirS/2'i 
if ffi is negative. Doduoo the expmiGUtial expansion. 

[ae*=e»>0 for all valiias of .v ami e*=l whim .!,•=--(); thrrnfnrn (■*> 1 fur all 
positive values of n and e=< 1 for all nugativM values nf.r. ■ 1 - 

and theroforo>0 for ar>0 and <0 for.v<D, whilst -1 -,i-...D when 
and therefore e*-1 - «>0 for all valur.s of .r. Again 
il (i!* -1 -- *8/2e* - 1 ™ .»• 

* ICx, 12, p. 127 alinvo. 



KXI'ONENTIAIi SERTES 


§6] 


133 


and thornfoKOO f.u- all vaUiL's df .r, wliiU «*-l-a!-a-“/2!=0wheii a!=0; 
tlinvofaro (f'-l-.c—>1) for a!>0 iiiid <0for,i'<0. This process may 
be repeated iiidoliidtely and jriv.*s (.-'>l+.i-+3:'-/2!+...+a"‘/?j! for ji;>0 and, 
if n is odd, also for ./.'dl; mid t.'^<I +J-+ir2/2! + ...+for .®<0 if mis 
oven. This Hiillices 1o {'stultlish the exponential scries for negative values 
of ,r. To conipleta the proiif for positive values of x wo proceed: Also if 
j;< A', say and we liavc us befom W(B*-l-da!)=e*-A <0forall 

values of J- eoneerned; wheneu for .i'>0, and so on; wlienoo 


c*<l+u'+s:-/3!d-...+u''‘/«!+dj.‘'‘‘V{a+l)!- >^inee Ai?'*'^l{n+l)\-^0 as 
it iollows tliiit the exiioticnliiil se.rics is convorgemt and its sum is a* 
for all values of .r. Tlie student will lind it iiistruetive, to slcotuh the graphs of 
the funetions eoneerned, Hiiy for vtilnes of n up to :l and x botwecn-lO and 10.] 


6 . Provo tliat if n > 1, wliatever nuiuhor « may he, for all values of 
X isiceeding a eertain value. 

[Let fite., >/,)=«''(log*«)"-■»!. 

Thun A'/i“yn>^ ■''•>L**%OH-»'!)“"log,dog„a]/lngjrf=no8ay. Porj;>ao, 

the slope «f the givijih of exceeds that of a straight line inclined at 45" to 
the X axis (lieeanse tan 45"=1) and therafom, liowevor small (G.g. - K) y, may be 
when for some value of x (eertiiinly for x’^a^+K) »/j is positive, and in 
fact yi> 1 for all values of x exceeding some value, say ui,—by the theorem 
of p. 11(1. That is /Ji//a>l for and the .■ii'gumeiit can lie repeated to 
prove ifn > I foi’ . 1 ,' > On; and so on. Fiiiiilly i/„ > 1 for x > n,,.] 

7. If X is sulVieiently great, log,..»<.ir‘<fi*<[.i;]! <a;*, however groat or 
small the yosihVe nuiuher n may ho (/t+O), or log,.r and o* may be replaced by 
logn.r and it' if u is any real numher gissiter than 1. ([.r] ilenotas the integral 
part of.®, i.e. the greatest integer notexot'.eding.),’.) In fact the swpioiiccs whose 
a'th terms are the sueeessive ratios lug, etc. all have the unique limit 0. 
[Sue also lUx. (I, p,!)(), | 

8. Tlie ninnoteiiy of and of log, x aredimit eonscquencc.s [wi the theorem 
of p. 110) of the facts Ihi' -- r'' > | > and /t log,, x = 1 /,® > 0 fur all signitioiint values 
alx, indu])eudently of any siieciul knowludgc of the lunotion.s e* and logea*. 

!i. Sliew that the series 




»» 

and (ll) .K-t-.r, + 

ol tK 

are convergent for all values of x and tlwit tlie sums of the series ore respectively 
(e*+a-*)/2 mid 
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102. So fur wo havo liooii couoorncil iiliiio.si, o.KoIusivoly with 
fissed nuinhera: tho leUoi’.s ciiiphiyod have (Ir'iKit.otl uiiiiil)or,s which, 
though moat often iniipfiiiito, havo boon lonkod tin aa roinainhig the 
same throughout the oiierii1,ion.s ajipliod to tlioiii. In many jilacoN, 
however, wo have botin iniplioiUy conconioil with tht! notion of a 
variable, i.e. of a letter capable, of talcing n]i varion.s valm.-H. Wo 
wish now to direct our attention to the vin'inhiliti/ of the ninnbt;r.s. 

The idea of a variable is ifccelf of great pracdieal utility in the 
sciences from the fact of the variability of almost all mecwured 
quantities. Thus the time, moasured in solar or .'iiderivd imifs, varies 
as the world’s history progre.sses; or, while a train i.s tr:iv(‘lliiig from 
one station to another, both the time and the distanee travelled from 
the station vary; or, again, tluj temperature of .a chismieal mixture! 
varies while the mixture choinically (:ond)im!.s; or, thi! seore in a 
cricket match varies as the game, proceeds; and so on. While these 
practical variable.s aro not capable of ussiitning all ri‘nl valm;.s, us the 
completely general real variable is, yet tiny are eapiible of taking 
on all real valneswithin certain ranges (exci![)t in tin* laslmxample,-— 
where the variable score is restricted to inhtgral vahms). In addition, 
in such a cose tui that of the train, if we know the speed of tht} train we 
can express the variable distance from the.slation in term.sof tin* vari¬ 
able time; or we may say that the ilhstance i.s a fundioii of the time. 

In directing attention to the notion of vtiriahility we are hid to the 
notion of a function. In this chapter we .shall .study these notions of 

* 

§ 1. The Graph op 

103. Functions of a real variable. Lot;« bo any real nnmbcr, 
or,—as we may sayin order to bring into prominonct! the possibilities 
of variability,—a real variable. We have alrecwly a graphical repre¬ 
sentation of this real variable in onr straight line of Chapter i, § 3. 

Suppose now y is a second number, or variable, dtipenditig on *; 
i.e. suppose we have some means whereby for every value of the. 

* Wo hoTo to Boma oxtont alroady UHod tho notionn of viiriohlo luid funotiun in tlio 
last ohapter. In tliiB chapter wo hogin the study iiiilopoiidontly. 


variables and functionsin variouscftsesofsiinplicityand importance 
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niimbiT ;(■ coiisitlKTutl (wliieh iiiiiy iiidiule nil real iiumbeva),a definite 
corresiiKiKliii.U nuinliLT // eaii he fdinul. Thus, for example, if we 
airreeil tliat wliafcevcr is y shoulil lie its diiuhle (y = 2x), we should 
know at oiici- tl\e iiuiul)i‘i' y eorivspoiiiliiig to any given number x. 
When yean bo ilotoriniiiod in this way for every number® belonging 
to a certain class of niinihers, we say that ?/ it afunotion ufw, delined 
for .r belonging to that class. Thus if a; is any real variable, 2®, 

1 /.« would bo function.s of -the first two ilnlined for all veal values 
of iv, the last for all nsil values of .r other than zero. We shall in¬ 
variably use y to donot i' l.ho /Mi/otoiM. (or deymlent variable), nnd. so 
the original (or indejimulcnt) rariable. If the function is notspeoified, 
it i.s often (hsnoteil by f(ai). Tin; value of y (or, simply, the number 
(/) corresponding to a value, a, of.r (ortho number a) is then written 

/(«)*. 

In aualvsi.s l.lit; limctiou.s with which we arc mainly concerned 
are fuiK)ti<ms (hdiiiod by means of algebr.iic and similar operations; 
that is to say such functioiis of /« as 

io\ '2ir:‘ -h :i.® - 2, .r/( 1. - (1 + (1 + «')’*. 

1(F. (Z*', Iog,.(r, log„.r, (1 +1./®)'’', (1 - 1/®)*, 
iitid sums of infinite .series, such as 

I +.... 

104. The function x®. Let us begin with tlic function a". 

Fm- coiivonieiice w’c sl>all d<;uoto. the function by y. 

For dilTorcnt vahu's of .r. y will hav<! different values. If we wish, 
we (!an draw up a Inlilr. giving the, values of ?/ con’esponding to any 
numher of vaho's of®, thus: 



0 

'h 

a ■ iiHi 

1,2 i 1/3 

I/.l j 

•i/3 

. 

3/.J 

2/ri 

-1 

-2 

-3 

y 

1) 

_'iL 

U 1 LOMOtl 

I/'t 1/!' 

l/l(i 1 

-1/0 

0/1 (i 

4/120 

1 

4 

0 



- U)ll 

-1/2 1-1/3 j-l/d 1-2/3 

-3/4 

-2/.') 


y 

lOOIJO 
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• 111 thiH (U'linltiiin nf a function,“iiiiproi'riiUo Ui the ciusu of lunotioiiu of a real 
vivriftMo, --it is itupliiid thiit lln* viiliw of ;; cuvruHiiomliiiR to a given viiluoof .Tie 
itnique-, iiml llui tuiuslion is onc-riiiHcrf. ]'’or rauotioiiH of a complex variahlo it is 
uBSCtitiiil to oonniilor inaUiplc^valtittl fmictionii,—whiiroj/ iimy linvo njoro thtm^ons 
valno outvcHpoudiiig to ii Hiiiglo viiliio of .r. Heo Apiiendix, Multiplo-voluod funotions 
of rottl viiriiiibloH arc (Itifiauhlo, lait arc not iiuportiuit in luinlyfliH, 
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Such a table, if iUTaiiffod in unlnrly 6i'»Iiion nn the model of 
logarithmic anrl other lablcH), would give at u gluiice the value of y 
corresponding t<i any tabulated value nf .r, Ktieh lables, however, 
do not give at a glance any kin<l of a piclunt of the funetion. To 
get such a picture a grajihietil rci»rea«‘nlntioii is desirable. In 
Chapter I,§3, we bail occasion to rejjresent tin* single real variable 
X by points along a straight line. Wi* could repivsent onr function 
by using a second such straight line for the values of ?/, Ihit the 
extension best suited for tin* graphical represenhuion of such a 
functional coiToapondeiico of olio viiri;ible, //, with another, x, is 
that obtained by applying the elciueutary ideas of (kirtesian (or 
analytical or coordinate) geometry, 

106. The graph of x®. The principle of Cartcsiiin gesunetry is 
the correspoudenco of a point of a plain* with a pair of numbers, in 
the same way as our representation of Chapp’r I, §!{ relie,d on the 
correspondence of a point in a Hue with a single umnher. 'i'he actual 
machinery effecting the correspondence, is, to some extent, arhitrary; 
but the most useful uietbod is to erect l.hreugli a iioiiil. 0, called 
the oQ'igin, two mutually perpendicnlur straight lines, X’OX, 
Y'OY, called the lum of re/i!rtiitt'.e, and to assign tin,* two 
numbers, or coordinates, ,e, y, to the point I\ ,r (tin* almissa) 
being the distance (moasured in terms of soiiii! appropriate unit) 
from Y'OY of the peint and y (tin* ordinatr) tln^ dislimcc from 
X'0X\ with the convention that 
these distances arc to bo con¬ 
sidered positive or negative ac¬ 
cording to their dirocbion.s. It is 
customary to agree that, taking 
OX to be horizontal and OY 
vertical, cc is positive if the point 
P represented by (a:, y) lies to 
the right of Y'OY and negative 
if to the left; and y is positive or 
negative according as P is above or below X'OX. See Fig. 4. 

If now we take blio pairs of imnibei'S (.r, //) which we have tahnlated 
for the relation 2 /=«=, and mark off on the piano on which our axes 
OX, OY are drawn, the corrosponding points, we obtain a figui'if like 
that of Pig. 6, consisting of an imlefinite nnmbo.r of [loints. 
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It i« KOOII, by tnkiiiff iimi’c iiiul more values of ®,—e.g. by taking 
all a''s differing by ‘I, mid then all in’s differ- 
ing by '01, and then all .n's differing by 001, 
and so on.—Ibat tbe points lie on some kind 
of ciimt. 'I'his ciirv(‘ is tlie i/rapli of the 
fuiietion We caiinof as yet say definitely 
that the gra])h is a cntditiwiii.s- e.urve: it may 
ho broken. ISufi the, graiili in any ease give.s 
some kind of pietiin- of the whole function 
simidtaiieoii.sly. l’roiiertio.s and ijiieHtioiis 
at once .snggi'st tlu'in.selve.s which wtsiti ob¬ 
scured in the tabular representation. Pig. 5. 

106. Monotony. In the fir.st place it .seems probable, from its 
appGaranc(^ that tlie gi'aph slope.s upwards everywhere to the right 
of the origin 0,—or, in more prerisu language, if P and Q are two 
points on (he graph (to the right of the origin) and Q is to the 
right of P, thiMi Q is also above P. Is this surmise definitely 
provable S' 

That is, in mialyliical language: 

Does it follow from tlie relation = that if n:, >a’3, n’l and ain 
being any two positive real iimnbei'S. then y, >?/.j,;//, :ind i/s being 
the //'s coiTtssponding to .■»•, and .r,? 

Thai is, can we prove that if 

,/•, > .(.'a > 0 then a:,'- > 

The answer is ea'ideiil. Tliis ineipiality is indeed an immediate 
eonseipieiiee of the law ol'iniajualitieH that ifa > 6 and c> d, a, &, c, d 
being piesitive, then oofit/; for we liave a;i>®a and >*3 and 
tlicrefore i.e. x,->;r.;i 

At the .sami* time we .see that if ,/•, >.r.j anil a', and ar.j are both 
negative, then .Vi’‘ < xr. 

SVhat we have piuved may be staled: the fmetion steadily 
inci'cases as x incvunscs viheii x is jmsitive uiid decreases as a increases 
when a-, is myatm. When a fnnctioii of a either steadily increases 
(or iicvi.d.' decreases) throughout a certain range of values of the 
variable w (e.g. for a < ic <b)ov .steadily decroaHcs (or never increases) 
throughout the range, we say that the, function is monotone (or 
mcfiwtoiiic) lihroughoiit that mtige. 
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Mnnntono flinutioiiM iKilmi!; t<j ft witlii' iJjtir- mI' tuiicKimiM, known its j'uiniiong 
ufhmindedviirwtiim. A fiiiittion iMwiitl lionnilinl vumtion fliron^liout 

ft rfl-Dgc (or nvnr, or in, a rangfl) if it fiin lu! osiirosi'il ns Mio .snni or ililVoroiuu! 
of two functioiw OiWili of wliirhiKlmmuUMlnittl iiionotnuo tltvonoluinl. tiui I'nngo, 
Tima the ftuiotioii ia of 1 10111111011 viiriuMon ovor nny rninio Ihomiim- if, c;ui lie 
BxpresMOil iiH the Jilforoiii'E wlioro »/j ia t.lio iinn-ilci ifOMiiij' fiiiictinti 

wliiuli ia zero for nil negfiMvo vnliioa of .r aial i’i|U,ils .< “ for nil imsitivo (or zoroj 
vftluoa of .r, mill ?/a ia tlio iioii-ileorpiiHing fiinoiion wliii-li i-iiimla -. 1 - for nil 
uegiitivc Tiilniw of .r iitiii in zom for nil jioaitivi* lor zoro) v.ilufs of .'V 
Anothor dofniition isgivon in Ks. 11, p. I'la Irlow. 
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Kig. II. 

wliich is 


107. Continuity- Aaisconfl iiiipiirliuili|ii(‘.s|iiiii li;i.sulii‘iiilyiinsi;ii; 
Is the curve continmuiti 

Let P (Fijr. 0 ) bo any point (.»■, y) on llm ifriipli to llio rifrht of 
the origin; Qi -any other point (ai.i/i) 
on the grnph to the right of P. 

We have 

y — }h = •'■'i > Ilk //i > .'/ 

by the property just proved. 

If Q.J be another point (ifs, 1 /.,.) on (lie 
graph horizontally between P and - 
i.e. 80 that ./.‘i > ii.j > «;,—wo .shall iiave 
also 3/1 >ya>;y. 

Take a mjuenoe of points Q,,Q.,... 
corresponding to the soijneneo of abseissae 
such that a'l > > .r., > ... >«'. ntiil .r,, .rj, j',„ ... j-. 'I’hen wo have 

yi>ya>y;i>... >y and y„ y.., J/, .'sv//; bofiiuse. if c is any 

number greater than y. Vs > V-y=«'.and thoreforo \lz must, oxcooil 

some number of the sequence .vvliieli V so tlmt r niitsb 

exceed the corresponding iiuuiber of the sequence ;»/), y--, ...; the 
lower bound and unique limit of the sequence//,, y,,,... therefore 
it evidently ^therefore it = ?/. 

Hence, if we take any sequence of abKi;i.s.siie,.(.', .... .such that the 

feet of the corresponding ordinates, viz. W,, iV.j.teml to coincide 

from the right with M ,—the foot of the ordinate from 7'’,—the 
corresponding points Qn Qi,--- on the graph tend to coincide with P. 

Whatever our ideas of coutiimity, or itnbrokeiiiiess, may luivc 
it seems clear tlmt this property will satisfy llmm, at least 

if wo look on 11 oontinnous curvu as 0110 whicli oould bn drawn witlumt 
the pen bom tho paper. 
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as rcganls l.lic (‘(Hitinuil.y uf the t^'uph iit, tho point P on the right- 
hand side. We havt- niit sn fiir* given any defuiitioii pf continuity. 
Let ua tiuui lay down tlie ddinitions: 

The ijriiph nf a/inirtimi /(w) is sitid to he continuous on the right 
at a ‘point /’ (.<■, //) if, >M-res]amdiii{i tu au// convergent decreasing 
sequence, of iihsrissiii; ... loliich. V>. ,i:, the sequence of ordinates 

y,, yu, ... (V.a....) is convergent and ~^ij, i.e.f(x). 

tSiniilarly the grnph is contiiuions on the left at P if the sequence 
yi. “•->■11 eorrespamUng tu aiiii incrcMsiiig sequence rr,, 9 ) 3 ,... 
iiokioh 

The graph is cuniiniioiis at /’ if it is both nontinuous on the right 
and cdntininais on thr [eft. 

108. Contimioua funotiona. 'rhcaeilf)tiniti(in.sspccifypropcrtie8 
of till! finiction dflining the graph. We therefore exproas them 
directly in leiiiis of the. liuuttioii: 

The function f[w) is eontinmus on the right for the value a! (or at 
tiui point ic) if, cnn'espoiiding to any .siMpufiice ... which ai, 
the MuiiiU'iieo fi-r..), ... -►/(.•«); /(<») is continuous on the left 
at tf! if/’(i'iv).... eoiTe.spmidiug to any siinuenco.i;, ,aia,.,. 

which iv, f(.r) is naithuons at if it is continuons on the right 
and on the left at /', ni', expresseMl diffeicnlly, f(at) is continuous at 
to if the sequence f(iei),f{!i;.X ... corresjnindiiig to ansj sequence 

Kj, ffn,... icincli .ut. 

We have jimved that our graph,;»/ —n?, or the function ai\ ia con- 
tinuon.H on the right nt any point P to the right of the origin. It is 
proved aimilarly that it isalaoconliiinouaon the left,anditiatherefore 
continuous a1. P. It is e.-isy to aec that these prop(irtie.s hold equally 
well if P lies to the left, of the origin, or if P actually ia the origin 0. 

109. 'rimau two simiile propertias proved of the fuuetioii ic“,—its 
partial monotony (deercasitig for .c negative and increasing for a; 
positive) and its continuity,—arn properties of eonaidarable im¬ 
portance and are fiosseasi.Hl (often only iii a limited'rrmge) by all 
the most uaufnl fuiic.tions of elenieiitriiry analysis. It would perhaps 
even aeem .soinewliaf, inireasonabh; to e.xp(!ct to he able to use, for 
purpoHu.a of analyals, riitictioiw wliich do not have such properties. 

* In this (ihaiitni-. 

t The iiroof llnvl Uh>hp Inst two statciiiuntH lire ei]\iiv»lent is lott to the student. 
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Omibinuous fiinchions iu)hsi‘)»« 

Iff(ie) in roHti'iiiioi»i iiinilpniiili/nun" f« “ml I' “H’) >< iimlit <• lirtvvf.ii f (n) 
and/(li), (lien, e/wtv in at Ifitnt “»•> (•«/»'«; n/x lirfinru n mill h fin' ir/ikh fi{.v)^k. 

This thcoi’om,—which iH easily %-criliril rm-Nimiilt! fnnftit>iis purh as is 
moissly thniireoiscaiiiilyticalHtatniUPiitiif ^hl■;^|■<llll^l I'ii'.illy intuitin' fact t,hub a 
coiitiiiuaus Hfiipli cannot pass front emc wilo of t.lio straiHlit lino >/' /' ti > thu otlior 
without cnttiiii? it. Wo can avoid use of tliia theorem thi’tiiij,dit)iit thfi creator 
part of this oonrsts. A proof is nnUhunt in Hs.S, p, Ihl. See aUit < 'hstittcr iv, Sft. 

110. Tangent and elope. Thoru w ii tliinl iini'sfiim sufigcHtud 
by the gmph. The graph in visibly uttHtpitr iit .souhi piirt-s titan 
others. Can we obtain an expression for thi.s .sfciMtjtnn.ss or shtpo? 

We mush first settle, iii metre or lo.ss gisninstrical lungu.'ige, what 
we mean by the slope of the curve at ti point 1\ To fiml jirtictically 
the slope at the point P we .shoubl I'viileittly ilrtiw the. Umtjent anil 
meaaiu’e. the angle it makes with OX, Agreeing to thin wo mnat 
now ask what is the tangent? 

In elemeuttvry geometry (o.g. Kticlul, Hook ill) the tangent to a 
circle is defiiiecl us thu ntruight Hue periietidieulivr to the radius 
passing through the point eoiteunied. Hnelt a tltdiiiiiioii will idearly 
not do for such a curve as that tindnr coiisitli'ralioii. Instead the 
following more genertil definition is used: 

A curve is said to have a tangent at ti point P fiii it if tlie ehords 
joining P to points Q,, tj/u, etc. on tho curve beeoimi chwer to a fixed 
line PT through P ns the iioints Q,, Q,j, ... are taken nearer to i', 
so that tho degree of olo.sono.sa of apjtroxiiiiation is great,ttr than any 
assigned degree if only tho points Q be takc-n snHieiently netir 7^*; 
and in this tlio jioints (J may be on eitlnsr siile of P. 

That this definition is the natural dt^finil'ion of a tangrtnt to a 
curve the student will retulily agreef Though it i.s still soinewhat 
vague, let ns try t(,) apply it to onr gra]ili 

Let P (Fig. 7) be the point (.r, //) on th(! graph,--.so that — 
Let Qi, Qa, ... be the points (at,,;?/,), i/.^, ... whore 

», = a: -P 7i,, ata = iv. + /i.,, ,.. ; 
i/i = «!i° = (a; + hiY = y + fc, say, 

J/.J = .rJ =■. (x + = y -p sivy, 

etc. 

* I.e. for nil points Q nofti'er to P titan a uortiun iliMtioiCM di'iioiidina on tl»« 
assigned dogroo of olosenoNs of npproximatiiiii. It in not imttoHHiiry that thii eliards 
should bcoomo steaililu olosor to P'i'. 

1‘ This doduition is in laot given in mnny modurii loxtliuolcs <ni (leomotry. 
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Let the iitiiiiboi’fi h^, hi, ... lit* all jiositive, so that the points 
Q^, Qa, ... lie to the ri^lit of P; and 
let the HU(iueiic!u //,, /r.,... V 0, so that 
■»,, X.., ... V. J' eii<l i/i. !h> ••• -»■// anil 
hi, h ,... 0, ill virtue of the proved 

continuity of the ji'iiiph on the right 
at P. ^ 

The angle whinh the chord 

PQi makes with the ./■ axi.s, OX, is 
detei'iniiied by tin: ratio HiQJPlti, 
which is in fact tan /i!,Pf^,. Let u.s 
take thi.H ratio us Ihti nuut.iurc of the Kt'*7. 

slope of the ehonl I'Qi. The slope of the chord 

f}(j __ y, — y hi 

1% -Xi-x^h, 



(.r + A,)'- — a? 

hi' • 


= a,r-|-A,. 


CorroHpomiing to the seiiiumee of numbers//,,, ... which tends 
to zero, i.c. c(nT(i.spouiling to the .setpioaco of points Q„ ... which 
tend to coincide witli V, in the inanuor contemplated in the geo¬ 
metrical deliuition of tlie tangont, the chords PQi, PQ^, ... have 
slopes 2,'c -t- //,, ‘2ii; + h.j, .... 

This seiiuenei! of .slopes tends to a nnif|ue limit,—viz. 2x, Hence 
the chords i'y,, PQ^, ... tend to coincide with a definite straight 
line through P, —viz. that line which has a slope 2®. This line, 
PT, is iiulcpemloiit of the particular Bequonce of points Q,, Q,, ... 
chosen, and clearly ful fibs the conditions of tlie guuinctrical definition 
of the tangont, as regards tlie portion of the graph lying to the 
right of P. 

We can now lay down the .strict definitions for graphs in general. 

The graph of ;i l'um!tioii /{x) has a tangent on the right at a point 
P(tti, ii) if, (!orr/'.s[)niifliiig to any oouviirgeut decreasing sequence of 
positive nutnhers /i,, A.., ... having the limit 0, the corresponding 
SGijuencc of ratios (willed inoreineutainj ratios) 

{ih-vWh, (ya-'?/)//(«. 

1.0. {/(«' [./'{a. + *.) -/(*)]//':.. 

is convergent and has the same limit, whatever such sequence 
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huh,, ... bii tiikeii. Tlu! limil. nt' tliis .sninniri' of iiicn>in(Mitiiry 
ratios is called the elupe on tlw rir/lif at P. 

Similarly the graph has a tanycut mi the left at /' it' i hr sispioiicy 
/(>■ ~hy) ~f (•'■) /(•« - h,) - /•(,/■) 

’ -h, 

or [/(»■■) -/(.'■ - hoy hi, [/(•'■) -/(■!■ ~ h..)\'h.,... 

is convergent when A„ V 0, nn<l has llie same limit, wliat.ever such 
sequence h„ /i.j, ... he hiken. 

It will clearly iiot .suffice tor the (!.\i,slenci* tif a laiigeiit to the 
complete graph at P for the tiiiig(!iit.s mi the right and left to 
exist;—they must also coincide. 

The graph of/(a) hati a tangent at P if it lian a tangent on the 
right and a tangent on the left and if these, “senn-tangeiits’' coincide. 
The slope of the tangent ia the .slope of either of ihese “semi- 
tangents." 

Our graph, rj = ai‘, evidently has a tangent, on the left, witli the 
same slope (2®) us that of its tangent on the riglit. It has therefore 
a (complete) tangent. 

ill. Differentiability on the right and on the left. Differ- 
ential ooeffleients. These delhiitiouN apply jirirnarily to iiropertias 
of the function defining the graph. Hence we have the following 
definitions for functions: 

A function f(x) is diffet'mitiuhle on the light for the mliw w {or 
at the point x) if correspondiwj to every imitive decreimug sequence 
hi, h^, ... which 0 , the sequence of iacrenmitarg ratios 

/(® + M-/(«■•) /(••« +/'a)-/(.•«) 
hi ’ h.. ' 

is convergent and has the same liviil whatever such sequence A,, /ij, ... 
be taken. The limit of this sequence is then called the differential 
ooeficient offQe) on the light at x, 

A function fix) is differentiaUe on the left at .m if, corresponding 
to any positive decreasing sequence K,h.,.... which 0. the sequence 
of inaremmtwry ratios 

-/(«'■) />■• " h,) - fio!) 

~hi ’ ■—/(,. ' ■■■ 

is convergent and has the same limit whatever such, aequmm h,, hi,... 
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he tnhm. 'I'll.- liiiii) ..F this s.-.iu.‘n«;<,- is Lli.-n ciillerl tlie differeiiiial 
uoefficwit of/(.•'■) oil tin; hft nt .e*. 

fioictioit /(.<:) w dijferoHfMihfe ul .v (or for the value a;) if it is 
differeidlahlc on the rif/ht iiud dijfr.reiitiablr mi the left at x awl if the 
dijferentinl rorljkirnf on the rliiht ennols the ilifferentiul cueffioicut on 
the hft. The. eiuuoion luihie of the two "semi-dljfcrential coeffioients” 
ii thee culled the dlffereiitinl rovjthdent i)ff{ir,) at x. 

The. l-M'i.i deriimthe is tift.-ji usHil for d.iferential coefficient 
Alti'niiitivo iiotiit intis f',.r iJm iliir.‘n!iit,ijil of n function 

/(.r), or //. iiiv; 

Djl or lif(.r ), 11 , If or lf f(.c), or '^•fj^ , f(ai). 

The nuUlion is nmsf, i-oiniimiily used. WV shiill h(ir(?i use Dy or 

Dm- 


112. Tangents pavnllsl to y axis. 'J'liero i.s one quiilificiition 
needed. (.Jeoinetriefilly a graph or a carve may have, a tangent in 
any direction, and in |iar( ieidar parallel to cither of the axes. If the 
taiigenl. i.s parallel t<i t he a.vis, its hIojik is 0 anti the function has 
a differential eoedieient eiptal to zero. Hut if the tangent is parallel 
to the//axis, the slope is not represented hy tiny of our real numbers. 
(It would he 03 if this nniiilier had been inlroduccd into our syatetn.) 
The function troncemed will not ho differentiable, for the sequence 
of incroinontnry ratios would elearly ho nuboimdeil. We could get 
over this iliHiculty hy introilnciiig infinite, difforentiid coefficionts,— 
under .specified comlitions. Hut the didieiilty is avoided simply by 
intei'changing the j-. anti y a.\(‘.s. 


113. Area bounded by graph of x* by simple process. A 
fourth i|iutstii)n of interifsl urisiw. In eleinoutary Euclidean geometry 
areas of jilaiio figure.s imi di.suuHscd. Thn areas there dealt with are 
bounded by .straight line.s. The consideration of other areas is 
however deaindile. Em* many prsiciiiad purposes the area enclosed 
between t he x axi.s, a tmrvo and two bounding ordinates (called the 
area under the corva hotwoon the ordinates) i.s of importance. Thus 
if a grtiph is ilrawn lo riqinwont tlio velocity of a moving particle 

* It Hlioiild liii (OiHcrvcd that tlio diltcrontial aneillcfiiiit on tlio riaht at x may exist 
oven if the function ie not dettncil for vnliiCH of llie varinblo iess titan at; and sitnilarly 
as regards Hut dilTorciftial aoolliciunt on the loft. 
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at a given time, tho area under tliu ciirve luftwoon twn given 
ordinates will represent the distune*! cnveroil in the time eoncerned; 
or, if ® be taken to represent the dislaiice, in a eortain cliruotion, 
moved through by a particle under tlni influence of a force, repre¬ 
sented by y, the area under the curve will represtmt the work 
done by the force in tho motion. 

Let us consider tho case of an .-irca bmiinh'd ahov*; by ii portion 
of our curved graph, y « a?. 

Lot A bo the point (1,1) on tho graph y = (Fig. H.) 



For definiteness we will consider tlu! ‘'ciirverl triangh,!" OH A and 
investigate its "area.” 

As we did in building up a definition of th*! tangent, wo will 
begin by assuming what appeara geometrically to he evidmit and 
then prove strictly that a projierty which clearly oiisiires all that 
we need geometrically, actually is possassed by the graph. Wo shall 
then be able to lay down a general analytical definition of area to 
be applied to other graphs. 

Complete the square OB AC. Thu area reriuired of the "curved 
triangle” OBA clearly is less than the area of ihi.s stjnare. 

Calling the required area A, wc havo 

0<A<1 . (1). 

Draw the straight line QiJVj, bisecting OB at riglit anglo.s, and let 
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out tho I'lin.uglj 1\ dnuv parallel to OX 

cutting BA, OY in 11,, B,. 

Wo have ^1 < tlui .sum of tlu: areas ol‘ the roctanglos NiBAQ^ and 
UNiBiSi and > area rtf' tin; ntetanglu i.o. 

i (i“ i / 'i < ^1 < 4 (*V, 1\ + iliil) = ^ [(i)= +1].(2). 

Bisect (LV, and iVJt at right anglo.s by stiiiight !ine,s iV,P„ N^P,, 
cutting tin* grapli at Pn, 

Drawing Minmgh /’, jiarallid-s tn OX as before, we form 
nltrtgrtthw' Kiivr.'ii lu!w rtjrtlanglen,—ofhrtights W,P,, N^P^, BA 

and (srpial widtlis (IJH-if -= J. We have A < sum of areas of rectangles' 
ON,. N,P, + N,N,. .Y,P, + N,N,. NJ\ + Nji. BA 
and A > .sum of areas of ri;ctangles 

ON,. () + W.W,. N,P,+ N,N, . W. P, + N,B . iV,P,„ 

i.c. Ha)'^+(iy+(gy-H-i^...(3). 

Bisect again the bases of all tlu;.so rectangles, obtaining four new 
points on tlu! graph, say P^, i'„ P„, P„ and corresponding new 
rectangles of width f)BlH = ^, As heforo A<Huni of larger rect¬ 
angles 

ON . N l\ + N,N,. N,P, + N,N ,. NJ.\ + NN . Nd\ 

-(- A, jV,, . A,-,7*„ 4- NnN„. N„ B, + NN ■ NP, -f- N,B.BA 


= A I/.i+(5)'+i;i .(4) 

and A >Hntn of siindler rerstangle.s 

ON .« + NN ,. N, I\ + N,N. N,p, I- NN . N,P, 

I- N,N,. iV, P, I- N N. N,P,: + N,N • N, P, + NB. NP, 

.( 6 ). 


Continuing this process wi* obtain a .sncce.ssion of rc-sulta of this 
kind. Corr(!H]ion(ling t« the «lh ilivision we have that the area A 
lies between Hir* .snio itf rectangles of lotid area 



1 17 1 2\'’ 

.},i (oiij ■*■'.•2''/ .W* 


The proeeas may be eontiimed iniloflnitely, and evidently provides 
closer ami chjser apprtixitriatioii.s to the desired area. .Tn fact, the 
smaller rrietangles liave total areas 

h \ (i)“. .1 +(i r t' (A r +(:in A [»+ iky +(i)“+* • * + (^)’].. ■. 
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and, either by recdiirse to this figure, or dli’cntly IVnni iln-so sirith- 
inetical expressions, it is seen that tliis seriuciici' last written is 
steadily increasing and hounded. It therid'ore tesnds incnsa.siiigly to 
a unique limit,—say 

^ 3 imilarly the eeqiienee of the sunia of tin.' .areas of tin; larger 
rectangles, viz. 

i.i[(i)“+i].i[(l)“+(i)“+(!i)“+ij. 

tends decrcasingly to a iinitjue, limit, -say /h.. 

And these two limits, vl,, ila. am identical, for the din’oreuecs 
between the total arems of the larger and smaller rectangles form 
a sequence, viz. 1 , i, . 1 , i, •••> which-► 0 . 

This CQimnon limit. A, or A„ evidfnitl// is thr umi suiujht, 
m. A. 

114. More general procees. We can clearly geiii'raliso this 
process. Wo could have divided the interval OH* into any ninuber 
(m) of parts,—say by tlio pointJ 4 .r,,.r,j,... ii\, (where .r,„ s=f|/f=-.l),.— 
erected perpendiculars thi'iaigh these points, and formed two sots 
of rectangles,—larger and smaller, —as hofore. If \v(,> denote by y^ 
the ordinate through the point a-], ete., so tiiat //, = ir,“, etc., the sum 
of the areas of the sinallor set of n-ctaiiglcs formeil equals 

and the sum of the largor rectiingles eijuals 

(®1 - 0 ) + (®a- 3'i) y-i + - 3 - 3 ) ?/,, + ... + (a;,„ - .r,„ ) ;y,„ .. .( 0 ). 

The required area will lie between these two sums. 

If we divide up further, by inti'oducing additional points of 
division, we shall obtain now rectangles, which, ms hel'ore, will form 
closer estimates to the required area,—from he,low ami above re¬ 
spectively. Continuing the division indefinitely in such a way that 
the width of the widest rectangle decreases indetinitely, wis .shall 
obtain two sequences, whose typical terms are n'spectively 

(i) the sum of the areas of the Hinaller rectangles,—,sneh as (S). 

(ii) the sum of the areas of the larger re(!tangle.s,—such as (!f). 

* An interval 1b any limitail povtiou of tUu uxih, hiicU a« OH, ar A'lU, uto. Bot! 
footnote, p. 110 above. 
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Thn HC(numi;rt (i) in,;roiiH,!.s. is )„m,idecl above, and there¬ 

fore limit, Kiij' /y,. 

The Hf-riimnee (ii) Ht.‘!idily decavasea, in bounded below, and there¬ 
fore a limit, aay 

If A deu(.t(;s the HreatoHt of thr; widths of the rectangles, such as 

•'■1 - d. a.’,, -• .I-,, - a-,,, ... x,n - 

at any stage, thrm the ditfererice between tho larger and smaller 


= (*> - 0) (//. - 0) d- f iy„ _ !!,) + ... 

< A. l.(y. - d) + (!h - .'/.) +... + - y, 

because all tlu! multiplying factons 
!h - d. J/u -y,, ... 

are iiositive-,- -the grajih being known l,o be monotoiiely increasing. 
Therefore this dilVermics' < A;//„, r= A, because ?/.,t= = 1. The 

division Isniig continued in .such a way that tins maximum width 
A d, it tbllows that this difference hutweeii the larger and smaller 
areas tends to 0, and (.InTefere the two limits ii,, J9„, as before,are 
identical, = li say. 

It is indeed trim that this limit Ji, whatever mode of division (of 
thctyiiedeseribr-d) may lutve been adopted (prt)vided the maximum 
width of tlu! rectangles tmids to ze.ro), is ident ical with tho limit A, 
obtained by the specialisetl mode of hi.section first considered. 

l''(»r it can be ja’oveil easily atadytiwilly *. 
or it is c.leivr from Kig. it. in whieli the 
letters 1\ etc., 1\' etc. refer to the two 
systems of division, that the total ania 
of any set <jf "small ri'ctangles" for the 
second system of <Iivi.sion is leas than the 
total area of any set of "large rectangles” 
for the iinst .system, .and it therefore 
Mows that tho limit /I, $ tho limit A.j, 
and similarly i.e. li^A and 

B$A, or H = A. 



Wo have not (piiO! prnvcd that, if wuilivklu up lliu interval aiiow at each stage 
(insteiul of siilHliriding the divisimm already iiuuhi), ties nciiuoikich of total areas 
of small mill largo nic.titiigles lend to this limit if the uiaxiimim width of the 
rootaiiglos l.eiidH to zoro. 'rids is howiwtir true, l''or, if A ia tho maximum 


* 8ii(i (Uiajitur ir,II below. 
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width of any set of raetiinglcs and <S‘ and * tlio total are.’ia of tlio oorrasiioiiding 
largo and small rectangles, wo have S- yl as aliovo, and there¬ 

fore S-*-A (and siniilarly a-s-d) a« A->0, no niatler Imw the divisions are 
chosen. It is not however the case in general that N V - I and .< ^ .1 as A Vo, 
as it ia with the modes of .sidKlivision iidoirted .'iliovc. 

116. We have now proved that the prapli // = w'- i.s such tlini, if the 
region between ai~0 and x = 1 1m! flivided up into .strips by lines 
parallel to OY, then the total areas nf the .smaller .-uid I.-irgei- rect¬ 
angles BO formed, having ono vt;rt(;x on the gJ'apli, .is above, form 
two sequences; and if the strips be tiiken Htieci.-ssively narrower, so 
that the widths tend to zero, these seqiimicvs arc both convergent; 
and' their limits are identical, and the same vihatvrer the particular 
mode of division. 

This ranch has been proved analytically, witlunit presupposing 
any idea of area except as applied to reetiinghw. 

We have seen that this common limit will evidently n.-proseut 
the area of the region fJflj;!, if any tlelinition of area i.s given which 
agrees at all with our preconceived gooinetrical ideas. We may say 
then that we have proved that the area of this region (siipposucl. if 
possible, defined geometrically) is this cemitnm limit. Or, iikto 
logically,—in our desire for strict unali/lical didinilions of all mathe¬ 
matical entitiuH,—we may define the- area of sucli a n-giim as Hindi 
a limit if (as is here the case) it exists. 

116. Definition of area under a graph. 'I’lie general dofinition 
maybe laid down thus: (Jonsider the region hounded by tlie graph 
y=/(.'») (supposed buiiiidud and, in Ihe first itrslanee, everywhere, 
positive or zero), the iv axi.4, and tlus piindlels le-bi and 

suppose, for definitcnes.s, a<b. Divide the regicni up into .strips 
by paralleLs to 01''. Within any strip the values of tlm function 
/(a!) will have an upper hoiuicl*; with this value fm- ordinate, draw 
a line parallel to OX to complete within that strip a "large” rect¬ 
angle with its base on 0 Y, 1 )tt this for every strip. Call the sum of 
the areas of all the " large rectangles so formciDS*. Iform similarly ,v, 
the total area of all the “small” rectangles of lieiglits etjinil to the 
lower hounds of/(fl!)in the varioms strips. If the strips hi! .subdivided 
indefinitely, so that the width of the widest strip lends to zero, the 
corresponding numbers W and » will town two Heqiiencos. If these 

* I.e. a least number not oxoBcditd by niiy vulmi of/(.ii) la tlm Htriji. 
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two nequeiiees have, ti- cummnii miique limit, which is the same for all 
such moihw of divisioti, the rei/ion is said to have an area. The 
common limit is culloil tho arm of roffion. If/fa-) is anywhere 
ncgiitivo, one. nr both of tin; ujiiufi- nnd lowcn- bomuls of/(a;) in some 
of tho slri[)s will In- in-gntivo. Tim “uroiis” of fho corresponding 
recbiiiigles in siu-h slrijis nrr. In be coiisidereil negative. The area 
of .such a region will be pn.Mit,ive if ifc lies entirely above the ® axis 
and negative if entirely below the .r a.vi.s. If it lies on both .sides 
of th(! axis ii. may be po.sitive or negative or zero. 


117. Definitions of integmblo function and definite integral. 
As in the ease tif l.ht' tangent tt» a gmph and tho difterential co¬ 
efficient of the fnnetion <H>ne.eruLHl, so here we give a name to those 
functions who-scigi-iipliH between twonrdinate.s,a:=aand®=&(rt<6), 
hound a n.'ginn which lias an area in accordanco. with this definition. 
Such n function /(.•;■) is .said to he intcyrable between a and h. The 
limit which defines the area between the, j/ritph and the x (uois, out off 
between the ardinafes a and h, is ealled the definite integral off(a!) 

fb 

from a to h, or oner the range (a, b), and is written I f{x)dio. 

J rt* 

We, have proved tli.afc the fhiKition .(•'■ is intograble, between 0 and 1. 

Tbe area roipiired of the ‘'curved triaiigUs" OliA — [ a^dx. 

Ill 


118. Evaluation of area. The imlnal cnaluation of the area of 
the region 0/fA,- now delined and proved to exist,—can in this 
special cni») be carried out diris:lly from the above process; 

Tlu! expression ((]), p. 14."}, jj^ving the total area of the smaller 
rectangles at the rtth .stage of bi.seetiou 


I 

'W 





where JV in written for 2'h 


= ^y,,[I +2= + 3“+ ... + (iY-l)“]. 


The expression in the bnurket can be proved,—by induction or 
otherwise,—-to be eipml to 

J (A' - 1) JV(2A - 1) = F'/;} ~ A"y2 -1- iV/d. 

Tho expression (H) therefore eipialN 1/3 — I72iV’-b 
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As the process of division continues, as conteniplatcd in the 
definition, jV —»-00 *, and tins expression ((«)-»• I/.M. The rfiijnirpd 
area of the region DBA = 1/3. 

This direct method is, however, only ijossible in si)et!i,>iUy simple 
cases. In other cases the ovaluation is ciirrieil out hy a iniieli more 
powerful indirect method resting on tlie i)ropi*rl:y wliich may be 
described as the inverse eliaractor of intifgration and (litlerentiation. 
It is postponed to the next chapter, § (i. 

119, Properties of the fanotlon x.® Bummarlsed. 'I'o vet.nvu to 
our special function «•, let u.s sum up onr actpiinsl knowledge: 

(i) it is monotonely decreasing for all negative real values of .r 
and monotonely increasing for all jjositive values of x\ 

(ii) it is bounded above and below (i.c. < a fixed nuinbor K and 
> a fixed number K') for all bomnled values of (I'or, if | a; | < K, 
0%a?<K'‘)\ 

(iii) it is unbounded as x increases beyonil all liniil. p(»sitively or 
negatively; (this is easily proved); 

(iv) it is continuous for all value-s of a;; 

(v) it is differentiable for all values of ,r, and its dilVt-rential 
coefficient is 2aj; 

(vi) its differential cocsfficioiit is positive when x is pt)sitivt( and 
negative when ® is nogativ:!; 

(vii) it is integrable between 0 and 1, and in fact liel-ween any 
two values a and h\ 

■ (viii) the area bounded by the gi'aph, the m axis, and the ordinate 
® = 1, is 1/3; and in fact the area bounded by the grapli, the u: axis, 
and the ordinate x, is iB"/3; (this i.s easily proved as above); 

(ix) it is of bounded variation in any bouiuleil range. 

We notice that the function is incnsising wherever tlie differ¬ 
ential coefficient is positive, and decreasing wherever it is negative. 
This fact is not a mere accidentj-. 

We leave as an exercise to the student the proof that the only 
point at which the tangent is parallel to the x axis is whore .'c = 0. 
S,uch a value of x is called a turning vulva (or a inuximiim or 
minimum), if, fis in this csise, the function is, on ono side of the 
point increasing, and on thu other decreasing. 'I'he. function has at 
* I.o. N iiiGroasGB inilullnitoly. 

t Sgg p. 167 and Chftptor iv, {}6 liolow and lix. S, p, 168 above. 
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this point its value. 'I'he turvc wliidli is the graph of the 
fnnctioTi is a piinMn, with OV fur “a-si-s’' and 0 for "vertex.” 

ICXAMl'l.lts .Kill. 

1. I’ntvi- fliat tile t.iiij;;eul to the I’liijih olIiiM'iiineij mori! mid more uwivly 
jiiirallid to till* // iisiN as .r iii('|v.j.scM or itra i>i‘iu<es iiiiloliiiiinly Imt is iiowhei’e 
mutually iiia'aHnl to it, 

2. Prove the "I'limluiiieiit.il iiroinTty uf eont.iimoii.s fiiiiut,ions’’ for the 
fmiiitioii .r- (p. 110 . 

3. Prove tlinl. »lte urea cut oil' Iiet.\vei'ii »ln> |{ra)i1i of .r-mid tlutat axisliy the 
two ordiiilitrs -r ■ ", .<• /< (/>>(» r*O’, w /I'V:! ■ ir'/3. 

4 . Draw the graph of I In- fiiiiel.ioii ,e, amt estn.l)li.sh all the. ossontiflJ properties 

of tills fmietioii. Apply tlie geiier.il proeess of tlio te,\t to ovalimto r xdv. 

n 

Shew that / ^.eif/'t-ii. ‘I'he gra|ili of tlu! “fiuiet,ion" 1 may lie similarly dis- 
cu.ss«il, hut the I'lHiill!' are trivial. 

fi. Draw the graiih of .e’, hliewing in ]iiirtii’iilav that thn fiiiietioii is increasing 
for all vahuH of .r and iiidiouiiih<d aliovij and helew, that it is cinitiuumis, 
diflercntialile and iiifegralile for all value.s of .r, that and that the 

ditluveiiliai eoelliiieiil i'l /.ero wlieii .<•. 0 hat that this i.s not iv turning value. 

(I. Till* fiiiiilanientiil propi-rtii-s of I lie fiuietions log„.v and >(* (where a. is 
any positive imndsM', i 1} Unvo lieon estahUsluil in (lliiviiter n. Sketch tlic 
graphs of lliei’ii fmii'lioos for "> 2, liiiding llie slopesal.all iiointsandrtiowing 
that the area tinder tlie gr.ii’h of u-' liolvveeii the ordiiiutcH »={), .r=l is logaB. 

7. Prove that a eirele has a tJiiigeiii. at ail iioiiiU aceoiiting to tlic definition 
of p. 1-12. (See also p. Mn.'j 

R. Provo till! ‘‘fuiidaniental |ti’o|(erl,v of 1-011111010110 functions” (p. 140). 

[iSiiii|iose for ileliiiil(-iii‘.HS, o h,/('«•< /'(ft). 'I'lio set of niniihorH.i; for which 
/■(.i') k for all initidiers .i ’ from « to .17 iiii-liisi ve, has an uiipEi' lioniid,—A'say. 
het/i’A") . ■ A'. 

lieeanse / (.r) is eiiiitlioioiis at .V,/{.»•) dilfei-.s froiii A’hy an arliltrarily omall. 
anwniit for all values of .>■ Millieiently near to A'. Thcroforo if (i) K>k, 
then f(x)>k for all values of .»■ .sMtlieieiilly near to ,V, and tlioi-ofore, in par- 
tioiilar,/i>) .-,s i{- for valui'.sof.r less than A’; and if (ii) A'<i, Biinihirly/(.'t?)<i 
for »// values of .r greater than X Imt Hutlieiently near to A'. 

lioth these roiii-hisioiis i.'oiilV.'i(lii;t tins delinition of A'. Hence/(A')=i’, and 
the tlicoisMii i.H proved. | 

!). Prove, that if/or) is eoiitiiiiioiis and iiionotuno liotwcon a and'6 and 
tlien/i.r)■all for only one value of x hetwecii u and b. 

It). Prove that tlie delinitluii of iliHiu'eiitiahility may im exprtwod as 
l./(-i'+A|)-/(.r)j-/u, •’‘"'i' nniqnolimit,theaamo 

for any seipietice A,, //■,, whieh temla to seni. 
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11. If/(i») in difSiriniti;ibl(! at, x it. iinist In- tlinro, Imt the con¬ 

verse tliBorom i.*) not t.ruo. 

12. The function y clefiliod ns sin l,'.c whnii .ri^O .'iinl = 0 rt-liiMi .r r.-O (sin 1/0 
being mQaningle.s3) i.*! not ci 111111111011.3 .at./'-O. 

[If o.g. for the aciiuoncu .(■),.»■;,..., wliicb Vo, l/w. I/’Utt, l/;j7r,... Ik; oboscn, 
the coiTOsjjonding sequence ... is O.i), l),... mid lies tbc. unique limit 0 j 

if 2/7r, 2/rj7r, 2/0ir, ... be elluscil for .fi, .ra, .... (be eori'csiioiiililin ncqueiiec for 
2/i) .fji in Ii Ij ••• M'dq'iu limit 1 1 if the seqiieiii e a/jr, a/27r, 

2/3sr, 2/47r, 2/Sljr, ... 1)0 cbost'U, tlio HiiqueuiH! for ^|, //.j, ... is 1, 0, ~ 1, o, 1, 
wbich is not euuvorgeiit. fiwiuoiices j’i, .r^,... enu in fm'.t lie I'onnil for which 
the corresponding sequence , i /..^... tends to miy limit Isitwcen +1. ) 

13. The funotiun |;i>| i.s coutiiuiotis :it till points und diirei'initinble ut all 
points except iii=0. At :i.‘=:0 it is diftlmnitinbli! on the right mid ditfcrcntiiihic 
on the loft but not diffineiithiblc. 

[The two “scnii-ditt'erBiitiid coetWeients'’ uri.H-l nud — I.] 

14. The (positive) dift'ereneo >14—»iij. Itetwren the upper null lower Ismiids 
of a bounded fnnotion /(.«) in mi interval fij. (.i-i..,, .»•»), i.s eiilled tlm omflatioH 
of/(a) in the interval 81 .. If the HUiii-total of the oscillations of,/'(.i;) in all the 
intervals into which («, 6 ) is divided (as in the te.\t, p. M(i) is ImuniliHl, i.e. 
is less than a fl.\od number, A' say, no matter how the points of division, 

chosen, the fnnotiim/(.r) is .said to be d/I mumM rdriation 
in the interval (ce, b). If/(.«) is of iNiunded variation in (n, h) there must be 
an upper bound of the sum-totals of the oscillutiniis of _/*(*) in the infrerviils 
into which (a, 8 ) is divided, i.e, a least number which is greater I ban or equal 
to ail possible wuii-totals of oscilliitunm. This iqijier Ismnd is ealbsl the totof 
variation of/(.x') in the interval («, h). Pnive: 

(i) If a bounded fuuetion /(.«) is inonotmie ilirouglumt (u, 8), ii, is of 
boniidod viu'iatinn in (o, 8) and its total variation is |/i8) - /(fi)l. 

(ii) If/(iB) is expressible as thusiiuiordiltbrenceof two boiuidcd monotone 
functions then /(.r) is of bounded variiUinn. 

[If /(.v)=M(a)—v(®), where « and r mi! luiii-decrisising, onoillalioii of 
/(.v).in any interval 8* ^ suiu of o.sciII;itions of u aial r in 8(.; therefore 
total oscillations of f{x) in the intervals divhliug (<i, 8) ^ .sum of total 
oscillations of u aud v iu tliosu iutovvals. Tberefovu total osuillatious of 
/(a) < IM (8) - u (a) I -p IM (6) - V (o) j < A'.] 

(iii) If V(fl, a) denotes tho tobd variation in the, interval (//, .c) of a 
function of bounded variation then P(u, .n) is a positive non'decreasing 
bounded function of te. 

(iv) If T'{a, x) and /(a‘) ore as in (iii), l.lie funetiniis I'lu,./.')+,/'(.!•) aud 
Y(fl, *)-/(*) are bonndod non-deereu.sing fimetioiis of . 1 ;. 

(v) Any function of boimded variation can bo exprc.Nsed as the sniti or 
diftbrciioo of two bounded rnonotono fimetiniis, 

IB. Provo that if «(«) and are any two bounded uinnntone fnnethniH 
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(if X, tlin iimiluct !'i' .111(1 (Ilf. (lUdfii'iil; iijp .-irf fiimitidiiM of litmiided variation, 
provided, in Hif f.'fif "f (liii 'luoticiit, Hint tho Imvur lionnd of | r | is not zero.’ 

[l*’ov till! pi’odni't., if w mid .• jiii* nou-diH-riMiUiing, 'u.{x)=U[x) - A and 
l•{x)- y{x)-ll, whcTi! aiv piwitivo non•di'oreasingIjoundod func¬ 

tions and A mid n ](.i;<i(ivf coiist.uit.w. «r=^(UV-{-AlS)-(AV+BU). From 
laws of inc'iii.ditifs (t'linitlfr i, !;. :») TJ', otc. aiv tioii.docroasing (pcisitivo) 
fimetions. ’I'lif ivsiilt follows, l■■or (In* (|iiolifnt pul. (//(•= 

IR. I’l'ovf Hud, if » mid >• .ire riiiictioii.s of iKinndod variation in {ci, ft), thon 
u+i’, » - >“■ "/'■ ''""mleil vnriiition, -providod, in the case of 

v/it, that the lower IhiiiiuI of - i» not. m-o. 

[Ilesiilt for ti±>' olivions. Tliat for or follow.s fnini Rx. l.'i. Result for 

iptotiout will follow if it is lirsl provtnl that ^ , w '>f hounded variation, 

1 / and ; ln’ini' nonolfii'easiiiw. 'i'o provo this iwilh nhvious notation); oscilla¬ 
tion of y(f/ -' in lit. npi«T hound of 

{//(a,j: V,)} ^ of'/+o.scilktiou of 4 

where //*■ lower Imnud of , (/-; in flu-: result follows.] 


§ 2. I’oLYNtmiAhS 

120. The function x". 'Plif jirnpiTtios id' tin; fimotion a;", where 
II is any iJtwiUvu an* i.'asily iiive-stigateil mmilarly. 

(i) iSitico, if (I tlica ,»■,"> .»V‘> 0, it follows that the 

function j;" is miiiifitiiiielif im'i't'nxitiif tor all positive values of ic and 
increasen b(;i/ontl till liiiiii a,s x iiivniast's indufitiitoly, whilst for nega¬ 
tive values of ir, a.s .c (leercasc.s iiiileiiiiitoly the. modulus of .-e" in- 
creiwiis iiidefuiitely, lint tin* .sign of ;k will then be positive or 
negative aeeiirding as a is (tvon or mid. 

(ii) is liouiideil iiliove ainl below in any bounded range. 

(iii) a;’* is (loaf/m/ons for all valui’s of .r, for, by inequality (iii), 
p. 2!) above, l(.'' + /i)‘'lies betwoen ?t(.r-|-/t)’*"* and na*”’; 
therefore, as /i VH or as h (.r + /t)"-.r“, which lies between 
h . n (a; + /()“ ' and h . ».( " iiiiisb 0*. 

(iv) »'* is diffttrimlhhlt! for all values of x and Dx'* = nai'''~\ for 
[(a- -I- It)” - ii;”yh lie.s lii.-lweeii n (.« + li j'*"’ and na"-', and by property 
(iii), applied to the fuuelinii we know (a-h/t)““*-»■ as 
A Vo or /i /*■(); \vln>ii(:i* the inereiiieiiury ratio 

I h h }“ “ .'t.'"!//) 

* I.ti. iiH h liild'H on any sifi|tii'in!i. of viilnes whlcli Voi-' the 

case may lio, the corri'H|iuiiilins of vnliuis of (.r i-/i)" -.t® —»■ 0. The ab¬ 

breviation )i ->0 is also uoMveuient. 
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(v) jDiB" iii poaitivu for te poaitivu Avliofchi/r it b(j uiid or (‘vijii; it is 
also positive when «: is iiegativo if 1 / lu- odd, but is tiepiitivo when 
X is negative if n be oven. 

(vi) The only value of to giving a hrtriznntal tangent i.s i/:t=0, 
which will bo a turning value (in fact a niiniitiiim) if u is oven but 
not if n i.s odd. 

(vii) fl!" is integrahle bctw(«cn a and A,—any two I'oal nund)i!r.s,—- 
for the proof given in the last aeclinii of Iho intogrability of 
depends only on the boundedness and inonolony of .r-: tliese pro¬ 
perties have been proved,—(i)an<l (ii) abovi.!,---to be possessed also 
by the function tsP\ and the proof of tin; liusl; sticl ion will therefore 
apply here also. 

(viii) is "even" if n is even,—i.e. the values of i— .t;)" un<i of if" 
are the same; whilst a;'* is "odd” if «. is odd,—i.e. the valiies of 
(—«!)“ and of are numerically eriual hut are oppo.sit(! iiv .sign. 

Typical graphs are dr.iwu in Fig. 10. 
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* Tho graph of {or j/=l), though not of tint tyii(> iliHoaHKed, is for 
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121. Example of a polynomial. Lol; us now uonaider the graph 
of a finuaioii lU-lhirtl liy an cxiirossion ((onsiatiiig of two or more of 
the function.H I ... ir.niibiiioa hy the upwations of addition 

and of iinill.ii)lieation liy “ fi.xod numbers inde¬ 

pendent of the vuriahif .r. K,,,- u.xiunple let ns consider the 
function ic*— lh:‘ + + 4. 

We haw tir-stiy l Ion if .»• iiurivam's intlidiniti-ly, i,lu> iunetion (which 
wo will call ,»/) will aNo incicasc nnlc-iinili-ly, anrl, corresponding to 
any hiilefinilrly increasing.sei|iii-in!e ll.r.i^ the seijiieuce for y will be 
unboimdiitl; for wn; have (f.,r .r posit ive) // > a;‘ - hut > 3®’“ if 
aJi>0 Iiiul Ihi-refore ceilninly if .c>.3 say, hence for a >3, y >a^/2 
and therefore a.s .r ini;r» ;^^e>^ indefinitely // i.s imboiindod. 

Also if i.s iH'gativi' and de<‘reii.ses iuditlinituly, y is similarly 
proved to be nnlMuinded taliove, sls bidbre), for 
u* 

y > if .<>< - 'd.r<' + ±i: d .,a _ .1.^;= + {,;) + 4 > ;,s/2, 

which is eerlainly so if .<• < --i and > .s, 

Con.sidering tlui (picsfion of eonlijinifcy, wu. hare, from the 
definition, that (he function is eontiniion.s at a ptnnt m if and only 
if the secpii'iiee 

>!f!h,!h, .( 1 ), 

where )- A,)*--.‘{(.c + //,(« | 2(.»•-t4, 

//,, t.c h.)* — Ht.c t h.jf + 2(nr 4 - /(„) + 4, etc., 
tends to tlie nniipie liniit- a' — ‘‘h'* 4 - 2.r + 4 for all Hinpioncus A,, .,, 

which -*■ (I. 

Now we know (hat the iiniction .a* is eontiniions and therefore 
the Hcipience (./• + //,)', (./• f Ajp,... 

and is eontiniioiiH and therefore ly+ /(,)'-, (.c + AJ-,...and 
therefore .also the seijiienta! M(./! i A,)-', It(.<• + /(,.,)'■,Ik-; 
and the fiinetinn ./■ is continnoii.s and tliemfhre the sequence 
a; + A,, ii: + A.j,... .c, and 2 (./■ -l- A,), 2 (.r + Aj),2®; and the 

sequenee 4, 4, 4, ... clearly ->+. 

It is easily pinvial in general llial if the .sequence s.j,... a 
uniqae limit .v. and llu’ sequeiaar .s,',,vV,... a uuhpielimitthen 
the sctpieiices (.v, ^ s/), 4 V), are convergent and tend to s ± s' 

respeetividy*. 


* Ity lliit ciimtajitii tiM- a tiniit (|i. -iil), fiir h l■.l■rtllin vuhiu ot u and nil 

(jreiitor vttliHiM f twnuHi! Imih Mid nvu loss thnn 

g sny fill- 111! miniiriciiLly Irtvsif vnliii's uf ii. 
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Hence wo detinco tliiit the Ktwinoiici? (1) “►+ 2 j; + 4, iind 
the continuity of the fiiuution fur all values of ./r is e.stabliHlu'd. 

In precisely the sumo way, arguing I’rtnn the si'quonoeH of iucre- 
mentary ratios, ivc see that, since the eoinjioiu’iit functions .ir*, 3a;'i, 
2a!, and 4 are each differentiable for all values of .r, the coiinioiiud 
function y is itself diffcrontijible and we havt.* 

D - Ha:'- + 2;« + 4) =» Dr.' ~ DW + D'h; + M 
= DjJ* ~'Al)r- iin 

= — (5.r 4- 2, 

122. Integrability of aum of two' functions. Generalisation. 

The integrability of this function y hetween iiny two values a 
and 6 re,sts on the same principles. 

We first prove the general thcor(>in: 

Jf j/j ttnti 2 /s itre two funoiion.'t whieh are iuteyrnhle between a 
and h, then the function y\ + y-i 'ii> ulmi inteyriihft} and itn inteyml 
rb 

(y, + ya) dx is the sim of the iioo neptmtle inleijrals, vis, 

j a ' . 

rh rh 

I y,d.r+ y.jix. 

J tt J a 

The proof of this theoroiii is iinniedial.c from llu; ilelinitiun of 
a definite integral; for if Af and jJ/* are the upper ItouiKls of i/, 
and y-i in any strip used in the delinition of (.he definite integral, 
the upper bound of the conipomid function in tliat strip is chiarly 
It therefore followH that at every stiige of the ilivisioti 
used in the definition the totid area of the “ largt!” rectangles relative 
to the compound function yi + y.j is less than or (‘tpial to lihe sum 
of the total areas of the large rectangles relative to the two funetions 
2 /i and ya separately; and similarly the total area of the ".smidr' rect¬ 
angles for yi-t-ya i» greater than nr equal to the sum of the total 
areas of the small reotaiiglea for y, and y,j separately. 

That the conditions for integrability for y, + y,i iiiiist bo fulfilled 
if they are fulfilled for y, and y.^ separately is now evident. At the 
same time it is evident that the integral of the conqiound function 

yi+ys. i-e. j (yi + y.j)d,v, = thoHiun of tlui two .sepiirate integrals, 

viz. [ yidai+I y^dtfi. 

J » J ei ' 
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Ah (I wiriillury (n I,his l,h('<ti«?m wtt hiivo: 

If a/ij */»>•••.'/«**">■ inns wliirli :ir« usoli intogmble between 
a lUiil h, th.'ii »/, + //„ i.s .also integrablo between a and 6, 

and 

J\v, -h .V, 1 -... ... + 

Wo (Ntn in farH slafn a k.-.-oihI cnmllary to inoludo" both the 
thoorein and tliis }in.l. mndhiry as sjjceial Oiiwis. 

Undtii' I lie saliir l■i^eluns^iua•.^s. ,/ ... 4 .^^ 

nu7nben\-~iir ‘'ruiisltiiifn,"—4lii: fuHctimi ++ 'hnyn is 
integi'tible nud 


1 : 


{ky, + A'.jya +••■ d- f‘»y„)dj- 

y,d.^ + /c, iy.Jx + ... +/cnj\„da^. 

TliiH fullow.s IVnin Uir fvidniit Ihct that f kyiU oxis 

h ^ '* 

= k I gdx if.y is iiilngiiildo, 

J a 


exists and 


123. Aiijilying the seemid enivdiary In our ttitiupniiud function 

D*~ iU''t 2.r I d, kiKiwing lha|. the I’unetions x*, w, 1 are inte- 
grahle, we have Ihal the Ihnenoii + 2a! + ‘l)i8intog|.ablc 

between any I wn vidui fi n and b. Thir iietuiil evaluation of the 
(hiiinitii integral 

Fb ’ft rtt rf, 

.)/(Ar, whieh etiuals I xUh+2 x(lx + 4i Idx, 

J (t -■ *S . *1 J fl J ft 

fb 

dqjcndN on a kimwletlge of iln- si-juiralt' iul.i*gi'al.s I x'dic, etc. 

J >t 

124. Question of monotony. We have seen that is cither 
mnnotone for all values of .r or iiionutoue for [lositive values of a 
mid also nionol<ine for ne.gative values of w. Ne,ither result is in 
general true for a jiolj'nouiial, such as the function .'c^—:la'“+2a;+4 
under diseiissioii. It eaji however be shewn that there .are ranges 
in each of whieh tlu- |)oiyiioiuial is monotone. 

To liioidle this .jtiiistiiIII ill a KeiiiT.il iiiaiiiiet' we iieinl the tlicunna that whoro 
/ly is inwitive // is iiiri-fM‘.iiiu ;mi>l wImwi! Itji is iii'^ativcy is ilecruiiHinj'). This 
thcoriiiii ill iui iiiiimHiiatii eiiliweinteuce of llw tlieiimiiis of pp. 111), 121. Korlot 
ail, .ffa (.Is,':- ,r,) Im any (avm Viiliie^ of x in u riiiiKii tlirinigliout wliiuh /l/(a!), the 
ilcrivutivit of tin* tnne.iinti /(.r), h pnsiiivo, mid lijt 1 / deiiiitn the diflbreneo 
/(x) ■•■/(.r,). Tlieii 1 ) 1 / is iiosii i ve ns long as », ^.Vj, and tlioroforo/(arj) >/(wi) 
by tho thcorijiuH i-iUid. Similarly for n range where /l/(.v) is nogative. 
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Fnr our polynomiiil -a«“+dp+-l, 

i)y=4.^'*-(iA•+2 = ■l(.^■+l+J.^/:^) (.* + J| ■ • i^,/H)(.1,’- I), 

(as is soon by noticing that when jp=1 . l)ii==^f\ wIkmiw! .»• -1 is rtni! factor of 
Dij, and the otlier two an* iiiitiiincd by (livisioiO. 

Thus 7?y > 0 for .v 1 letwccn - i - i s':j ami - J +• A v':» and for ,>• > 1; whilst 
7)y<0fora'<--i-i^^!l and for .r ••otwcoii + and I. 

Hohoc our function douriaiHoa aw .v iticrc/istw iiji to —J _ J t|,on 
increases up to w= —i +1JH, then dwreiiMcs from tliiTO to .r^. 1, .and, liimlly, 
inorcasos ns ,v incn'UMus boyotul 1. 

The fuiiction therefore, though not inoiiiitoiu*, as wcit*. (e.g.) the functions ,r, 
a®, is, wo may say, luoiiotoiio in stnitches, 

as was the fiinchinii (in two atrotches, viz. 

up to .«=0, .v" is dcitroasing ami Pir 
(8® is iuereasiug). 

At each of tho three points wliei'c tin* diiTer- 
ontial ooeflioiont vaniHluis,- viz. the points 

a:=-J+As/.l, + ! 

and y==‘l)— 

the fuuotion chauges fiiini boiiig iiicmusiiig to 
deoi-oosing or viai vfirm, 

Our polynomial is also of liounilud variation 
in utiy bonnded rangn. (Heo p. 1118 and ICx. If;, 
p. 153, above.) 

The graph Ih aketuhed in Fig. 11. 

In discussing tho above uml Hiinilar 
graphs the student will observe the great 
utility of tho diffci'ontial coefficient ms a inomiN of arriving quickly 
and surelyat the funrlaniontal lunpertioBof the function,—pistporties 
which could only laboriously and doubtfully he diHCovered by more 
plotting of points. 



Kig, 11. 


126. The general polynomial. Wc now promiod to di.scu.ss the 
general features of polynomials of any degree wlmttjver. 

Let us consider the general polijHonvial 

y = a„a!" + +... + «,» + ti.„, 

where the coefficients ... Ui, Uo are real miiul)ei'.s, with the. 

proviso that the first («n) at least i.s in it zero; the tleijree (?t) of 
the polynomial is odd or even. 

The value of y when as = 0 is 
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As .V iiir-ivascs tlin.iiwli iK»siHv.: value.s ;y may iiicrcase or do- 
creaso. Imt, w(* run st-r, w illinitl nnidi disciiKKion, that aa w increases 
sooner or latrr tiu- sif-ii oi’ // %vill !»■ Umt of t.liu first term a„aa; for 
evidently ; . "ill oxrr.-d „ii„. ,. 7 :'*- > j so soon iia a- > | jut„_,/a„I, 

will exrrr.l 1 ho.._, so soon as .-r-j, and ao"on/so 
that "il! rx.-....d + ... + «„)| go Soon 

as A''"Xeerds lilt' Jtl'i-alrsl nt I lie valitrs 


mi„ j 'o„ \ ... Vi ;/(/„/«„ I, 

i.r. the tirsi IITIII will suMiitT nr latt-r oxrxiinl the sum of all 
the reiiiuiiiiii.i' (mna in inodiiliis :uul tluu-cfnre the sign of the 
cmnpltitr polytioiniul uill 1 m- that of the fii^at term. 

Moivovi-r, not only will flu* iinlyiioinial remain of one fixed sign 
for all values nf.<- greaf.-r Ihitii aeerlain value, hut its modulus will 
also iiicreiiae lieyiuul all limit ; for, hy siiiiihir reasoning, wo can 
prove that. eveeeds njv /Wee the Mini of the remaining terms, 
and thereliiif* ihut flu* valm* nf fin* pidyunuiial (;erlaiuly lies be¬ 
tween hi,,>r" .'unl Jo,,./"; hiil i-aeh nf tluwe e.xiiroKaioim increases 
indefiiiili-ly in I he s.iiiie m-iim*, mid tlieritfon* the pol3’noinial in¬ 
creases likewiM*. ll\ lealisiiig that if « is oven .b’* ia positive what¬ 
ever the sign nf ./■.and I hat it « i.s ndilis poaitivo nr negative 
according aa .c is pnaiiii e nr negat ive, we see t liat, if 71 is even, for 
largo poaitive ami negative values «if;<: the limtition ia largo and of 
the Hiime .sign as the first eneffieieiit and that if n ia odd, the 
function is hng<* lor l.irg*’ valiK-s of./! ami of oppoaito aigna according 
asia jiosilive or negative. 

'I'lie rnmlmiieiital •piestion.H of eimtiunitj', ditfcivntiabilitj^ and 
intograhility are easily disposed nf: 

If;//, and I/,, are the values of the polynomial con’caponding to 
the, two values and .i\ of .»•, we liave 


yi-//,,*!■... -I- it„\~(n„xl'+... + «„) 

= U. 11 *'-," - .r.;*) h ... +a, (.r, - .-<•«) 

= ( X, - .fj) I r;„ > •+ Vh -I- ... + .'I’a'*"') 

t (.iV--H-... + -h ... H-ffi]. 

The expression in the aipiare hinoket i.s ovidontly hounded in 
magnitude (if ,i-, mnl x, are hoiiiidod) and hence as Xa-^coi the 
right-hand aide tends to -/.ero, i.e. aa a Hetpumco for wq tends to 
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the corresponding MU(|nonco for toiuls to y ^; or f/ie function y is 
continuous for ull valiiCH a-, of a\ 

The increinonfcary riiiio 

(3/1 ~y2)/(®i-*’■-) 

= «ii +... + a-a *“^) + ««-i (*>”■“ + ■.. + ■<••"“0 + ... + a, 
itself is a continuona function of a;^ wliicli tond.s to the limiting 
value + ('«■- +«i -'a fi'iids f,o x,, i c, the 

original polynomial is dijj'crentialile foi- all valima of j:, anil its 
differential cooffioiont is 

no,,®""' + (h - + di. 

The integruhility of the polynomial follow.s iminoiliatoly from the 
theorem and corollaries of pp. i.'td—loT above. We, have 
(•6 

(«„.«" + +... + (Ji® + f/o) diO 

J a 

exists and ocpuils 

rb fb rb rb 

Oft ®”da! +«,i_i I a'"“'<A'c + ... + </i I .xf/ir + «o( 

J a J (t J It JII 

j'ff 

Once the separate integrals I etc. ai'e known the iiilii-gral of 

a 

the polynomial is known, 

126. Let us unw uxiuuiiio the ilifliirciitiiil eiHSlli'iniil. 

Wo nuticQ that it is itself a polynuniiul in x of Ihe {n ~ 1 )tli ili;|'i'ei>. 11 may be 
positive or negativo for all viiIihm of x, or it. may bo jiusil.iw! fur sonus iinii 
negative for other viiluos of ./■. In virtue of tliu inovoil ooiitimiit.y of any iioly- 
noiriial and of tlio fniiduiuuiitiil proiwrty of eontimioii.s fum;tion.s*, tlie value.s 
(if any) of x fur wliidi it is po.sitive must Ini Hoparaleil from tliose for wliioli it 
is negative by vuIiuih fur wliiuli it is zeni. 

Now there is an eleinontary iiroposition in tlie tlioory of etpiation.s to tlic 
effect that an equation of the mth degree caiiiiot have nioru than m roots (iitileNS 
it is an identity) t. 

Applying this thaorom to our dilfuii'iitiiil WNsIlieient, wn seo tliat it caiiiiot 
vanish for more than n-1 values of x (unless it is iduiitieiilly /.ero for nil values 
of which can only happen if the “iKilyiiiuuial" roducos to tlm constant an) 
and thence that it eanuot change .sign moni blnui a - 1 times; or there are at 
most n ranges hi each of whicli the diUhrential eoetlieieiit is of constant sign, 
separated by points at which it vanislies. 

• Hoe p. 140 and Ms, H, p. Ifil above, 
i' 6ee Ex, 4, p. 101 uiqiusitu. 
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Now, in rnnws wln-i’i! tlin iliilViviifm) incllirii.i.i- .,f r ,■ . 

fmictimi IM iiicivii.siiif'. mol wliorn ii.-fj.tfiv,-, iWro.whi.r hIT 

«.«S'”!’" ....■••■I ”“1" " ■”r‘ 

Htrotcln-'H in f.O'li 'if wliicli it. riiiis(juitlv incrciooH ni- r 1 ” 

points wliot.- tlin „ra,.l. is st...ti..n.-.ry. ' ^ by 

It nniy li.'Htiion tlint tin* yiviiih „„fc ]„... . 

.01,(1 it may liaii|o‘n limt llo, .lim-r.-ntial <'-«i>licnMil niay v.iuish foTmr 

of r ntliiT than tim I i.n.in,; tins point, tlio giviph S 

I,lit WO kihtov Unit It. iMiniMi h.ivo i,i„|.,. Hi,,,, ,, .,,,,.1, , •’ I " ^ 

.... 

tl„) iiomts wl.oiv tho .1,(1,.,„1 v.oni,sl,c.s. More tlion tlo^» 

IKirfciciilar imh uMfiiwiI oi Lne 

11,0 iiolynoniial is not. in general, mom,I.,,no; h„t. sin,,,, it^ 
,id,l,t., 1 ,1.1,1 siihMvntn... ot ..........oo ovliioh ore sovomUy nionotono (ovox! 

press,), In OS tin, .i.llnrei...,. ..f ,w., m„uot.,n„ f,.no(ion«). it f.jio,,, tilt IL 
polyiiomml is Iv ,.,s,.,v>sil.i., „s ,1.., ,lilli.,.onre of two nonsIccreLS^ 

fiii,ctifni.s, 1.0. is ,</ liKiufiJ „„y |,„i„i,||.,l tongo (p l‘j8) ^ 

Wo have MOW ,s....n llmf p,|y„...nial, 

rospocls l.ko ll„. s,n.,,|,. |,„,i,i,„nso.i.. „tc. Thoy aro thesirnplost 
clatis ol liitK.'tifiii i.',,nM,lt‘r, i| m itiinlv.sm, 

KXAMl'l.KS XIV. 

JniJ'lIinK 1 . tniirkiug tUo 

3 Troon tin. .. .,04.8,-^.iV.-rify Iron, lirst principlre that this 

fiiiKition m.’itiiln,noil-.1,1 ,liilorenfi.il.|,.. Uivnn Mint 

fh , 

j X.6-. j'\cl.v=i-a, 

liiirt thn iiiro onoIoMsl l.,.lw,sn, »t,.. tin, .win, ,u„l tl,o two oisliimtcH 

L) JffssiS, 

ooM ")■ -I - Hinl its Uioxiiniim valiio,ind thoarea 

CllcluhUfl itl tin* li]u|j uliiiVf* f||n ,r n\i,n, 

4 , PrevtJ thot on niiiiiil i>,n ..f tin- «.th ,l.,gia>.. oonnot have more than «i roots. 

,[ .....4.,/.,. (I, .,,1,1,1 hiivt, more than wroots, a,, 

ofce., thorolaln.ns Hv. are all .satisliod; therefore 

<^,..o>'' 4 .(n,,..,-4-... 4-,,.,)^ m + 

wlin!h =-..(j, I lM,lyi,„niiaI of degree m- 1 . If „» bo 

sii stitntf-d fur .,• in /% ,, thi* resnli. is ■<„«,, f„r with this Hulstitution is 
reiKlored sore ai„I '|•I„!rer,lro as l„tf„re „ ) p 

bniiig a polyin.mial of ,l,.gre„ «i -j j s„ that 
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And so on, Thus 7',,,= (.w-ni) «a)—(•'’”<'.») wIh-jt /’„ is a ofiiiHtant 

(i'o=«m)' Itisnow ovideiit Ohat V ,„ciiiiiiot In- »-i'ofin-luiy Vidm; tif(t-.g. n„,+,) 
diftferent from tho jji vnlues uiiIcnb J’,, (and tlnn-ofiin-akn 7*,,,) is itself 

idontioally sero foi- all valui's of .c.] 

5. Prove that any equation of odd degi-ei! (.r)=(l iiei;f.sH.'«’ily hn,s at least 
ouo real root and that any equation of nvwi ilcgree, will iieeuftHarily have at 
least two real roots if the eiicllu.-iimfc of the term of highest degniu and the 
constant term in (.«) are of oiqittsito signs. 

6 . Provo that a jiolynomial is neenssirily of Isiuiided vat-ialion ovi-r any 
bounded range. 

*7. Express tho polynniuials of Kxs. 1, 3 as sums of niriiiotone frnietiona, 

(i) applicable to a raugo including only- positive values of ,v, (ii) applicable to 
any bounded range. 

8 . Prove that any Liunnded fruictinn wlni.se grapli con.-iists of a (Unite) 
number of monotmu! stretches is of liouiidvd variation over any liiuuidcd range. 

9. Prove tluit any function whicli is of bounded variation over a range is 
integrablo over tbat range, 

§ 3. IUtIONAI. l••lJ^■<!T10N,S 

127. Polyiiomidls ans tho Kinn)li‘.Ht kind of i,Iu‘ I.-vrgoi- oliisa of 
fiinotions known ns nttioHal fnnetiom. 

Briefly, a rntioiuil fuiu-.tiou of the i-oal variahlo x is any f!.\iircsHion 
in X in which tho only .signs of operation oiiiployotl on ,r .-vro thnac 
of addition, subbraction, uinltipUeation, and ilivisioii. 'I'lio tionstants 
which occur need not bu rational nmubors. 

' Thus (3® H- 2)1{!}X’ - 4) + l/.r - ».■> nud (V2 . ;<■ — + 3) are 

rational functions of x, wliile log„a;, 2*, sin x, (fx, - 2x - 3), 
and the sum of such an inlinito .si!rii!.s ns 1 + + ... are 

iia-ational. 

It may happen e.YCoptionnlly that a fuuetion dotiiied in irratiuiinl form is in 
fact a rational function. Thus tho sum of the infmihi sin-ies 
H-,r+®'+...(-l <,i'<l) 

is tho rational function ~. 

Like a polynomial, a rational function is defined procisoly by 
means of tho elementary arithmetical opcr[ttion.s, and its value is 
a rational number for all rational valnc.s of x if the coidficiontH are 
rational,—with tho iiossible exception of isolated values of x where 
any denominator ie zero. 

We will now consider tho natimi of the graphs of ouo or two of 
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tlic simpler ratioiiiil tmictiioiis (ollioi' tliuu. polynomials) and observe 
the resoviiblaneoH and dittVuvnnes befcw(‘c;n such functions and poly- 
noiniiils- 

128. The function. I/x. Consulcr tho function y — ljk. 

If wo try to plot tlui point s of tho graph corresponding to different 
values of ai wo find that t his can ho done without difficulty except 
for one value,~ 0. IF we .sidwtituho « = () in 1/® wo get 1/0, which 
is nu'iU\iiigleHs. Wo e.'iiinot divide; 1 by 0. In fact the jximetion is 
not defined for this value <if .r. 

We nriticu;, lniwoviu', that. ni> nmttcr how small we take ® (not 
actually zero) there i.s a perfectly definite correapondiug value of 
y, aud tlic eorrespntiding point tni the graph can be plotted. Con¬ 
fining onrselvi-s for (he uioinent U) positive values of we get in 
fact a .suceessioii ul‘ greater stud greater values of y corresponding 
to smullm’ and .smaller values of a?; moreover these values of y 
iuci'case heyond all limit ns x Is maile l,o decrease indefinitely: 
coiTesponding to any positive. Ktspuruce of values for x having 0 as 
limit, the seipionee of values of y is uubmnulerl and not convergent. 
W(j say tlu‘ funetion is iinhuttmled (:diove) in tho neighbourhood of 
, 1 ; = 0. It is also iml nintinuim.s on the right at ® = 0, independently 
of the fact that the funetion is not clefiued at that point. Similarly 
if we consider tiegativo. values tif.«(.ending (.n /.evo, tho corresponding 
valuu.s of If disjrease beyond all limit, and (he function is unbounded 
below and iio(, eonlinnoiis on the left. 

In other I'sseidial reHpi*c(.s thi.s fanetion behaves like a poly- 
utsnial. If .r (I, y is contlnuuus at a:, for 

l/(.r + /0---l/a;.-=~/t/l,-,;(.r + /i)]. 

and thereftu-e ->- d eorrespuiitling to any se.quonct‘. lor h which 
bends to 0. 

If y i» dijfenuUiubli; and J)y = - 1 j.#, for tho inerementary 

ratio = ! f ! , - which clearly, tends to - l/«“. 

a \ai -i- li ii-J X {'X •{■ k) 

7h/ = -l/.i.“<0 for all values of .»• (eseepli ,•« = ()); aud, ivs is aeeu 
indcpeiuhtuMy, y decreases steadily for all negative values of® and 
for ull pu.sltivi' values of x. A-s x hieiv’aso.s ]iosi(;ivoly y steadily de¬ 
creases and kx 0 us x; aial if x is negative and docreosoB 
indefinitely, y is negative, ineisswt's anti 0. 

11—2 
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The function is also intufiniMe ovei- iiny riitigu (a, b), where u 
and b are both positive or both negative; for in any siiuh i-atige 
y is continuous and monotone and the proof of the integrability 
of ai“ above will apply. 'I'hc function is not intetjrablo in any range 
whiah includes theimint ofdisetmtimnUjx^^i). 

The evaluation of the integral is postponed 
to the next chapter*. There are no maxima 
or minima. The graph is as drawn in Fig. 12. 

It is a rectangular hyperhiila. 

Similarly the graph.s of the fiimitiouH 
!/(«—1) and 11(a)+ 2) are al.so roetangnlar 
hypei'bolas. They have points of iulinite 
discontinuity (similar to that of tlm graph 
y^ljso nt ® = 0) at the points .«=! and 
a)= — 2 respectively. 

129. The function 1) (x-2)]. A .slightly more com¬ 

plicated rational function is 

!/[(«>-!)(•«-2)]. 

This function i.s nridohned for two vidiics ni’.r, viz. .•«= I and in =2 ; 
these are both points of infinite discsmtiniiity of the .sanu! type as 
that in the case of y= !/.'«. 

The function is continuoii.s at all other poinls, for the dilfei-ence 

!/[(« + A -1) ( 0 ) + k- 2)] - ll[(a) - 1) (a- - 2)] 

_af‘~iia}+2—(x+ h )'■* + U (./; + h )2 

" (7+h~\j{ar+k -i)(w -1) ii) 

_ h(-2.v-~Ji,-\-n) 

(« + A -1 + 'h- 2) Or -!) (»;2) ’ 

and the fraction last written is hixs than some fi: 4 ed niiuduT, /vTsay, 
no matter how small h bo taken; the difference therefore -*■ 0 if A 
takes on a sequence of valucsa which 0. 

The function is also ditforentiablc at all .such points, for the in¬ 
crementary ratio 

H_:l,. _j , 1 

AL(a!-l-/i-l)(«;-pA-2) («;-l)(w-2) 

_ _ —'ix — h d 

“ (® i) (x + A, - 2) (a- - 1) (a 2) ’ 

* See also Ex. 6, p. IBO Ueluw. 



I'iK. 12 . 





....... .. u ..u any mug. (a, h) which avoids the 

points ot disctiiitiimif.y. 

Tho ffriipli is (liuwii in Fijf. i;j. 

130. Properties of rational functions In general. These two 
exaiiiiil.-H will siilhoi; lo show Ui.t chiof rosemlihinccs mid differences 
hotwoen polynomials ami rational fiinetioiiH which are not poly- 
noimals. ho osst.i.tinl point to notice is that while polynomials 
are delimsl. conliviions, ami .liflen-ntiablo for all values of « and 
hoiimletl ami intonral.l,- In any houmled range for vs, other rational 
functions may const! to lio cuntinmm.s. tliftbrentiable, or defined for 
arnne values of;(;,or bonmloil or ijilograble in .some bounded ranges 

A ratiomvl fnmilion omi always bo oxpivssed as the uuotient of 
tm, polynomials. .s,iy /•„,(.r),U(.0. whore />,„(..) mid are 
polynomials ol ilogro(..s m ami « rospoctivoly. Hi can be shewn that 
the numhor of p„nii,s of tliscoulinuity of the function will not 
exceed u. 'I'lio poi„iM aro in fact given by tho roots of tlie equation 
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of the nth degree (2,i(a;)=0. The fiiiictioii is cniitiimrnis, differ¬ 
entiable and integrable thrnugliout all mnges exeinding these 
points, and it is monotone in Htretches. 

Rational fiinotioiw are easily seen tn be of boiiiiilwl variatinii over any range 
(«, 6) which iiicluflea no jioint of diKcoiitinnity, either interior to the range or 
at either end {n or b). (See Ex. H lielow.) 

Non-rntional functions may have other la^cnliarities. '[‘1ms a>ifl log,):, 
though monotone, cmitinuona, ditfcmiitiablo, integrable and bnnnded for all 
bounded positive values of .r, are imdclincd ftir all negative valni.'H of,?; (and in 
tlio COSO of log« also for .f"0). 


EXAMPLES XV. 

1. Draw the graphs of 
\l{te+Z), !el(x-l), (.r2-;U’+2)/(.r+l), and 
Find in eaeh ease tho turning xioints (if any). 

3. Draw tiio gi’apha of 1/(1 ±a:), 1/(1 ±a;)“. 

ri j 

3. Prove that tho delini to integral j -//»> any nnuiber A', however gmtt, 
if X' is Hufficiontly small (and poaibivu). 

4. Sketch tho graphs of 1/x'^ and l/a-* mid iirovo from the principles of 
sectien 1 above that 

JaX^ U h J„X^ \u^ biJI ’ 
where a and b are butli positive or iiotli negative. 

B. Provo from tho principles of Hcctinii 1 that 

rill 

»log. (ft/'*). 


/: 




where a and b are both po.sitivo or both negative. 

[Use the "fiindainontal inetpiality” of p. 110 above.] 

0. Provo tliot tho uuniber of points of di.soontinuity of tlie I'unotion 
whei'C P,„(a') and (l/„(.'r) are polynomials of degiues ui and u 
respectively, eannut exceed n. 

7. Given that tho ditforontial coofticioiit of the rational fiinotion 

/(«) = P,„(,',;)/g„(.r) is {.r)/[f^„(.T)?, 

where Pm{x), §«(.«), A„n,„_,(a:) are polynoinials of degnii:s »(, 
respectively, prove that, if the points of discontinuity be disrogawied, the graph 
6f/(a)) consists of at most m+n stretches in each of wliidi/(.r) is monotone. 

8. Prove (i) from Ex. 7 and tho definition of p. 138, and (ii) from E.xs, 14— 
16, pp. 162—163, that a rational function is of bouiided variation in any interval 
excluding tho points of discontinuity. 

9. Show that tho graph of tho function log(.'i;“—1) eoitsists of two separate 
inhnito brauohos and that thorn is a strip of tho coordinate jilane (between tlio 
two linos «•=> -1, a'=;l) whore there is no point of tlie gvapli, Trace also the 
graph of the funotion log (1 - 
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!5 4. FuN'CTIONS DEPlNEn «Y 1-OWEE SERIES 

131. Functions defined by convergent sequences and series 
of functions. In Glmptcr i ivc dofinorl mnnber.s by means of co^ 
yorgeut, s-pu-nces and .snno.s of numbors-arul, in particular 
irrational iminbrrs liy so-ineiic-os and series of rational numbers’ 
In d.o ,san„. way wy oan d,.n,u.i,,y 

of uuo,t.on,s- an.l, m particular, irrational functions by secpienccs 
and .senes of rat ional Innct.ons nr ev.-n simple polynomials. A series 
whose terms are funel.ion.s of a real variable, a- may be convergent for 
certain ranges of values of av-thiis the series 1 - + + 

whose t(,!riiis aiv simple powers of* with alternating signs is con’ 
vergenb for all values of* lietw.-eii -1 and 1,-and the sum of the 
senes will in general depend on an.l bo in fixet a function of 
VIS. 1/(1 +.<•). There i.s imly one obvious point of difficulty If the 
scri<‘s IS eein ergenl, .mly for a n-stricted range of values of * the 
function IS thus dellned only for valne.s of* in that range. The’reis 
hawmvr noMiing Ingieally .surprising or new about the idea of a 
function deiined only for u r..«(.rj,.t.od range of valuo.s of the variable. 
For oxamjile, log./; is deiined only for positive real values of*. In 
such a case then we .shall content ourselves with the restricted 
dciinitioii. 

The ..xtensiOM of M.e rsiiKe „{ .leliniti,,,, „f functions is in fact i/ossiblo 
in sniiK) ctisc.'i, lint, lies oulsiiln Hi,. of this cour.Mis. 

132, Approximation by sequonces of polynomials. We can 
approach thi.s .imtstion from a different jinint of view. Wc can 
endeavour to approxiiiiale io a given function which is not a 
polyiioiniul by means of a .set ul‘polynoniialH. It is evident a piioii 
that such ii function as 1/(1 +*) has properties not po.ssessed by 
any polynomial wli.-ilsoever, and therefore cannot be accurately re¬ 
presented as saeb. .Jii.sh ii.s it i.s po.ssible however to find rational 
.•ipiiro.viiiiations |o irniliinial numbers, it may here be possible to 
find pelynomial iiiiprnriintiUona. 

Let ns eiinsider the rational fuiictinu 1/(1 +*). 

liy dividing out, wi> obtain, a.s .Muofo.ssive nuotiont.s, the poly- 
nemials 1, 1 I —./■ .f 

Drawing llie graph.s (f/,, fl,, I'lc.) of tlu'.s(‘ suceessivo polynomials,, 
as woll as that (ff) of ibe nil.i..nal function itself (see Fig. 14), we 
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see that the sueemivo piilyimmials tovui hottiT and litd.d'r a|>|>v(»xi- 
mations to the mtioniil function \vithin flu- limit,erl range — 1 <;»■< ], 



Outside this rang*!, however, tlic iiolyiiemiiilH seem (n hav*‘ no 
connection with tho rational function. 

In this case wo know already that for any valu(> nf x bcitww-u 
— 1 and 1 tho sorios 1 — .T-t-a;'' —... i.s convtfrgent and law 1/(1 +;>;) 
as its sum. This is clearly only another way of slating t hat the 
sequence of polynomials 1, 1-*, I -.« + .'o'J, ... givi-s indofmitisly 
close approximations to the rational fimctioii in the rang*- -1 <m< 1. 
It is in fact evident that the repveaentvtioit of (l function hy the euin 
of a convmjent infinite series of poivers of x is equivalent to the 
indefinitely close approximation to the function by means of a 
sequence of polynomials of this type*. 

133. Binomial theorem for negative integral index. Other 

* I.e. aaequonoe olpolynomiald at BtoiuUly IncroftBinn dasrue, nay I*,(.t), ; 

whare any polynomial ditlers from tlui procrdiiig oiin only by tho (poHHiblo) addition 
of a single power of a (i.e, I'„ wlimi «„ ih a eonetant), 'Dio 

problem of tho approximation, to a funatjoii by HoqueiicoH of jiolyuoinialn in ^unorul 
liea (luito beyond tho eoope of this oourso. 
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known lufcif'iiiil liuict,i«iis miiy bo discusstul similarly, A particularly 
interostiuj? set ol ,sm;li rational fuiieti(jii.s aru tlio inverse powers of 
1 +a;, (.lie eorri'HpoiHliiiif series being the binomial series. 

We have provml tlial. 

1 .*7 r " ' ~ . f' il' - 1 < a; < 1. 

Dividing tliis inlinil.t; series in the ordinary way by 1 + «, wo obtain 
iis HUeeessive ipiot.ienl s the seiinenee 

I, I ~ 1 ', I — 2 . 1 ; + Ha:", 1 — 5!a,’ + H*-' — 4®®, .... 

It i.s ciisy 1.0 .see by dinsit lunltiplication tliat 

(I - is: + 11®-“ - ... ± Ji®"-') (1 + ®)- = 1 i [(»i +1) .u’l + 

If -1 < .!• < I, (a -h 1) •' '* + 0 as fi 00 *, and therefore 

1 - 2® + - ... ± nx”-' 1/(1 + ®)“; 

i.e. the infiniit* serii-s 1 — 2a'4-H.'K-—... is convergent for —1<®<1 
audits .sum i.s 1/(1 + 

Again in the saute wtiy 

1/(1 + ®)” 1 - •‘i* + j * “ 1 ' 0 ' + • • • *'*'■ -1 < «'■ < 1- 

And .so on. 

By iudne.l'ion hh- ciiii shew in ijeueral tlutt if a is any positive 
inteyrr than 

(1 + .'fr“ Ih J 2 

.(1) 

for — 1 < .r < 1 . 

‘Tlm.s 

+(- 

.,(a +1) ... (w.+ r — 1) 

+ ;.•-(«+ 1)®“- ...-(-1)' .® 




* Hw Ki'(]Ui'iiRv (in, II. ffO atovK. 
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-1 - ™^—.+(-11' “ 

.(2). 

The last term in this cxprcssidn (2) can lie shewn to li'ml to zero 

mr-^oo if- I <*<1. Thus,writing .v^for 

we have | s,/sr_i 1 = | (« + t) .'c/r | < a lunnher 6 Itiss than 1 so soon as 
I + 7i/r < 6l\x\, i.(3. HO .soon sis f > ii l.rl/j^ - |.r|) =a m say; ami 
Buoh a number d cyin b(! cliaseu, between (.r| ainl 1, to make this 
choice of 7n always jiosaible. It will follow that 

Hence, as r = ja + Ji) co, | .s-, 1 0. 

It follows now from (2) that if the seijueuce whose ?ih term is 

i_ „, + ... + (-1). ”+ '> •■; <» + '■ 

is convergent for — 1 < a!< 1 and has (1 lor its unique limit, 

then the sequence who.se 7'bh term ia 

- (ii +1) a- +... + (- I y a''j (1 + /r) 

is also convergent and has the Hame limit.. 

Ml Cit 11 

Hence if the surjos 1 -7ia!+ - x-- ... is eoiivergeiil for 

w • 

— 1 < ® < 1 and has (1 + for its sum, tin* series 
1 - (n 4-1) ffi + y,' 

£i\ 

is also convergunt for - 1 < ®c 1 and has (1 + .b)-''*' <i for it.s simi, 
We have already proved that (1 + ®)”' = 1 — 1® + ■ j — ...; 
2.3 

hence (l+®)~‘-' = l —2.'i; + -~a!S —..., and,in general, the relation 
(1) is true. q.K.l.). 

The student will notice that the sulKstitutiou of — wt say for ii 
m being then a negative integer, given tlio r(;Hult. 

(1 + »)» = 1 + viw + p 1-^ *>' +... for - I < A- < 1, 
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formally idcntiail wit h the binomial thcoroiu for a positive integral 
index (p. 22 abovn), M'hn binomial thennsm is in fact true for all 
real valm-s of the index, but the distinetiou between the case of a 
positive integral imh.'x,—when: the series’* consists of onlym+1 
terms and the expansion is valid for aM values of a:,—and the other 
cases,—wh(.‘rii the series is an infinite series, convergent only for 
values of a; between " I and I,—is essential*. 

134. Power Boriea, l'lx]»ansioiis of tins typi- can be used as a 
inean.s of studying the. known rational functions represented. We 
have in tiict aln'mly, in ol>tainiug the logarithmic series, essentially 
made u.so of the expansion (1 + a;)"* = 1 — in this way. 

The, most fundamental purpo.se of .scsiuencps and .series of functions 
i.s howevi.T to dofiiia iifio fiuwtiouit. Various typos of such sequences 
and .seslies are po.ssibIe, hut se(pienee.s of polynomials and series of 
po.sitive integnd powers are the .simplest and most generally useful. 
In this (joni'.se we .shall cionlhie ouaselvos ontiroly to such series of 
powers,—or jwmtn' ncru'n, 

A power series in a re;d Viiriable .-i; is a sories of tho typo 

(f« + + U3«'“+ «;ir' + ..., 

Avhere the <sietlieieuts ... .are retil nu\abors independent 

of (F, i.u. are real eonslaiits. 

136. Monotony, continuity, etc. It is seen at once that, if the 

coeftieieiils Oo, ..if a ]mwer .series uri’ all of the .sumo sign, 

then, for .all [lositive v.aliie.s of :r, the fmietion defined [is tho sum 
of the series is monotone. 

In this ease, for negative values of./’, tin' function Is not monotone, 
but it can be expressed as the sum of two monotuije fuuctions,—viz. 

y/i = «ii + -1- /I d •..., and - a,./; + + Uaie'' + ..., — 

for those values of./' for whieli the-se two .series are convergent (and 
therefore for liaise values of .»• Ibr whieh tho original power aeries 
is ab.sobiU‘ly (•onvergeiit). 

It follows that the fitiielion .so defined is integrahk over any 
interval (a, /i) wliieh is sneh that the series is ahsolutely convergoiit 
for all value.s of./; lielnngiiig (o the interval (i.e. for 

* Tim uiiMiiH wlii ‘11 ilii‘ imliA in Inattiiinol tiririiaiemil iiru clwlt with in Olmiitoriv, 
^ S bnlow. 
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For, if 6>«$0, thn proof of tho iiitogiubility of Uio I'nuctiou ai\ 
given in section 1 :il)ovo,—which dcjicnds solely on Ihi! 7nnnofc(my 
of the function,—will npply tfi our function; and, if tKb^O, tho 
theorem of p. 156 ahove will apply. Recoursn i,o the fnndainental 
idea of the di'finito integral completes t.lu* proof, for l.hc, case when 

ft < 0 < /». 

Ill this coniioctiim it is easy tu nihi tliat /hr finwtiim ilrUiiri/ hi/ ««// /mmii' 
series is neocssurily nf hnnmled mriiitiiw urrr miy rinii/i' fhrmiifitimf ir/tMi the 
power series is nimhttely eoiiiu'iyeiil. 

For, tlio terms liaving piiaitivo cooilieinnts will fnrm a eonvergeut soriCN* 
and so define a fuiictioii yi say, wiiieli will he iiioiiototie ever auy range in- 
eluding only positive values of a*; mid tho terms having negative uoufiieiont.s 
will form another convergent scries, doliniiig luiotlier fniielion y.,. say, which 
will oko be monotoiio over any .sncli range. Tho finietiiin ilclined hy tho power 
sei'ies equals j/i+ya and therefore is of bomiduil variation (p. i:W) over any 
such range inctuding only positive values of x. 

The completion of the proof,—to ajiply to any houndcil range throughout 
which tlie power series is abselutoly ounvorgeut,—is loft to the student. 

From this jusult wo can deduce, as almve, iJie important result that the 
fiaiction dojined hy any jemir scries is neeessnrily intuf/i'iili/c imir inii/ ranye 
throughout which the power series is iiAsnluidy ivnnryi’iii, 

It can bo proved t that a power series, if eonviirgent for any (nnii-wn’o) values 
of X whatever, is oonvergeut fia* all vahuis within a range (-- /f, /{),■ ■ called the 
rasige of oomergence,—m\i may \w convergent also for one or hoth of tlie 
extreme values, -/f.ainl Ji-, and that, in any case, the series is ahsolutely 
couvorgont for all values of .i; within the range, i.u. for - // < a; < H. The results 
stated are therefore true thinughout auy inUirval wholly iiicluikd within tlm 
range for whicli tlie function is defined. 

It might appear that, jiist ivs the continuity and diftoroiitiiibility 
of the general polynomial follow iinincdiatoly from the same pro¬ 
perties of the simple powers, these properties will follow at once 
for the sums of power aorios in geiienil. It is us a luattor of fact 
true that these properties hold in geneml for power .si;rie.s, but tho 
following considerations will .shew that they are not immodiutoly 
evident. 

If + ... is any convergent aurios of fuu(jtiou.s, having 

the properties of continnity, etc., wo have that the sum funotion 

fiw) = [«i («) -h (a:) +... + w» (a')] + (.r) + ...] 

= Sn (as) -f- iij,i (w) say. 

* See p. 78 above. 


f Sue Ex. Ill, p. li)4 below. 
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WbUR!B iit-il.U'il III ;irgiu,- t.hat il'l-huHeparaliu functions «,(«), Utijx ),... 
aro contirvuouH mid (lifi'.-rc-nliitUlci. thou s„(,, ) is also continuous and 
diffoivntiMblo, and, I.luil, fcho dillmnitiiil coefficient of s^ix) is 
the BHiii Ilf the dill'i-n-iitial l•ln;ttiei^■uts of t,he sepiirate functions 
IJui all wi- .i1.vion.sly know ahoul, 7 J,.(/b) is that it 
0 as n n . 11 is coiic iviililo t hat A'„ (a;) may ho a function like 
(.sin«*)/«*■ 'I'his tiiiiofioii —>-l) sm for all valuoa of at, is 

rlittVivntiahlo ami Ihiu ii.rhi ■ - oosaii:; hut this diffomitial coefficient 
coMJia- does iio|, toiiil ( o 0 as tix., iior in fact does it tend to any. 
uniiiue limit. In this case it would he clearly nnjn.stifiablc to 
assnnie either that tlie iidinile .scries of dilfen iitial coefficients 
+ is coiiveiffeiit, or that l.ho function f{m) is 
differential do. or f hat (he sutii of llio serie.s of differential coefficients 
equals the differential eoellieieut of the sum function/(«;). 

A closer exaiiiiiiiUiou of ( he properties of sach serie.s is needed. 
This will ho hest earried mh. direelly when needed in dealing with 
special funetioiis. 


136. The aerioa 1+x + x*.2! + xV3! +.... As an illiwtration 
of hew power series may l«‘ 'ts>'d to deliiie and discuss functions, 
let us ciui.sider ( he ,seri< s 

I (-.0 I .f '/2! +.(3). 

which we have fonml ((Hiapti'r to Im eonvergent for all values 
oficaiid lo have for its sniu the exjioiieutiiil function e*. Ignoring 
for the moment (h.U (ho sum of (his .series is the known function 
e*. let us call (-he .sum of (11) /4'(.r)f. 

We. have 

/4’(.c I A)--.- 1 (- A.) + (./- + A)V2!+ ... 

i-- 1 +■ (.0 A) + \ + xk + H-.(4). 

Now A' f.o) = 1 -h J.‘ + ! + ... 

and I* (A 1 = 1 + A + A“/2 

and these series are l«*t,h ahsolutely wuivergeiitj for all values of 

III and A. 

* U*lii! Mi'i’ii'H ill tlii’i cii'i'' i.voii(‘( iMil «t BO»ir,-i|i 111 ) a imivtr rerUiH, 

)■ Till! i(iiwl |tiunf lliiil ( IJ I* I'Kiivcrumit lor nil vnliim ut .r jh iiaBy,—hy npplion- 
Ktm of tliii niKo trsl" (i*. so nlmvc) iir mIIiui'wiw. 

I Hco Clmplcr i, K 7, p. 77 eUi. nlmvc. 
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Theroiore the twf) suiios may In- “inultiiilied”* and we have 

E {«). ^ (/i) = 1 + (a; + A) + ! + ■>h + !) +.(5). 

The typical tenns of (4) and (5) are identical, beinp; liofch equal to 
®"/m1 + -1)! + - 2)! + ... + /(,’Vji !. 

That is, the two seuii’s (4) and (5) are identical and wo have the 
addition tJieorem for the exponential fiinetion 

E{!r. + li)^E(x). E(h) .((J). 

From tliis relation wo ean at oni;e iletliujo that, since liio sum of the 
series 1 +1 + 1/2! + 1/H! + ... i.s the nnniher fif, so that e = A'(l), 
therefore E(a:) = e® for all positive, inti-gral values of a-, boeauHO 
E (tc) =7)? (1 + 1 + ... +11, 
there being « l‘s in the bracket, 

= E(1):E(1)...E(1). 

there being ai faotor.s ii’(l), 

=.17^(1)}' 

= e®. 


The same is true if x is any positive rational nniiiber,y?/fy say, for 

[/4’ (p/(j)]'J = E </J = E(p) f", 

and therefore = (i.K D. 

If ® is any positive rational immbcr, 

E (®). E (- a;) = E{x- x) = E (0) = I, 
whence E{—x) = ljE{x)=e~^, and the identity of the function 
E{x) with the exponential function e® litr all rational values t»f a;, 
positive and negative, is established. 

The identity holds for all real values of ffij. 

The continuity, etc., of the function E (») may be deduced from 
the addition theorem, thus; 

The inereinentary ratio 


= [F? (a; + h) - E (,'i;)]//t 


= E{x) 


EQC)-1 

' h ' 


* Soo p. SO abovo. 

3; Sao Ex. 4, p. 176 oppoaitu. 


f Hoc p. 7!) nbovu. 
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Now ili{h) - l\ih = (1 + /, + /tY2! + ... 

= I+///2!+/,y3!+.._ 

-*-l as/i^O* 

to (1„. U„. 1«. ^ 

Iras Ihaii j -—j if i < :t. Il..|ia,. i|„. 

iiml tin; fuiifliiiTi is <liiyf n iit..ial,|,. ;,||i| (.).) 

Thf cfiHimiity is imiilii,,] i„ (J,,. .liflnroiitiability ' 

Tflr, i,lf,..,t,«l.i[i,,y ilrllrriv., ... ^ 

ostiiblislicil irtuii llif I'ljnutuin ((i). ^ 

TIui. wo lllivr. ... Jl,, 

iJl 111 .' .'Ssr'iiliril |,i,.|.,.i li,a „r ||„. f,I,^ 

m Oonoral power sorloa. It is „f 

that. U»' .l..(.„„l l,j. „H 

(liHCiiissoil !us Ml.' v.'iy s{..'.',ial .•x|i..iu!niifil rnuetioii. 

With Uio .•.\c'c|iiii.u til thf |ti'ii]ii.>rlic.s pnivocl uu pj, _1172 

abovi. uiul iui.itt...r i.n.p.Tty „r ,..,^ 0 ,. auHuH, which will 

h. ' rrovoil n, 5,11. nil. ..,.,2 |,.il..w, wi* all ,li„cn8sion of 
gfiioral imw.T svn-s. h. Mi.- i.-xl iw.. K,.d,i.„,s w,. shdl diacusa in 

»')*•; "'‘f;"" -<■ 'l‘>* *'»u-tio„s dolineil by certain important 
power si-nes ..1 0 lyp.- ivs..|„l,liuj;r the ..s).on.‘uUal aeries. 

ICX.\.Mri.KS XVJ. 

1. IhVHV tilt! Kiv.plis tif i 1 j.., )- a ;„„l ,.f t|„, j _ oto. 

(.ii'iiitel fi'm.i tli.i r.'iv len,,.; „r Hio t.x].iuiHii.ii. i,?,ii,n),i„, tlm valuaa of the 
rmidioiw iiiiiisiilcn-il I’.n-.f. tS. fl. +-01; anil ror..'=+2. 

a. Iiriiwlli.'Kr.iii)ii,,.fi,,y.|..j'.„,„| Uxpandl/(.i!+ 2 ) 

wilin'*I’-'T whiit valmiK of a; ia tlio ospansion 

«. Ijw 111.' Iiitii.ioiid th.siiian h..'valiiiito (O0/lOl)i»correct 

1.. tlirc! .I.'ci)ii,'il pliu’i'-i. 

4. 1‘i'i.v.! that, it'll is any r.'al nmiilH'r, A’(o)-iti*. 

fliiit II- •y'.ffi.Ar iitiij .V ln'iii),' l■Hlil>lllll. Till'll (.'••=((!*|(!!')by(JlHiptorn, §1 
'«(A'(.r)j /i’f/zjj l,y ti„, raiii.iiul rimis j.itivisl in Um Uixt, ■=A'(a) by the aamo 
kin.l ..r..rKuii..'iit by wlii. li il„. r„r,|, »l,„i,(.:.ifiV) isaDiiiUikimliiiiiflauBilimtioii 

i. Clililii){ ir Wiis i'.'.(alilin|ifsl ill ('Imjilritr jj.] 

Hrf fmiliiiilM, ji. l.'iH hIhivc. 
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6. Prove directly from tliu sorinH for Ii{x) iiiid A'( - x) tlwi, A'(j;) A'( - - x)* i. 

6. Prove directly frmu the Huries luul Kx. n tliut tlio fiinutimi AV.r) is 
monotonoly inereasiiiu for iill viiluiis of .it. 

1.3 1 . . 5 ^ 

7. Shew tlmt tlio Horieti 1+^x4--—y-H-|.jf'+... in oimvergeiit for 

- 1 < .v< 1, aud tliat its .sum = (I -ar'j'i. 

8. Deduce from Ex. 7 thiit 


1-ix- 


2.4 


1.3 
2.4.(i 


(f'- ... — (1 - 


f<ir-l<;a)<l. 

9. PiDvn tliftt if ill liny iiownr .serios tho orror (or “luiiiiuiiilor"; .■ifl.cr u tornm 

< Kx" uuiuoriailly, wliei-o A' ia a fixed eoimtaiit, iiideiieiido.iit of .cand 
», then the fiiiietioii deliiied hy tho powBr KorioH in eoiitinnoiiH for all viilue.s of 
se nnmcrienlly lc.s.s than 1. 

[If the function is /(.f), the differeneo 

/(a+A) -/(a)=ii„(*+A)-*,d.p) + /(„(a+A) - A*„(.r), 
whoi’Q denotes the niim of the first n toriiiH. 

Then ] lU (.«+A) - (.»01 < A* | a+A |» + A' ] a j" < 2 A’d», 

where S ie some muiiher hotweun |a( and I and lll•t^veI•n |.* + Al and 1, |a.f-A( 
being supposed <1, ThiB-^Q iw m can ho uhoKi'ii suHicioiitly great 

to make |/(„(«+A)-A„(ii’)l na Niiiivll iw we pleiiM!. M'hen this fo done, tho 
diflbronee «ft(x+A)-ii„(a!)-4'0 tw A-.-0, liewiuso «„(*) in a continuon.s poly¬ 
nomial.] 

10. Prove that if tho uooflicimits of tlio power Moriun f/,i’|- 0 |.ri' «..x''-p,.. lu’c 
hounded, i.u. |ff„|<A for all values of n, the Nei ii(.s i.s idiHolut,ely oouvnrgent 
for 1 jt|< 1 and that tho function doliiicd by the .sum of the serie.s is ditfri'entiiihle 
for 1«|<1. 

[With tho notation of Ex. 9, tho iuurciiiuiitary ratio of/(;»!) is tlio sum of the 
incromontai'y ratios of iS'„(.'C) aud AnW- Argue, ahout tlie.se. soparatidy.] 


§ 5. The tkiuonometkioal i'UN(;tion.s* 


138. The functions C |x) and S (x) defined by the series 


- A ^ 

Consider tho two .series 


and X — - -I-' ■ — 
31^5! 


. iS’ 

X* 

a'" 


2l'^4i 

6i+ . 

.(1). 


le* 

a? 


‘^-wrsr 

71 '■. 

.(2). 


Those series have thoiv terms altcmntoly luisitivi! lunl negative; 

• The definitione and main resultB of this Bcoiiiun are appliciililo uIho if .i; is any 
complex number. See Appendix, 





g§4, 51 THB TIUHONOMK-miCAIi IfUNCTIONS 477 

from ami iiftor llm jVlh U'nn, whore N' is the integer next greater 
than id® I + 1 ). t^Tiiis of h„i.h .s..Tii‘H certtiinly steadily decrease 
in modulus ami they tend to zoro, whatever real number as may be. 

The serm arc thereftire mnvt'rr/eni md their mms define fwnotiuna 
of X far all real wf/iaw nfx. 

Wo will denote these funetiiuis by f/(ic) and »(«) respectively. 
Wo have 1, (P)-'~ h, and, to two places of decimals, 


(1 (1)I “ 21 .j.;”'' 


=3 'n't. 


•42, 


6’(-l)=.-54, 

2” 




. = ■91. 


0(2)=l“2; + .t!“-"=" 

Other values may be obtained. 

0(.'b) is an emi ftiiu'i itui,—i.e. f'(-.r) = 6'(ir); and S(x) is odd, 
—i.e, ,S(.. “<1.01 


139. The addition thooroms. Let n.s try to csbuhlish addition 
{/iflorffi/os',—-expressing ('t.e -f//) and (.» + //) in terms of (?(*■), 
Giy), and .s'ty). 

We .shall lind Uiai, not otdy do these func.tioiis possess addition 
thwtreniH of t his kind, luit also the tlieorenis thoiuHelvoH will give 
us very valimlile infoiiuatiou !d««it tin* fnnetiuHH. 

The .series (1) and (2) an* not only eouvergent for all values of 
is;~they are iihinliitfly tuHrer^ml*. 

Fur, argidiig fr<uu Hmt prineiples. if the te.rius of the series (1), 
for example, he rejdiieed by their tuodiiH, the terms fi-om the Mh 
omvanls, N l»eing the integer iie.\t gre;it/er than i (|a:| +1), are less 
than (or e(|Ttal to) 


where. 


('2W-2):’ 


(2*V- *2); 




. fit 

(•2W-2)‘. ' 



These are the terms of a eoiivergent geutnt'-lrical iirogrossioji, of 
comunm ratio (I, and the snin of any numlutr of them 


< 


j;.V-3 1 

(2iY 2): 1 -■&' 


• Sun jj, 7? iilutve. 


WMA 


13 
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aii. ni 


Hence the auin of any number of terms of the scrioH (1) na modified 
is bounded,—being less than tlie fixed luiinbur 


1 + ^1 + 


+ To 


(2iV-4)!^(2iV-2)! l-O' 

The modified aeries of positive torins ia therefore convergent and 
the original series (1) ia absolutely convergent for nil vnluoa of «. 
Similarly the series (2) ia also abaolutely eonviirgcmt. 

An appeal to d'Aloinbort’a ratio teat for absolute convcsrgcnce 
(p, 80 above) would diapenacj with thia proof, for in each case 
I number k which < 1, for all valuea of n Ijoyond 

a certain value. 

Let, now, x and y bo any two real nmnbora. 

Then 

V2r 3! ^2!2!^ 3T'^4!j 

.( 3 ) 


and S(ai + 3 /)=(af + y) 




31 


+ ... 


.» 

Also the aorica for Q(x), C(y), S(x), S(y) are absolutely convergent 
and therefore any two of thuae four HorioH may be ''multiplied*." 
We have in fact 

-i-GVD-S+lS+S-.(*). 

.(«). 

Ul ^ 2!/^Ul^312!^4l/ . 

* Bee p, 80 (theorem B) above. 
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Ui + .(8). 

and those series are all absolutoly convergent. 

Comparing tlic scrio-s (8) with wsrica (6) and (6) we notice that 
tlie terms of (ii) ans procisidy the differences of corresponding terms 
of series (5) and ((J), i.e. the nth term (or bracket) of series (3) 


n,Stl-9 

= C_lVl+l _ fL 

^ ^ L(2n-2)!^(2a-3) 




3)!^(2ft-4)!2 


r + .. 


(2n-3)r 


= (_l)n-i rI ] 

'• '* L(“-in-2)l^(2n-4)l2!'^'"‘'‘(2n_2)!j 

'' ^ L(2a-3)!'''(2a-5)i;; 


(2n 


in—s 

~2)i_ 


Sr ■■■■^(2n-3)! 

= the )ith term of series (5) - the (w - l)th term of series (6). 

This is true for all values of n greater than 1; and for n = l we 
have that the first term <jf (3) = 1 = the first term of (6). 

Heiieo* the sum of the series (3) = the sum of (6) - the sum of 
(0), or 

G («.' + y) = a (®) C'(y) - S(a-) -S (y) .(9), 

the rejnired ndditivii thmrem for G{«i H-y). 

Cniuparing similarly series (4) with series (7) and (8), we obtain 
the addition theorem for li (x + y), viz. 

S (<c + V/) = jV («!) 0 (y) + C (») (S (y) .(10). 

Tho student will notice that the two functions 0(a) and S(x) 
are intimately connected, both addition tlieoroms involving all the 
four functions C(»), 0(y), S(u:), S(y). 

140. Conaequenoes of addition theorems. We can at once 
deduce from the addition theorems various important algebraical 
conseipiencup: 

Putting y-x, we have, 

(;(2»;) = [a(*)?-[*S^(a')n 

find iS'(2:«) = 2*S'(«;)6’(a;) . ^ 

* HU (theorem A) aliovu. 


12—2 
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Putting y = ~iB, 

1 = (7 (0) = C (») Ci-x)^S Ur) S (- X) 

and therefore \Q (.«)]“ + [S («)]’ “ ^.(f 2). 

This relation (12) rovoalh- still inori* clearly th(! intiimilu con¬ 
nection between the two functions 0(x) and S (a;), for (sithfsr can 
now be expressed directly in terms of the other; thus 

(7(®) = ± V|1 - [>S(*)?i. >S'(a;) = + V-:i - (//(adpj. 

An important deduction from this ivlation (12) is ihut j 6'(.r)| und 
j/S(, 7 !)| are less than or equal to Ifm' all values of x .(IH). 

. . . x+y . .*—// j *•+?/ x~y . 

Again, Hinco »= -jj- + ann y=- o'- - «" , we liavc 


Hcnco 

G{x)-^ctn)= 

and similarly 

<>(.)-<;*)-«(«)«(«) . 

^(»)+S(y)= 

oxprossing tho sums and difi'crGiiocs of the two fiiiiotiitiiH f’(o!) loid C{i/) (and 
!i{x) and iS(y)) iw products of two Ciuid »V fuoctioiiH. 

Other formulae will occur to the student of elementary trigo¬ 
nometry when he realises that our addition theore.ms are formally 
identical with the formulae for the sines iind cosines of tlie sum of 
two angles, m and y, the function S{a) replacing the sine and (/(as) 
the cosine. All tlie formulae of elementary trigonometry which can 
be deduced algebraically from these addition formulae can be 
established for our functions S(x) and C{x). 


141. Continuity and difrerentiability of O (x) and S (x). With 
the help of the relations (14) (deduced from the addition thoorams), 
or direct from the addition theorems, we. can pro\'o that the functions 
C («) and S (x) are continuous and differeniiable for all values of x 
and JDG {a) = -S (»), DS {a) = 0 (x). 
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"We have in fact from (14)), if a ia any number and h any number 
other than zero, 

Cix + h)-a (a:) = -28{x + hj2) 8(hl2) 
and S(x + h)-S{x)‘=2G(x + A/2) S {hjZ). 

From (13), (« 4- /i/2) and G (® + A/2) are numerically lesa than 
1; ami thoroforc each of these difterenoes ia leas numerically than 
2/? (A/2). 

But 2)5(A/2) = 2 “^1 and is lesa numerically than 

1 /A\“ 

A provided only that ^-j f ^ j < 1 (i.e. certainly if | A | < 4), for then 

the serie.s last -written ia of tho “alternating” type*. 

Hence if A talojs on any .sequence of values tending to the limit 
0, the corresponding sequence for 2S (A/2) also tends to 0, and the 
sequcnce.H for 0 {at + A) - G(x) and S(x + h)-S (a) therefore both 
tend to zero. The continuity of G (x) and S (x) for all values of x 
is oatiibliHlKid. 

To establish tins differentiability, we have that the incromentary 
ratios for 0(a!) and S (at) are respectively 
(j (x + A) ■ 

.A 




and 


A/2 

,8 m 


.(16). 


H (x + A) - S (®) ^ p 

In virtue, of the proved continuity, if A takes on a sequence of 
valii<?H tending to zero, S (« + A/2) -*■ S (x) and 0(x + A/2) -> 0 (®). 
But 

[)S'(A/2)]/(A/2) = 1-® ....(16). 

The aeries (Ifl),—curtaiuly if 1A|< 4,—is of the alternating type 
and it.s sum dift’ens from tho finst term (viz, 1) by less than the 
second term (A/2)V3!. As A-^-Of, (A/2)V3I0. Therefore the 
sum of the !9crie.s (16) -»■ 1, 

Hence, from (15), if A takes on a sequence of values tending to 
the unique limit 0, biie onrrosiionding sequences of the values of 
the iucuemeiitary ratios for G (x) and S (x) are convergent and tend 
to the uuiqut! limit.4 — («) and (?(») respectively, no matter-what 
such sequonco for A h(! taken. 

• l*p, 7-1—-70 above. 


+ Beo footnoto p. 158 above., 
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That is, the fuiictionH Gim) and are rlififereutiaWo for all 
values of ss and BQ (js) = — S (*), J)S{;i!) — 0 (.r). y.E.i), 


142. Monotony of 0 (x) for x positive and less than 2. It 
also follows frmu th(j fornmUie (14), or direet from the addition 
theorems, that the function G («) is mawdonely decreasing at lead 
for positive values of x less than 2. 

For, if 0 < » < i» + A < 2, 

G {w + h) - (7(«) = - 2S (a: + /i/2) S (A/2); 
and /S (x + A/2) = iS (x") say 

=> x' — x'^15 ! + •.•, 

which is positive since 1 = af (*'V*i 0 < ® 

and the series for S(x') is of the alteriiatiii)' tyj)e; while 

fif(A/2)=| + ...j > 0 because <1 and A>0; 

and therefore the difference G(x+h) — G{x) is negatives and Gljx) 
is decreasing for 0 < a; c 2*. 


143. Existence of a least positive number (tD-/2) for which 
0 (tr/2) = 0. Wc now know that 

C'(0) = 1 and 6'(2)= 1 -2V2I +2V41-... <-1/8; 
and the fiinction G{x) is cfintinuous and nionotttmfsly docroasing as 
X increases trom 0 to 2. 

By an appeal to the fuudainontal proptirty of (smtinuouB 
functionsf we could deduce, at once, firstly that for at least one 
vaiue of x between 0 (wicZ 2, G(x) — 0, and secondly, in virtue, of the 
monotony of C (x), that there is mily one suck value ofx in this range. 
Or we can prove this directly thus: 

If X is any number between 0 and 2, G(x) is eithor positive, 
negative, or zera. Let y denote any rnunber between 0 and 2 for 
which 0 (y) > 0 and a denote any number between 0 and 2 for 
which 0 (z) < 0. 

Then every niunher y < every number z, because if a number 
y ^ a number z, G (y) would $ C (z), which would bo incompatible 
with 0(y)^0> C'(z). 

• This fact nUa {oUoyrz immediately ftom tlio fact that tlic diffcruntlal ooeffloleut 
of C («), viz. - S (as), is negative for 0<.i;<3. Wo do not imply tliat 0 1«) oooscb to 
deoreaso aa aoon aa z ia ns largo aa 3, It doua not. 

i' V, 140 above. ’ 
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The olasaificfttion {y \z) is therefore a DedeHndian classification 
of the system of real numbers if to the class y be added all numbers 
leas than or equal to 0 and to the class z all numbers ^ 2 i for then 
every real number is included in one of the two classes. Let us 
call the real number defined by this classification «, i.e. ( 3 / j z) = a. 

Now the lunction G (is) is continuous at the point a and therefore, 
if an increasing aecpionce of numbesrs 3 / 1 , ... be taken, having 

ex as upper bound and unique limit, the corresponding sequence 
^ (yi)> ^ (y^t • • • iu also convergent and has G (xx) for unique limit. 
But these numbers 3 /,, y^, being loss than a, belong to the 
lower class (y) of the classification (y \ a); so that 
O(yi)>0, ...; 

and it follows that G (a) > 0. 

Similarly, by taking a decreasing sequence of numbers 
tending to the unique limit a, we prove ( 7 (a) ^ 0 . 

Since (7 (a) ^ 0 and ^ 0 it follows that £7 (a) = 0 . 

That a is the only such number between 0 and 2 is evident irom 
the monotony. The theorem stated is completely proved. 

This number a,—thus defined as the least positive nmiber for 
■which (7 (a) = 0 ,—is destined to play an important part in the 
theory of these functions C7(®) and (S(a;) and elsewhere. We shall 
find later that a = ir/2, where tt is the ratio of the circumference 
to the diameter of a circle. We will call it w/2. 

144. So far, all we know as to the value of this number Br /2 is that 
it is positive and less than 2. However, we know that (7(1) is positive 
and G (2) negative and therefore (by the fundamental property of 
continuous functions, or by the argument of the last paragraph) 
this number w/2, for which (7(w/2) = 0, must lie between 1 and 2. 
By evaluating to a sufficient degree of accuracy (7(1'6) and (7(1’6), 
which are respectively positive and negative, ■or/2 is proved to lie 
between 1‘5 and 1 ’ 6 . It is possible to evaluate ■bt to any desired 
degree of accuracy in this way, but the work involved in thus 
obtaining any considerable degree of accuracy would be prohibitive. 
Special series can be found for this purpose*. The value of the 
number w correct to six places of decimals is 3'141693. 

146. Feriodioity fomulae. We have proved that (7 (w/2) = 0. 

* See Exb. 16 and 19, p. 180 below. 
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By the relation [C(®)P+[<S(a;)p = 1 it followH that S(w(2)=± 1. 
Since S (*) is known to be positive for all positive values of a; Ices 
than 2, it follows that S (w/2)= 1. 

Thus G(vr/2) = 0 and 8 (w/2) = 1.(17). 

From (17) nnil the addition theorems we get 

(? (iv) — 1, S' (^) - 0; (7(3w/2) = 0, S (:W/2) = - 1; 

6*(2w)=l. iS(2iir) = 0; etc. 

Also, if * is any number, 

G^(or/2 ? a) = C (w/2) (7 (a) ± 8 («r/2) S (®), 
whence 0 (er/2 T a) = ± S (a)) 
and similarly/S i («r/2 + a) = C' (a) ) ' ’ 

Also similarly, <7 (« + :p) = — 6’ (a;)| 
jS (w + a) = + /Si (a)[ 


■OD). 


and 


C (2®- + a) = f7(a)l 
/g(2®4-a) = /S'(a)' 


These formulae (18)—(20),—called briefly the pcHodicitu for¬ 
mulae —shew that the functions 0(jr) and 8 (a;) are both oonvpletehj 
known for all values of a if either 0 (a) or 8 (a) is ktmon in the 
restricted range 0 to iir/2. 

If, for exiimplo, a lies botw(ieu (iw — ®/2 and fi®, 

/S (a) ■= iS (2® + 2® + w + -a 12 + y) 
where y is some number between 0 and w/2; anil therefore 
8{ai) = S(m + ®/2 +y) by applying (20) twice 
= -iS(®/2+t/)by (19) 

’=~0(y) by (18) 
or =-iSf(®/2-i/); 

and /Si(a) is expressed in terms of G(y) where ()<y<®/2 or 
alternatively in terms of 8 (®/2 - y) where 0 < ®/2 ~y< ®/2. 


146. The graphs of 0 (x) and S (x). The complete graphs of 
the functions (7(a) and /S(a) can now bo dmwn. We have seen 
that (7 (a) decreases steadily from 1 to 0 ivs a increases from 0 to 
w/2. When a lies between ®/2 and ®, -(7(a) = C'(®-a) and 
therefore — G (a) decreases from 1 to 0 as a decreases from w to 
®/2 in precisely the same way as G{ai) doesrotvsos as a increases 
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from 0 to ■sr/2; or as a; increases from ot/ 2 to w, (7 (a) is negative 
and decreases from 0 to — 1 precisely as — (7 (a:) decreases from 0 
to -1 as ® decreases from 'ssj^ to 0. When co lies between m and 
2«r, C (®) = - (7 (isr + ®) and therefore — 0 (so) behaves in the range 
■ST to 2«r precisely as C(ai) behaves in the range 0 to w. 

Between 2'Br and 4nt, G (so) behaves precisely as between 0 and 
2«r, because C'(2w+ ®) = and the graph repeats itself be¬ 

tween 2w and 4«r, again between 4w and 6«r, and so on. 

Since G(ai) is an oven function, the part of the graph to the left 
of the origin is precisely similar to that part to the right of the 
origin. 

Also, since S(a) + xij’l) = C(so), end therefore 8(sd) = G(sd — Br/2), 
it follows that in any range, e.g. that from 0 to m/^, S (so) behaves 
precisely iis G («,■) behaves in the range distant iir/2 to the left of this 
range, e.g. that from - ■sr/2 to 0; so that the graph of S(sc) is 
identical with that of 0 (®) except that it is displaced a distance 
«r/2 to the right. 

The graphs consist of endless successions of “waves” of length 
2sr; they are drawn in Pig. 16. 



147. Integrability of 0 (x) and S (x). The integraUlity of 0 (so) 
and S(a)) in the interval (0, w/2) (or any interval included in this) 
is a direct consequence of the proved monotony of these functions*. 
The integrability of these functions in any interval whatever follows 
immediately. For, from the nature of a definite integral, since e.g. 
G (x) is integrable in the interval (0, or/2) and also in the interval 
(iir/2, or), it is also integrable in any interval (a, 6), including parts 
of both these intervals; and similarly for any interval; and for 
the function S (se). 

* The proof of pp. 144—148 above of the iategtability of a® ia appUeable with no 
vital chaueo. 
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148. The inverse functions, C (x) and § (x). In tlio liyhb of 
our knowledge of the lunctioua C (*) and &' (sc) our proof iibove of 
the existence of one and only one number Br/2 between 0 and 2 
for which C (w/2) = 0. can,—by an «)bvioua anti very slight modifi¬ 
cation,—be made to cover the important "existence theorem for 
the inverse Q function”: 

If CO is any nmiherfrom — 1 <o 1 inclusive, there exists one and only 
one number y from 0 to w inclusive for which 0(y) = sc. 

We have similarly also the companion theorem lt»r S'. 

If SB is any number from — 1 In 1 inolusivo, there exists one and 
only one number’ y from — cr/2 to sr/2 incliism for which S (y) = x. 

We will denote the inverse 0 and S functions thus established 
by D and S. 6(a:) is defined as that ninnber y from 0 io w inclusive 
for which G (y) — x, and i? (x) is defined as that number y from 
- iir/2 to ■Br/2 inclusive for which S(y) => x. 

The function 5 (®) is defined for all values of a; from — 1 to 1. It 


is clearly monotonely decreasing and 
easily proved to be continuous, differ¬ 
entiable, and iutegrahlo throughout any 
range in this range of definition (—1,1), 
except that, at ® = -1 and ® = 1, the 
continuity is restricted to continuity on 
the right and on the left respectively, 
and the property of differentiability 
there fails entirely. 

The function 5 (x) is also defined for 
all values of x from — 1 to 1. It is 
likewise monotonely increasing, con¬ 
tinuous, differentiable, and integrable 
throughout any interval included in 
the interval (-1, 1), with the same 
exception. 

The graphs of the functions Of®), 
B (x) are drawn in Fig. 16. 



It should be particularly noted that, in the definition of these 
inverse functions d (x) and 8 (x), the restriction that y must lie in 
the range from 0 to w and — •b'/ 2 to w/2 respectively, is essential; 
but it must not be thought, for example, that 0(®) is the only 
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number y,—of any magnitude,—for which C{y) = x. As we know, 
from the periodicity of 0 (x) and S (x), this is far from being the case. 

149. Resemblance to the ihnctions of trigonometry. The 
student conversant with elementary trigonometry cannot have failed 
to notice the remarkable similarity between the functions 0 (x), S (x) 
and the trigonometrical ratios, or circular functions, cos a;, sinoi. 
The properties considered above are shared in every particular by the 
two pairs of functions; and this agreement will be complete if the 
unit of angle used is such that 180" is represented by the number 
‘BT ,—which will be the cose if radian measure be used if (as seems 
probable) w is identical with the number ir representing the ratio 
of the circumference of a circle to its diameter. In spite of the 
apparent total luck of connection of the sums of the infinite series 
(1) and (2) with ratios of the sides of right-angled triangles (or 
even with circles), the student will probably feel fairly confident 
that the functions G (x) and S {x) actually are the same functions 
as cos w and sin x ;—and his feeling will be correct. It is not indeed 
difficult,—once wo have satisfactory analytical definitions of the 
geometrically-defined trigonometrical ratios,—to prove, on lines 
similar to those adopted in Chapter ii in obtaining the logarithmic 
and exponential series, that (?(«) = cos® and S{x) = ainx for all 
values of ®, the angle x being measured in radians. The proof is 
postponed to the next chapter*. 

We call the functions G{x) and S(x) the trigonometrical functions, 
and the function.s G{x) and if (®) thoinverse trigonometrical functions. 
We do not of course assume any identity between these functions 
and the functions cos x and sin ®, arc cos x (or cos“^ x) and arc sin x 
(or sin“* ®); or between the numbers tn- and tt. 

EXAMPLES XVII. 

1. Verify the addition tlieorcms for C{x) and iSf®) if a and y ore so small 
that all tei'nia occurring of degree exceeding three in s and y ore negligible. 

2. Evaluate correct to two decimal places S(X), 8 (2), 8 (10), 8 (20). 

3. Calculate log 0'(‘1) correct to three decimal places. 

4. Prove C(^7/4)=JS(w/4)=(^/2)/2, 

C(nr/.3)=)S'(w/6) = l/2, 

C(wl&)=8(wld)=W^)l2. 

* See p. 277. Eor tlie identity of t and ra boo p. 272. Boo also Bxa. 7, p, 281; 
g and 10, p. 260 ; 9, p. 266; and 8,10 and 18, pp. 279, 280. 
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6. Prove the ‘'triple angle” fommloft: 

G m=4[G {x)f -aC (*), .S’ (3.1-) - 3.S' (x) - 4 [,V (x)}'. 

6. Prove tho “half angle” fonnulno; 

7. Provo (by indtiction) the fornniliic fur “multiple iiiigles”: 


where n is any positive integer and C and .Sdenote ('(.r) iiiul .S’ (x) resiKWitivcly. 

0. ProvoC(«)C'(y)=i[C(,i!+y)+f?(*-y)]divectfri«Qtlie.Kerie«. KsUldish 
similar formulae for iS(x) .S'(y), C'(x)ff(y), 5(x) C{i/). 

9. Prove that S (1) is an irmtional nnmbov. 

[See Ej£. 17, p. 60 nhovo, where tho irratioimlity of e is tistahlishod. Tho 
method there adopted will apply hen., aleo.] 

10. Shew that tho graphs of C(iK) and .$(x) cut the x axis at an angle of 
45° at all points of intersection with the axis. 

. Provo also that the sloiio of eitliur of the graphs at any point of intumiotion 
of the two graphs is ±1/^/2. 

11. Provo that 0{x) luw maxima at all tho poinls 0, ±2!tr, ±4ar,... end 
minima at all the points ± m, ± 3tB,... j tho valuiw of C (.r) at the ina.xima and 
minima being respectivoly 1 and -1. 

Show also that tho inaxinnun and ininiiimiu valur.s of .S’(x) urn 1 and ~1 
and that they occur at tho points m/2, Dm/2, l)ar/2,...; -3a;/3< - 7nr/2,...; and 
3m/2, 7m/2,... j -m/2, -5w/'2,... rusiwctivcly. 

12. Provo that 

l + d7(e)+ f7(2«)+C'(3«)+... + q(«- l)n]=,^ + 

and S(n)+^f(2a) + ...+.n(«-l)«]=^'^“^^^ , 

n being any positive intogor, and a any real mniibor. 

Deduce G{x)dx’^S{a) and j S{x)d.v=\-C{n). 

Hence prove that the oroa of tho “wave" of tho graph of C(x) bntwcon - w/2 
and m/2 is 2, 

[The summation formulae come by induction, For the integration cut up 
the range into a equal parts; tho total areas of tho “small rectangles” are then 
tho above sums multiplied by a with o=a/»i.] 

13. Provo tho ozistonce theorem for iV(®), —tho invorsu .S' function. 

14. If X is any real number from — 1 to 1 inclusive, hImjw tlint 

(i) C(y)=3X if and only if y is one of the mnubors 2aw±(7(.x), whoro n 
has all positive and negative integral values (and xein), and 

(ii) .S'(y)-=x if and only if y is ono of tho uumbors 7 iw+(- l)»5/(x). 
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16. Prove that the inverse trigonometrical functions C(,«) and S{x) are 
continuous and difi'ercntiablo for — 1 <a< 1; and shew 

J)(7{x)= ~ l/[s/(l -aS)], Z)S(a)=l/[;^(l -a^)], 

[If ir(a)=y, so that x=0(ij), -S(y)=4l-(0'(3,))a]=V(l-af). Use the 
method of pp. 128—129.] 

16. Establish the surics 


S'(.v)=>a+ 


1 ^ 1 _^ 

2 3 2.4 5 


1.3.6®! , 
2.4.OY'*' 


for -l^aigl. 

By taking .r=i deduce the value of or correct to two decimal places. 

[Use the results of Ex. 1.6 and of Ex. 7, p. 178 and the general method used 
in the deduction of the logarithmic series in Chapter ii.] 

17. IJefiniiig a function ^(a:) im the ratio [S(!u)]l[0(x)l obtain its funda¬ 
mental properties and draw its graph. 


Provo in partioular that ^(^•+y)="^^|^and i)2’(»)=l/[C(®)]s for 

all values of .v which are not positive or negative odd multiples of jix/2. 

Establish also thu proportica of the in verso T function, defined thus,—2'(®) 
is that imnilior y botweeu - co/9 and =r/2 for whioli 2’(y)=®, this definition 
being valid for all values of x. Provo in partioular that Df(x)=ll(JL+s^ 
DisousHalao the functions l/<S'(a‘), l/f?(w)> 0{x)IS(a) and the corresponding 
inverse funotious. 


18. Deduce from Ex. 17 the power scries for 

rw—i+f-..., 

valid for all valuos of x from -1 to 1 inclusive. (Gregory’s series.) 

10. Show that, if 7'(®)=i, thence deduce the 

equality founula and the scries of Ex. 18 

shew that, to six places of decimals, or—3*14169.3. 


§ G, The hyperbolic functions 

160. The fiuictions cosh x and siiih x. A pair of series similar 
to the trigonometrical series and defining functions of importance 


are 

H-a! 72 l-f ®</4H-.(1) 

and fl!-t-arV3!-l-fl;'/6H-.(2). 


These series are absolutely convergent for all values of ®. We will 
call their sunis cosh <b and sinli x respectively. These functions are 
the hyperbolic Goeim and hyperboUo sine. Alternative definitions 
arc the equalities of Ex. 1 below. 





190 


li'UNCTIONS 


[CH. Ill 


Wo can ojilciilate tho valuen and establish the invjperbies of those 
functions in just tho saino way as before. We have in flict 
cosh 0 = 1, sinh 0 = 0, cosh x is an €vb7i function j .sizih a? is oiftf 
sinh X is monotonely increasiiiff for all vahic.s of x. 
cosh X is monotonely decreiwinfr foi. negative values of . 7 ! and 
monotonely increasing for positive valiK).s of®. 

Both cosh X and sinh x increase beyond iill limit. 

sinh® takes on all real valiias; cosh® l,ake.s on all real vahios 
greater than 1. 

Both functions arc integrable throughout any range, 

The addition thoorcuis are 

cosh (x + y) = cosh ® cosh y + sinh ® sinh y, 
sinh (x + y) = sinh ® cosh y + co.sh ® sinh y. 
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We have the relation (cosh - (sinh a>y = 1 for all values of oj*. 
The functionB are continuous and differentiable and 
D cosh w = sinh aj, D ainh to - cosh eo. 

The proofs of these properties are left to the student. 

The hyperbolic functions are not periodic and there is no real 
number x for whioh cosh a: = 0. 

The graphs of these functions ore as drawn in Fig, 17. 

From the functions sinh x and cosh x are derived other hyperbolic 
functions, defined thus: 


tanh X = 


sinh X 
cosh ffi ’ 


sech X = —j—, oosech x = —, 

cosh a’ sinh a;’ 

., cosh X 

coth X = —. 

smh X 


The properties of these functions can be deduced from those of 
ainh x and cosh x. 


161. The inverse hyperboUc functions. The existence of 
mve7-se hyperbolic functions follows from the continuity and mono¬ 
tony of the functions cosh x, sinh®. They are defined thus: 

arg cosh x = that positive number y for whioh cosh y = x. 

This function,—the inverse hyperbolic cosine ,—is defined for all 
values of ® greater than (or equal to) 1, but/or no values of x. less 
than 1. 

arg sinh x = that number y (positive or negative) for which 

ainh y=», 

This function,—the inverse hyperbolic sine ,—is defined for all 
real values o/®f. 

The functions inverse to the other hyperbolic functions, tanh®, 
etc., are defined similarly. 

The properties of the inverse functions can be deduced from our 
knowledge of the direct functions. 

152. Differentiability of function defined by general power 
aeries. In this and the preceding section we have established in 
detail the properties of four functions defined by special power 
series. As mentioned in the last section, it is not possible to discuss 
so easily the functions defined by every power series. It is however 
jiossible to prove, for example, that functions so defined necessarily 

* (ooBha;)^ and (ainha:)" are UBnelly written oosU^a: and sinh’-a:. 
t arg oohIi st and arg sinh at are also denoted by aosh~> x and einh~< x. 
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possess (within certain limitations) the important property of 
differentiability. 

Thus if the power aeries 

tto + a,a; + 0^3? +.(3) 

is convergent for all values of x and has its coefficients uo, (ii, «.j,... 
all positive, then the function /(at) which ia the sum of this series 
is differentiable for nil positive values of x, and 

Df(3i) = a, + 2aaa; + -I-.(4); 

this series being itself convergent for all vnliuvs of x. 

To prove this, we have, ifiUid h fire any pt).sitiv(! mimbers, 

/(® + /i) —/(«) = a„ + tti (a: + /i.) + Oj (a: + /i.)“ + ... 

— do — flj® — ~ • 

= aji + Ob (2lix + /t“) + a, (3/(.'t,‘“ + 3/i“a- + //“) + ..., 
by subtracting the two convergent scries; and therefore the in- 


crementary ratio [/(.ai + h)—/{x)]lh oijwals 

di + da (2a; + /i) + % (3®’ + S/iio -1- h’‘) +.(5) 

= d, + a.j2® + a.jA + «.a3«* + da.S/i® + +.((i). 


(because all the terms of (0) axe positive ajul blie series ((J) con¬ 
verges because (5) converges) 

= di -I- 2a.iX + Sdiia" 4-... 

+ h [da + Sda® -1- WaA + 61148!“ + 4tt4®A + K^A® +•...] .( 7 ), 

by separating the terms which do not contain A,—this derangement 
being valid and the two series in (7) being convergent because all 
the terms are positive*. 

If A< 1 say, the sum of the series in the bracket in (7) is less 
than 

aa-t-ai(®+ l) + aa(®-tl)“ + a.j(a!-t-1)“+ .... 

(because this series includes, besides other tenn.s, till the terms of 
the series concerned with A replaced by 1), and therefore ia less than 
do+ 01^2 + 08 ^“ + ..., i.e. f(R), where R is any number exceeding 
® +1. Hence the incrernentary ratio tends to tt, + 2(.iua! + 3«a8-“' + ... 
as A 0. and the differentiability of/(®) on tlic right is established. 
The modification of the proof needed to establish the complete 
differentiability is slight and is left to the student. 

* See Ex. 12, p, 84 above. 
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y further modifacatiouM of the proof wo ciui prove the more general theorem: 

convergent for <dl values 

ofx be ween - R a,id R, then the euen-functionf{^x) is contmumuand liffermtiaUe 
for all values of x between - R and R, and in that range 

Df (®)=tti+Sdj ®+3a,.i;* +.... 

A proof of this important general theorem ia given in Ex. 14 below. 

In general (see Ex. 13 below) the range of convergence of a powM series 
conamts of all value.s of .« between - iJ and R whore R ia some number (called 
radius of convcrgoiioe). The aei-iee may or may not be convergent also for 

1 ti.”* f T ** convergent for any value of 

ss such that I a-1 ^ R and on the other Land it is absolutely convergent for all 
values of a: between ~R and R (i.e. such that |a|<E). The above theorem 
theiefore applies to any power sories over its entire range of convergence (-A 
except the exti-emc values a:- -R, x=R. As to the behaviour of the Lriee 
and the function for the extreme values, we say nothing. Not only may the 
series be not convergent for these values but the function may be unbounded 
in the complete interval (-A, R) and have other peculiarities for the extreme 
values. The diaoussion of these questions belongs to the theory of ftmotions. 

In virtue of the above theorem, and the theorems of pp. 170_171 above, 

wo see the essential amenability of the sum-functions of power series to the 
fundamental processes of analysis. Other types of series*, though often of very 
gi'oat utility and importance, do not as a rule possess these general properties. 


EXAMPLES XVIII. 

1. Provo that coBh.v=»(«*-t-c“*)/2 and sinh ii!=(e* —e“*)^2. 

2. Evaluate to four decimal places cosh 1, sinh 1, cosh 10, sinh 10. 

3. Provo that 

cosh X -pcoshy=2cosh —oosb, 

cosh ar — cosh y =2 sinh sinh , 

si nh .r-p sinh y=2 sinh cosh , 

^ 2 

sinh a:—sinh y=2 cosh sinh . 

2 2 

4. Prove the addition theorems and other relations stated in the text. 
Prove also that 

cosh 2®=(oo8h ii;)*-p(sinha')* and sinh 2®=2 sinh a; cosh*. 

5. Prove that the functions co.sh x and sinh x ore continuous, differentiable, 
and integrablc for all values of x and monotone in positive or negative ranges; 
and that they are bounded in any bounded range. 

6. Provo that the graph of co.shx; has one turning point,—a minimum at 
whore cosh = i; and that the graph of sinh x has no turning point. 

* E.g. Fourier seriee. 
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7. Provo thill) tho graitli of h'iuIi j; outn tlin r iixin iit, thft origin at, an angle 
of 46". 

8. Provo that 

Hinh[' + Miiih (a - A) a 

1 +ooh1i ii+cohIi da + cOisli 3ti+iv»Hh (it — I Inl¬ 


and 

sinh n+ ainh jii+ninh 3« +...+Kiiili (n— t) u — • 
Deduce tiiat 


il.Niiili- 


(>i ~ J )ii — cosh " 


'.1 oinh 


/; 


I Hill 

Jo 


cosh a mid / Hiiih .«//.»• = ciwh a - 1; 


and ^honcQ 

Fi 

ooah a!dv= aluli b -sinh a and 


/:• 




niuh jrrfj) ^ udhU 6 - oonh it. 


[The first part by iiuluotvou. Por the intogiulu, whiuh are known h) oxmt, 
divide up (0, ii) into n cunal intervalH a/»>DU say. Tlin total area of tho “small'' 
rectangles of tho donnitioii then =aa[1+oi)sh(i+...H- isohIi(«-!)«], and the 

result for [ cosh »fi,r follows.] 


5), Solve tho equation siuh 

[A graphical snhitiun iviii hn ohtaiiiuil liy ilrawiiig the gra|ihH of siiiliJiand 
Sa: and finding the absuissao of tho {stints of interHuutinn. Analytically, tho 
fiinctioii sink ir- 2.r is continuous; it is negativi! whon i and {tusitivn when 
whence tliera is a root hittwcon 1 and 4. And so on.] 

10. Show that if x is sufiioimitly grunt, cosh a: and sinh x oxonod X*, no 
matter how great the iudox n. 

11. Discuss tho proi)ortioB of tanhic, and tho itivorsn hypurbnlic tangent 
arg tank x, which is defined for all values of x I letwuen ± 1. Show i n particular 

Dtanhj;=i(aooh Dargtanh ji;=y-;^^. Discuss also mwh x and coseulia'. 

12. Discuss the properties ond sketch the graphs of tho inverse hyperbolic 
functions. Provo that 


arg sinh x =log, [a:+v'(** +1)], ailS oosb x =log, [* + .^(Ji* -1)], 

arg taiih «=i log, [(I + »)/(1 - ;»)]■ 

13. If a power aories is convorgent for x=!tf, it is absolntaly convorgont for 
all values of.« numerically less than a. 

[Use tho “oomporison thooroni’’ for oonvorgunoo of serins of positive torras, 
taking a geometrical progiosslon ua 8Qrio.s of comparison.] 
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14. Provo the theorem of the text that if a power soriea is absolutely con¬ 
vergent for all values of a; numerically leas than R then its sum is a oontiimoua 
and differentiable function for all such values of» and the differential coefficient 
IS the sum of the series whoso terms are the differential ooefficionts of the terms 
of the original power aeries, 

[Use the notation of the text. If |a!|+iA|<yj, the serias 
a,> + a,i‘V-\-aJi + aiX^+'ia.^xh+n^h^ + a3!i^Jt-Sa^x'^h + ia^a!h^.^a3h^+ .( 1 ) 

is absolutely convergent because, when the ternis are replaced by their numerical 
values, the scries is oiiuivalont to the series of positive toiTOs 

l«ol + l“il(kl+|A|)H-K|(|a!H-|A|)a+..., 
known to bo convergent. The aeries (1) can therefore be deranged. On the one 
hand (l)=ao+ai(a--(-A) + ...=/(j8+A). On the other hand 

(1)=»(!-t-ai a;+aaiv®+... + A (aj2aa;K+Sajai® +...) 

+ A® (oj + Soj a 4- tta A -I-...). 

The series in the last bracket is bounded. Therefore 
/(a:+A)-/(iB) 

+2aja;as A-*-0, 

and the theorem is proved.] 

IB. Provo that if the series 

l“(il + l«il(l'«l+|A|)+|aal(|-'»l + |/i|)“+... 

is convergent and if the Huin-function of tho series ao+aiat+aja;*-)-... is/(ii;), 
then /(*+/0=/(*)+A^/(«)-b^!!)»/(«)+* 

whore Df{3!) denotes tlie differential coefficient of f{x), f{te) the differential 
coefBoient of the differential coefficient, and so on. (Taylor’s theorem.) 


18—3 



CHAPTER IV 

DIFFERENTIAL AND INTE(}UAL (^ALCTILDS 

163. TIk! nio.st impiiiiiiiifc pmcticiil iippliciitinii of tin; ideiis nf 
limits of s(i(iuenc«s is to be found in tin* (lirtVrtTiti.'iI iimj ink‘|,n'(il 
calculus. The tailculns is a very powerful instrutiient in ^ettiuetry, 
dynamics and alnio,st all branches of mulheimitiL’s .•ind applic!ifcion.s 
of mathematics to the .scicnc<;s. The main rt!Kull.s of the calculus 
were discovered independently of any theory of coiiverffitnt.seipmnees, 
or of irrational nuinhers, on which the theory of seqnonces d(jpends, 
as set out above. Historically the same, order of progress has been 
maintained in the Cii.se of the calcuhis as has b(.'en the case with 
the rational nuinhers and with most instruments of niiithematical 
thought,—the practical use hiui been fully and iidvantag(!ou.sIy 
understood long hetbre the principles oil which the iiustrument 
logically rests have been at all clear. For some time iiftnr the 
introduction of tho calculus by Newton and llieibniK in the sovon- 
teenth century, there was considerable controversy iis to thi! validity 
of the new process, philosophers, such ns Bishop Berkeley, main¬ 
taining that it was without foundation and that all results obtained 
by its aid wore worthless, In so far as the iittwiks worn restricted 
to the lack of logical basis, these criticisms of the philosophers were 
sound, but the great and obviously true results obtained by using 
the calculus were sufficient justification for tho matlmmaticians' 
scepticism of the philosophers’ arguments, ’[’his controversy, includ¬ 
ing attempts by mathematicians such as Maclaurin anti Lagrange 
to put the calculus on a basis not liable to tho attacks of the philo¬ 
sophers, may be said to have lasted throughout the eighteenth 
century. At the beginning of the nineteenth century,—the great 
rush of now results consequent on the introduction of the calculus 
having somewhat abated,—a new movement for rigour and criticism 
of principles in mathematics began, initiated largely by Abel and 
Cauchy. It is this movement which ha-s resulted, towards tlio end 
of the last century, in the complete clarification of tlu*. principles 
of the calculus, as also of the idea.s of irrational iiuinbc)i\H and infinite 
sequences. As a result of this movement we are now in a position 
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to build up the calculus on the logically safe foundation of the ideas 
of limits. 

154. We have already, in Chapters ii and iii, in discussing the 
behaviour of functions, been compelled to introduce some of the 
special kinds of limits which are the special province of calculus. 
In this chapter we shall discuss systematically the fundamental 
notions of the calculus and illnstrate these notions by simple 
applications and developments in analysis, geometry, and applied 
mathematics, 

§ 1. General idea op a limit 

156. The fundamental idea of-a limit is that of an infinite 
sequence (Chapter i, § 6) where we have an unending set of 
numbers tending to a unique limit. Limits may occur in other 
forms. In one form or another they are of great importance in the 
application of mathematics to physical problems, because many 
phenomena are measurable only in terms of limits. In geometry, 
for example, the notions of the length of a curve, the area of a 
region, the volume of a solid, and the tangent to a curve are of 
considerable importance and yet none of these notions can be defined 
satisfactorily (except in special simple cases) other than in terms 
of limits*. And again in mechanics, velocity, acceleration, centres 
of mass, and moments of inertia necessitate the consideration of 
limits. And generally whenever we consider mathematically any" 
continuous change of any measurable quantity,—i.e. briefly through¬ 
out all mathematical physics,—^the use of limits is unavoidable. 

166. Limit of a function of an integral variable. The simple 
notion of the limit of a sequence may be considered as the limit 
of (i function of an integral variable. The nth term of a sequence 
is a number depending on the integer n, and is therefore a function 
of n, defined for all po.sitive integral values of n. If the sequence 
is convergent, then we know that this function, f(ji) say, tends to 
coincide with the unique limit as the variable n increases inde-i 
finitely; and in fact the convergence of such a sequence is in 
essence a description of the behaAriour of the function for indefinitely 
large values of n. It is therefore appropriate to. consider the limit 
of the sequence as tlio limit of the function /(n) as the variable to 

* Or touiulfl. 
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iiicreiisuB indefinitely. Tlic nnkifcioii Htn /(*0=/t nr /'(?()—►X as 

n - 9 - 00 ., introduceil in Clmiiter i :ik ii wtiivT-nient ivbbrt'viated ntnte- 
ment, is iiahunil and fipjjropriiik!, ns dircftinjf attention to tlie 
function/(w) anfl its behaviour a.s « increasr-H indefinitely. 

167. Limits of a function of a continuous variable. We have 
ftlroady met, in our study of the ]iroperlies of ]inlynoniials ami othei- 
functions, what may be looked on ns anol.lier kind ttf limit,—t/ie 
limit (ifafanctim uf a cuntiuuaus variable. We h.-ive .seen that for 
some function.s of the continuoiiH viirinbhf it, any deerea.siuff .st'qiumce 
of values of x which V a |fivo.s ri.se to a .seijnen(?c of e.orre.sjwriding 
valuea of the function (y) which tends to a unitpu! limit, and that 
this limit (£j say) is the .same for all such soijuen(;e.s. In such a 
case we say that the fimction y has a umqne Hunt on the riyht at 
the point a: = a, viz. X,. 

Similarly a function y has a wuique Hiaii ou the left, at it< - n, viz, 
Xu, if the aoquoiico of tlie values of y corre.sponding to any increa.sing 
sequence for x which u is convergent and has the tuiique. limit Xj. 

If a function has a vnique limit on the ritjhl and also a unique 
limit cm the left at x = a and if these two limits are eiinal (= X), it is 
said to hwe a unigne limit (X) <it 

Denoting the function by/(ar),Ave n.se the nutation lim f(.r)^L, 

or alternatively,/(ffl)-^X lus 

Another way of defining the limit of a function of a eontinuou.s 
vtmahle which in Home way.s appears simpler is the following: 

The function ftx) of the continuuiis variable .r tmids to a unirpie 
limit X as® tends to a (i.(!. lim/'(®) exists and =X)if, corri’sjioniling 

to any positive number e howisver stiiall, it is possible to choose 
another positive number S so snudl that fin- all values of x between 
a-S and a+S (with the poBsible exception of the value .'»:=o itself) 
the difference between/(.r) and the fixed muuber ,X is less than the 
number e, i.e. 

l/(®)-X|<e for a-S<x<ci + B(.i!^a). 

* Corresponclinij to the more general limiting nuiiiberH uf a m;iu"'Uuo gt. 4^1) there 
ore non-uniqiio limiting numlierfl (oIhu often colled liiiiitH) of o fiuiotion ut ii imiiit. 
They lie beyond the Boope of thiH oontee. Thu word limit in wliat fiillowK tiicaiie 
unique limit. 

+ We hove in foot already uaed thie mitallun as an abbreviation. (Hue u.g, the 
footnote to p. 168 above,) 
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That these two definitions are equivalent will be obvious after a 
little thought; for if/(aj) has the limit Z as in accordance 
with the first definition, it will follow that, for all values of a; suffi¬ 
ciently near a (i.e. within some distance S of a) on either side of a, 
/(®) differs from L by less than any arbitrarily small number; for 
if, no matter how small we took S, there were always, for x within 
the distance S of a, values of f{x) differing from L by more than e, 
we could then find a sequence of values of x tending to a as limit 
for which |y(a:)~Z| >€ and therefore not having L as the limit 
of the sequence,—contrary to the conditions of the first definition. 
The conditions of the first definition therefore imply those of the 
second. The converse is even more obvious. 

It is with limits of this kind,—limits of functions of a continuous 
variable,—that differential calculus is mainly concerned. 

Examples of limits of functions are: 

lim a®=0j lim lira {n\nhxlx)=\\ lim a;sm(l/.®)=0! lira sin(lM 

05-^0 sB->0 

docs not exist; lim log«*=0j lim log® does not exist; lim f®], where f®! 

iif*l 

stands for the greotest integer not exceeding exists and = 0; lim f®] does 

not exist, though if wo restrict ourselves to values of x greater than 1 the limit 
(“on the right”) exists and =1 and if wo restrict ourselves to values of x less 
than 1 the limit (“on the loft”) also exists but =0. 

The notions of the limit of a function at a point and the valm 
of the function at that point are, of course, quite distinct and must 
not be confused. 

The student will notice that the definition of continuity 
(Chapter ill, p. 139) may now be restated in the form: 

The function fix) is continuous at the point x = a if lim f{x) 

esBists and =/(a). 

168. First definition of the length of a curve. The length of 
a curve provides an example of another type of limit,—similar in 
essentials to that needed in the definition of the definite integral 
or area of a plane region. The measuring of a length is essentially 
performed by means of straight lines, length having originally no 
meaning excoi)t along a straight line. In practice it is true one 
can often determine the length of a curve by replacing it by a 
flexible string and measuring tho string when straightened out; 
but such a method will not answer the mathematical problem of 
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the incasui’CiUL'iiit of tin* length ol the enrve, tor in Mtieli a nufthod 
we have to prosiippoHD tliat tin* string lias tin* Miine iongth in tlie 
two positions (ciirvffl iuirl straight), —a .siipiMtsition wliinh is entinily 
iiioiininglesH unless tlio length of tin; curve has hei-n iinlepernleiitly 
flefined. We can proeeerl thus; On the curve A/i (supposed con¬ 
tinuous) take ji number of points, l‘n and join tlnun 

up in pairs in order, so that a “pilygim” is formed of the straight 
lines PiP„ 1\1 \,... Pn-il'n all of wlnwe virrliees lie on tin; rairve. 


(Sue Fig. 18.) If all these ehnnls 

P,Pj etc. are small the pnlj'gon will 

appear (if the curve ho a simple, \ 

one) very much like the curve. The N. 

porimoter 

Pa\ + P,P ,+...-)- P,._,P„ ^ iV, 

of thi.s polygon is known, lie.ing '**■ 

merely the sum of a iiuinbor of meiisurahlo strivight lines. Kuppose 


now, each of the arcs of the curve cub off hy the points P„ 2\,... Pn 
i.s subdivided by taking other iutemiediiite points on blio curve, and 
all the points so obtained are. joined in the same way,—thu,s forming 
another iiolygon {Pi'P^'P^P,' ...P,n say) of a greati.'r number of 
aides than the first polygon. Since this polygon will, in general, lie 
closer to the, curve than the first, it will naturally be consiilered to 
give a bettor approximation to the. length of tlie curve than the 
first. This pi-ocoss of intcqiolatkm of new vertices may be re[tciited 
indefinitely. (The sequence of the perimeters of tbiise polygons, 
being increasing, will necca.sarilybc eonviu’genl if Imiindisl.) It may 
happen (as it does in the twisc of most simple curve.s lilcc cin!le.H, 
conics, etc.)'that the perimeters of the .successive aiiproximating 
polygons not only tend to a definite limit as the length <;f the 


greatest of the chords forming the sides is indefinitely dimini.sh(.!d 
in this way, but also have tlie same limit fiir all possible ulioice.s of 
such a sequence of polygons (provided that tlu; uiaximuiu ohonl is 
made to tend to zero). If this is tlte cim, the curve is sdid to he 
rectijkible, or fo Aaue a length, and the limit of the inirmntei's of the 
msoribed polygons is called the length of the carve. If m i such nnicpie 
limit exists the curve is not rectitiahle,. i.e. lias no length. 


1B9. In this definition of the lengl.h of a curve it will be clearly 
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understood that we do not confuse the curve with any of the 
polygons. A polygon will always consist of straight sides and 
angular vertices, and a smooth curve like a circle has neither 
straight sides nor vertices. The object of the construction of 
polygons of large numbers of sides is not to obtain a polygon “in¬ 
distinguishable fmni tile curve and then to assort that any property 
of such a polygon applies to the cui've. Such an asseiiiion would 
bo very like as.surtiiig, for example, that in an ideally constructed 
Anieiican city with a largo number of streets running all North 
and South or lHast and West the path of a man who travels from 
the S.W. to the N.E. corner of the city along the streets closest to 
the diagonal is practically indistinguishable from the diagonal itself 
and therefore is practically indistinguishable from this diagonal in 
length,—the truth being of courae quite different, the ratios of the 
two distances being V2 or 


160. Proof of rectifiability of a circle. Using this definition 
we will now prove that any arc, or the whole circumference, of a 
cirole is rectifiable. Wo know (from the first book of Euclid) that 
if we take any inscribed polygon, say 
(Fig. 19), and interpolate, 
on the arcs cut off, other points, with 
which to form vertices of an inscribed 
polygon of an extended number of sides, 
and then interpolate further points, and 
so on, the perimeter of the polygons 
steadily increases at each stage. But it 
is also easy to prove that the perimeter 
of any inscribed polygon is less than 
(say) that of a square circumscribed to 

the circle,—^viz. 8J2 if E is the radius of the circle. Hence the 
sequence of perimeters of inscribed polygons obtained by successive 
interpolation of vertices on the circumference is a steadily increasing 
sequence which is also bounded. Therefore this sequence has a 
unique limit, say Lu which g8ii. 

If wo circumscrihu polygons to the circle by drawing the tangents 
at the verti(jes of those inscribed polygons, we shall similarly obtain 
a monotonely decreasing sequence of perimeters which is bounded 
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below. Thi.s HoqHcncc hiw ii lower bonnil iuitl onifiue limit, say 

U 

Further, suijpr».Hing thiifc all the- chords whicli !ire tlu' Hitles of the 
inscribed polygons tend to zero, these two limits nre iilentirail. For 
the difference betweem the [leriuieters of nn inscribed polygon 
(e.g. PiP.jFal\l\) and tlu* corre.spoiiding circiiiriHcrihed polygon 
(Tjl'./J.VJ't'l'n) equals the sum of such diffenuiees as 

and this differenee <'quals 

P,i*,(OP,/OiV,-l). 

The difference of ]ieriui(!ter.s theixdbre < (i’,i'.j + ... + Z',) a if a 

is the gi'eatest of the nuinber.s OPxjOPfi — I etc.; i,c‘. < S/fa. 

But, by choosing tlu; chords Z^,/\ etc. sufficiently .small, a (and 
therefore also SBa) can be made )us .small us we liktt, i.e. fclm peri- 
meters of the circunuscribecl and in.scrib(sl juilygons (wm be made 
to differ by loss than any pro-ns.signed positivcf number (however 
small). The twfi liniits X, and L, of these perimeters tliereforo 
ctinnot be unequal, i.e. X, = Xa = X say. 

It now follows easily that this common limit X is the .same no 
matter what systems of p(dyg<*nK may have heeti chosen (provided the 
maximum side tends to zero). For if X,' = X„'=Z/ .’ire the limits 
corresponding to any other .system of polygons, we have eiusily 
(since any circumscribed perimett'r > any inscribed perimeter*) 
Lx^Lt, Xa>X,'; i.e. X^X', X^X'; whence X= //. 

The limit of any sequence of iuscribe.d jierimeters is thus in¬ 
dependent of the particular set of polygons chosen, ju'ovided only 
that the greatest side -► 0. q'ho circumference of the eircl[^ has 
therefore a length in accordance with the above definition, Slight 
modifications will make the pntof applicable to any arc of a circle. 

The actual determination of the length of the circumference 
of the circle can be carried out by cidculating the ])eriineters of 
successive inscribed and circumscribcil polygon.s (prefi ‘rably regi dai’); 

* any inscribod polygon, iind .. Q,„ llic poiiitB of liontiict 

w.ith the olrcle of any cirouinacrlbud pol.VKun and if wn forrii two nioto iiolyuuiiH, 
inaoribod and oiiouinaoribud, linvlnR all the pniatH f'l, f'.j, ... ^i, ... 

as vertUios and pointH of oontnet with tilu airtiln, H followH (fnnri Huelid t, aO) that 

Ft <JiUi ate the itoninoters uf tho four polygouH «. r,i^ij j wluuh proves 
the statoment. 
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the length of the circumference being intennediate to the inscribed 
and circumscribed perimeters. By taking polygons of 96 sides, as 
was done by Archimedes in the third century B.C., the value of the 
ratio of the circumference of any circle to its diameter (tt) can be 
calculated correct to two places of decimals. 

The evjiluation of lengths of curves and limits of similar type 
depends in general on intcgi-iitinn. 

161. Second definition of length of a curve. The above 
definition of the length of a ciii-ve is that which has up to the 
present time been most established by custom. Such lengths may 
however be defined in another way which is simpler and more 
convenient in theory and practice. 

Let us consider the set of all possible inscribed polygons (the 
vertices being taken in order along the curve). The set of numbers 
representing the perimetere of these polygons will not be a finite 
set or even a sequence (as it is impossible to set them all down in 
order as the terms of a sequence). But it is quite possible that all 
these numbers are loss than some fixed number {K say); i.e. that 
the set is bounded in the .stuno sense ns n sequence or a finite set 
may be bounded. If the set of ye^'imeters of inscribed polygons is 
bounded in this way, the curve is rectifiable. If this is the case, the 
system of real numbers can be divided into two classes, cc and y, 
such that y typifies any number (such as K) exceeding all possible 
inscribed perimeters and x is any number less than all such numbers 
y; and the number {x\y) defined by this classification is the least 
number not exceeded by any perimeter. Th.at is, the set of peri¬ 
meters hiis an upper bound (ajj/). This upper bound of the perimeters 
of inscribed polygons is the length of the curve. 

It is easy to prove that a curve, rectifiable iiccording to our first 
definition, is rectifiable also according to this second definition and 
that the lengths so obtained iigrec. The converse is also true but 
the proof of this is more difficult. 

Using this second definition, the rectifiability of the circle is 
an immediate consequence of the fact that the perimeter of any 
inscribed polygtm is less than that of the circumscribed squni'e. 

162. Definitions of circular measure and the circular func¬ 
tions. Having defined the length of a curve, and proved that any 
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urc of a ch'cle has ii lunpfcli. we are now in ii |io.silion to luciiHiira 
iingleH in mdiiui ineasnie and to define and diseuaH the. circular 
fimctioiw. 

The rodiaii mconiire of an angli! AOP (I’ig. 20) is the, leiigtii of 
the an: AP whicli the angle cuts off the 
cii'cinnferuncu of a circh.*, of centre () and 
unit radiuH OA = OP = 1. 'rlnw if the leugtlt 
of the arc AP=^n', tlie radian nieasurc of tlic 

A 

angle A0P~x. 

We suppoHc. ill the firat iii.staiiia* 0 <;a; < iir 
and the arc AP mciiaurcd from A in a definife 
direction, say tliat indicated in the figiin* hy 
the armw. Through tlie centre 0 erect OP, 
poi'pendicular to OA, in the direction indi¬ 
cated in the figure. Considering 0,fl and UB as a pair of rectangular 
Cartesian axes, let the coordinate.s of P In* X, F; so that, with due 
attention to sign, X = 0X, Y=NP, The cireular fimciione cos a: 
and flin/B are defined as &ma!=X, .siiiA?= 

If oj^S'Tr, an arc AP of length a; will ^ the complete cironm- 
ferencu. In the measurement of .such an are the. eircnmfei’once is 
followed a Hucond tinio, and ho on if iieeii.s.sary. Corresismiling to 
any positive angle .r, tiujru will always he a point P which iiiarks 
the oxtreinity of the arc AP of length o;. If is negative, the arc 
AP is inuiisured similarly, but in the n'veme direction. In all cases 
there is a definite point P coiTespondiug in this way to any real 
number x. The aliovo dofinitiou of cos a; and sin« will therefore 
apply to angles of any magnitude ns so defined. 

The derived ciioiilar fiiiietions ai*e defined as; 

tan ai = sin «/cos w, oo.see a; *= l/si ri a;. 

Bee a: = l/cos ®, cot x = eo.s a;/.sin a;; 
these definitions being valid for all valncs of ® except tliose for 
which the denouiiimtors are zero. 

We notice that if x is positive and < 7r/2, 

cos ® = ON, .sin x = NP, tan ai - AT, 
and are all positive. 

From these dchnitioiis tlie usual niHults of eleiueiitary trigono¬ 
metry are deduced. In partioiilar the carcular funetions have 


T 
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addition theoreniH .-uid periodicity formulae which are identical 
with those of pp. 170, 184 above, with the substitution of 
cos for C, sin for IS, and tt for zr. 

Inverse circular functims arc sin a, arc cos sc, arc tan ® (also written 
sin-' IV, cos-* X, tan-' a) can be defined in a manner similar to that in 
which the inverse trigonometrical functions S (®), C{x), f{ai) were 
defined (p, 186 and Ex. 17, p. 189); thus arc sin® is defined fos' all 
values of Xfrom — 1 io 1 inclusive as that angle y, measured in radians, 
restricted to lie in the interval — 7r/2 to wfil (i.e. - ir/i < y < it 12), for 
which sin y = ®. 

In theoretical work angles are invariably measured in radians. 
In what follows the angles are all so measured. 


163. Important inequalities and limits. We have the useful 
and important inequalities: 

sin x< x< tan sc if 0 < ® < 7r/2. 

For the angle ® is loss than a right angle and we have from Fig. 20 
that ]SfP,< a,roAP<AT, because NP and fare respectively loss 
and greater than inscribed and chnnmsoribed polygons (viz. AP 
and AB + BP respectively) belonging to setpionces of which the 
length of the arc .4P is respectively the upper and the lower bound. 

We deduce Irorii tlntse inetpialitios the important Imits: 


sin.® , tan® , 

hni-= 1, lim-=51, 


For 


sin ® ON 

tan ® OA 


1 as ® V 0 


and therefore, a fortiori, — * -»■ 1 and —- -► 1 os ® V 0; and 
as ® 0 those functions behave in the same way. 


164. Areas and tangents. The area of a portion of a plane 
bounded by curved lines i.s another example of a similar kind of 
limit,—the areji, a.s with the special case of Chapter III, being 
defined as the limit, if it exist.s, of the areas of any set of rectangles 
which tends to coincide with the area concerned. 

The important case of the tlefinition and determination of 
tangents to curv(!s has been considered before (in Chapter iii) in 
discussing the continuity and difi’erentiability of polynomials and 
other functions. 
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(CH. IV 

166. Velocity. ]A‘t uh fcakij a kiiifjiuitiral iniislmtinn: —What 
i.s meant hy the vdocity at a certain time ef a hmly nmvinjf along 
a straight line^ The, awniijH velmiOi over a Hitecihetl jierioil of time 
is simply the ratio of the disUince. covered ti> the time, taken to 
cover the di.stiinci'.; hut the hody may hav.- Iii'eii moving atditVe.runt 
velocithts in different parts of its rnotion. Onr proldem is tit deline 
the, vfdocity iit any iiarticular iiistaiit. 

Consider tlin average vidoeities over diffi-rent interv:il,s of time 

beginning or ending at the instant under eonsideraliori;.these 

simply being the ratios of the di.sfancc‘s revered by the intervals of 
time. It may happen that tlie-se aver.igr* velocities tdl apjinwwh 
more and more nearly to some fixed vidm ity .as the intervals of 
tiino are, taken smaller and smaller. If we rc'jtrt'sent tlie. distfince 
travelled by tin,* body in the time t (ini'asnred algebraically) by 
y {i)i y being a function of t, the averagi* velisaty between the times 
t and t + /j will ho + — fh'.s average velocity,— 

which is a funetion of tlus cnnl.iuimus viiriable //.—tends to .a inii(pie 
limit iis h -*■ 0, this limit is railed the vvlority of the body at the 
time t. If there is no such limit the term vehsdl.y hiw in this eoae 
no moaning. Tim naturalness of thi.s disffnition lus t.lm mathematical 
interpretation of our preconceivi'd physical ideas of velocity will he 
Bufliciontly apparonb to tlie student. 

166. Of the special typos of limits, that of a function of iv con¬ 
tinuous variable is much thu most important. 'I'lirongliont the 
I'emaindcr of this eouixo wo .shall ii.se tin; tiu'ui limifi solely in this 
sense except whei'O thons i.s oecitsiun to uw! it in its original sense 
oa the limit of a soqueneu (or oh a limiting imniher). 


EXAMPLES XIX. 

1. The following are examples of liiuihi of fiiiiutioim of lui integral variable: 
lim (i)®""0, lim (1.+!/«)"=«, Urn i)'(?i)/M=0(whoro <S'(7i) i» the trigmio- 

metriual function defined in Chapter in, § fi), lim does not exist. 

2, The following are examploH of limits of fiuustioim of a cmitiiiuuus 
variable: 

lira »=0, lim lim 1. 




207 


§ 1] q-eneral idea op a limit 

3. The Ciu'vaturo of a piano curve in tlie limit of the “average curvature” 
over an arc of the curve as the arc tends to zero in length, the average curva¬ 
ture being the ratio of the angle between the tangents at the two extremities 
of the arc to its length, 

4. Evaluate the ratio of the cirouniferenco to the diameter of a cii-clo (tt) 
oon-ect to one (leoinial place by calculating the perimeters of polygons of a 
Hulheient number of sidos inscribed and circumscribed to the circle. 

f). The angle being ituiasiirod in radians, establish the inequalities 
iJ/7r<(siiia;)/a;<l, where 0<.j;<n-/2. 

6. Provo lim sin *■=(), liiu cos 4;=!, lim (1-coHa;Va!=0. 

, x—O JC-^O a,-*!) . 

lim (1-0030))/^*=^, 

x-t-O 

7. Provo the addition theorems for sin® and cos®. Hence prove that sin® 
and cos® are continuous for all valuas of ®. 

8. The area of a otrole may bo defined as the limit of the areas of inscribed 
polygons as in the text. With this definition show that a circle has on area 
and that it if fi=tbo radius. 

9. The circular measure of an angle aOp (Fig. 20) may be defined as half 
the area of the sector AOP. Provo, from this definition, the inequalities and 
limits of p. 200. 

10. The notation lim /(®) is self-oxxilanatnry. Prove 

x-*-a 

lim ®“/«*“=0, iim [,S’(®)]/®=. lim [C'(®)]/®=0, lim (log®)/®=0. 

X'^co 

11. Prove that any xiart of the grai>li of a bounded function is rectifiable, 
(i) if the function is iiiouotone in the range considered, or (ii) if the range can 
bo divided into portions in each of which the funotion is monotone. 

[Form polygons as in the definition. If the Qxtromitie.s of one of the chords 
are (®i, ?/]) and (® 3 , yal the lengtii of the chord is clearly less than the sum of 
the two iw.sitive numbers ®a -®i,.ya-yi (supiiosing the function inoreasing for 
definiteness). Adding up for all the chords we sco that the perimeter of any 
of the polygons is leas than the total sum (b-a)+(0-A), where the two 
oxtromities of the arc arc denoted by (c^ A) and (b, li). The set of perimeters 
is therefore bounded. The second part is obvioua] 

12. Any xiart of the graph of any of the following functions is rectifiable: 
x\ ®“, log ® (both extremities of the arc lying to the right of the origin), s*, C (®), 
(S(»), (/(®), /S(®), cosh®, sinh®, argeosh®, argsinh®, any polynomial, any 
rational function (the arc avoiding all points of discontinuity), sin ®, cos ®, tan ® 
(both extremities lying between ® = - 7r/2 and 7r/2), arc sin ®, arc cos ®, arc tan x, 
any sum-function of a [lower series (the extremities in the interior of the range 
of coiivergonco). 

[For the last see, pp. 171—172.] 
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1». The eiirvn ilctliied hy (llie <larti'.-iaii ii'Hia'li«ii >* ] ^Ue ellipae) 

iH rcctitialile. 

[Since //= Ihe l urve is seen tn t'ltiisist nf fmw iiiiniotone 

ceutiinuMis uietf.] 

14. I’ruve that any inivl nf Hie graph i-f » riiiii tioli fMnnnl hy the I'ulditiuii 
untl .siilitmctiijii ef nny nnml»er “f iiiniintinie fnni'ttitiis is i'e<;f,irwli)e. 

[Any Hucli fnivtinn tvtn In* esitn.'wssl an the ililSi ienie nf t.wtj imiwisiin; 
fiiuetiouH, Hity’l l*'" "f ''“0' '■•'"*^1 whii li is ii side of tlio 

deliiuiigiii)lygoiis,nH in Ks. 1 l,iKl(v*Htliiiii tiiosiini of thofniiriHisitivenniiihem 
.Vi'-yi'i U'l'^n" i‘f'rn'«ii*'iHling to the two fiinrlions. Adiliiig 
up we get that tim iieriineters of the imlyguns lire lniiinlml tty llio nuuilicr 

(ft-«)+(fi-«)+(/l'- + A")i i‘i"l the teKiilt follttws.) 

1&. Thu fuiietimi y, (Iclineil iw j-niiifl/j') [or .)■ .Vil>;| wlien jctj^Onmi =(1 
when .nstO, iu emitinnnue for all vahiea of .r. Pmvii tliivl. nny nro of thu graiili 
of thin function which imih.suh tlirmigli tlm origin is not roetilinWe. 

["Wo can, liy taking tlie extreinitie.H of llie clionis at tlie i»rnit« 2?(4« ±1) tt, 
otitain file tlie iieriincter of it imlygon it nniiila‘r oxei'i’fling tlie siini of any 


munbur of term.M of thu Hories 


»i[,; 


+ ^ 4. ' 

+i -+.1 ■*+i 




hieli is known 


to be divergent. Honuu tlie .set of lasriiuetern in not lionnilfd. 

1(1. In order that the graph of a ftiuction Hhoiild 1 m» rwlilinlile it is neectwary 
and Duffleient that the fniietion ahoulil Iwi of iHinnihal vnrialhin in the range 
concerned. 


17. If a bounded function /(*) ia monotone, or of iMiuuded variation, in 
IV range, the limita of/(.r) oh tlie right and left at any i«tint r» of the range 
nocoHwvrily oxint, 

18. Lot/(.i;) lie any lamnded funutiiin, h any )iimitive nninher, and let u(A) 
denote the uppoi' bound of f[x) in the range « to u+k (« excluded), l.e. the 
least number not exouoded by the value of/(.r) hir any value, of x nuoIi that 
a<a'<a4-A Show that u(JC) in a iinii-dcernaHing function of k\ that the 
ccrreapondingly-doflnod lower bound 1(h) in a nun-increoning function of A; 
and that tbeoo functioiiM u(h) and 1(h) have (uiiiipic) liinita on the right at 
h=0. [These limits,—which arc the lower Ismiul of ?t (/i) aiul the upiwr hoimd of 
l(k ),— are called respectively lh« upfier and lower limiu ok the rij/ht nt x<=a 
of the function /(*).] 

19. Shew that if the upiier and lower limits on tlie riglit at of a 
bounded function f(x) coincide end =£, the (utiiipie) limit of /(x) on the right 
at Asa exists and equals A; and couvcmcly. 

[For the first part, with obvious notation, h (A) V A as A hj. 0 and 1(h) 
oa h^O, Also if o<a:$a+A, f (A)^/(.v)^jt(A). The re.sult ia now evident. 
■For the oonverHo, call the upper limit Li, We linvo 
/(.T)^it(A),—tliB wpper bound tif/(a'),- -for all vahieH of ,v cniicenuid, 

<Ai+(,—any number greater than A, tlio lower Ao«wif of it (A), -for soino 
values of x iudoQuitoly close to a. .;.....n) 
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But/(.T)>ii(/0-*,—any imiulior less than (A) the lyipor ioitjtrf of/(a:),— 
for sonic vahios of x iudoKiiitoly ulose to a, 

^ -f,—any iimuhor less than (the lowttr hound of w (A)),—for 

values of x suiricioutly close to a . 

By hypothesis,/(.r) -► L. Uolations (1) and (2) shew that L=L^. Similarly 
L=Ij<i and the result is proved.] 

20. Shew that if the upper and lower limits of a function/(.r) on the right 
at x=(i and the eorrospundingly-delined upper and lower limits on the loft all', 
coincide and —/(f/) theii/(.») is cuntinuous at .«=rij and cunvorscly. 

§ 2. PllOPEllTIliS OE LIMITS 

167. ThcsiH! iH no giaieral inothtid hy which Hiuits of functions 
of a continuon.s varialiU) cjiii he evaliiatcd. From the nature of the 
caso the evaluation will (lepund tin the inode of definition of the 
particular function who.s(‘ limit is sought. When we reflect that the 
cletcnniniition of such liiiuts may he regarded as the general problem 
of which the evaluation of the sinus of convergent series (or limits 
of convergent sequences) is but a special case, and that thoro is no 
general method of determining even such limits, the difficulty of the 
general problem is realised. It is fortunately true however that the 
most common typos of function are so defimid that it is usually 
possible to determine their limits (when they exist). 

168, Limits of sums, products, etc. We eonsider first tho laws 
dealing with the limit of the smn or ]iroduct or other combinations 
of two or moix! functions whose limits are known (or known to 
exist)*. They are: 

If M and V are two functioim of ic such that lim « and lini v 
both exist (a being some real number) then 

lim (u 4- u) exists and = lirn u + lim v, 

lim (it X u) ijxists and = lim it x lim «, 

x-^-n x-^a a5-^a 

lim («/«) exists and =(lim ii.)/(lim d) 

*-»■« *■»« x-*-a 

provided lim v is not zero, 
x-*-a 

In the case of division, if lim v is zero whilst lim u is not zero, 

it a 

* ThoHO lawH nrf! iiImi npj;ilicablu to liinitH of HLM|iic!noc!H; lim han only to 
bo rcpliiood hy lim in tho nymboUc HUtlemmUH. 


WMA 


14 
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th*! limit, nf Mii>‘ mU<t. lim ( « 'iiKnumM» . sHt,—•*x<-lmli»^, (Wive j|g 
'•infinity” from onr iiiim)wri*y')*'in. Im? it lim o anil lim w iiroboth 

r *-4 x ■*»« 

zinti w(! winuot, «ay tiirth>r intormatiiin wUolhi^r tho 

limit of tin* mtio or nof. tior, if it iloc., r xisl, wimt ia its 

vuluo. 

To prow ihoH.' rub a in ui’»‘'oi‘''aiy. !hi>ii]*li •*iiii]i|i<. 

TiHirovn ilin Hoi'ninl law foriim a - f* ainl lim osay. 

Thi* lisintonri* of tho iiiiutn mijilu's ihat »• ami .r aro. latimtled 
(ui. < wimn fixiil uiiminT K} tor all valm f* of r coiip'itih'iI. 

Thiin.'foiv Hij —//r ■« ,|H- f.'ji* * <»'- !’)(/; 


^ - f; + r- r ft' 


' T' . L- 


if X ia Hufficii'iitly noar (o «, IC In-itijt wimo nnmhor oxuiiniling all 
viUmJH of jwl arnlcoimonu jl ainl t luiy jmsitivi* nnmhiT wluitever; 
5.e. Imip- 1}V\< f, or (ii)-»-(/r. 

Tho third law may ho iirovod .Hiniiiarly. Tlx- liint in Mim|iler. 

It ahmild ho tniliood lliiit iioin- of iIii ko laws is n't!iijrm!al,--i.o. 
tho convtirao ia not trno. I''or o.Kam})l«‘ it tiiay hajijioii lliat noithor 
lim u imr lim v oxiatn Imi ihal, lim (« i »'| dors rxist (o.g. if 

ti=*8in(l/i«),—oriS'(l/j;),thrt.rij'omntn'»rii’ul fiinriionoftlhaiitoi'lli,— 
1 ;=; —Bs=-Miu(i/<e),—or - ,S'f|/.r), • and n 0|. 

The laWH hownvur iniiily that if any tiru of tin- tlnco limits 
ooourring in tho, atatAsinoul. of :uiy nnr of tho laws rxist, tlnm the 
third limit also oxinlAi and the riiiinlity holds; siihjort to the re- 
Btrictinn that in tho third law its stated lim n mii.st not ho zero, 

and in tho .second law if, tor oxaiuido, tho oxi.stotic.o and value of 
lira u are to be inferred from kimwlrdge ol tin; otln-r two limits, 

*•*0 

lim V must not be zero. 

»'»a 


169. We can evidently extend and riwtatr tho.so laws iw one law: 
1/ a/unction is dejlnied im a combhiuUwi uf fuurMitm <tU 0 / whose 
Uvdts (cm the variable x tends to sows limiliiiij vnlue ri) exist, then 
^e function has a limit {ns «"-»■«) which is the same function of tine 
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l^its as the function is of the oomponent funotions.-^vvided the 
fumhom are con^ned only by the four ca/rdinal operations {addition 
etc.) and no divisions by zero are involved. ’ 

Or symbolically, using A {u, v, w. ...) to denote any such 
arithmetical fiinction of a number of functions u, v, w, etc., then 
hm^A (u, V, w, ...) = A (jijn M, hmv, [imw. ...) provided the limits 

i™ “'i™di-visions by zero are involved 
in the right-hand aide. 


Other combinations which are not of this arithmetic type suggest 
themselves, such as powers like or log„v. and it is natural to ask 
if it IS still true that (e.g.) lim exists and = if the limits 

n ^ a 

lim u and lim v exist and 6C][ual U and "F" respectively. 


As a matter of fact this particular relation is true (if lim u > 0), 

for if lim u = U and lim v = V, we have {u being positive for all 

values of a sufficiently near a), u” ~U^ = {u'> -u'') ■\-{u'" -JJ'')-, but 
0 as a) -> u, in virtue of the continuity of the exponential 
function (Ex. 4, p. 91), because as «a, v F; and jjk g^jg^ 
-^0 as .u-^a, in virtue of the continuity of the power function 
(Ex. 6, p. 92), because os x-*-a,u-*-U. 

It will in fact be seen in general that the truth or otherwise 
of the law lim F {u, v, w, ...) = jp’(lim u, lim v, lim w, ...),_where 

F{u, V, w, ...) is used to denote any mathematical combination (or 
function) of u, v, w, etc.,—will depend on what may be termed the 
continuity of the defining function F. It is out of place here to. 
make precise the meaning of this type of continuity. 

An important special case of this general relation is the case 
when only one component function occurs. For example, we may 
want the limit of say it® or or logoW, when we know the limiting 
value of the function u. It is here seen plainly that the question 
is simply that of the continuity or otherwise of the defining function 
{x\ a“, loga®). As such, this question is that of the existence and 
evaluation of limits of special functions, and belongs properly to the 
study of the functions concerned. If we know that a function F(fl!) 
is continuous for a certain value of » (® = If say) then we know that 


14—2 


/ 



21*2 DIKFKKKKTIAI. AND ISTKOIlAt- CAU’FUrS fOH, IV 

the relation lim F(ii) cxiHfs and ==FiV) in {r\iv,~U Ixung the 
limit, lim ii, NnitiKised to exist. 

,v^n 

170. Ill virtue cif those iinn)citie.s of limits iiiul of the .simple 
■kiiowlfdf'o that the single function x has a tiiiique limit (a) as a 
temla to any limitiu^ value ti, we can enticliule that any power a", 
or any polynomial bus such ii uniijiie limit, (i", or 

rts X tenda to any value u; any rational function R{u') has a unique 
limit li (a) «« x -*•« if a is any numlier of lier than a valm: for which 
the function is not tlutincd. 

In fact the student will easily verily the pjeiioral theorem: 

If Fix) is any function af x defined by inenns af a combiiiatm 
of symbols representing mUinimm funelions, the function Fix) is 
continuous. If any of the eoinpoiu'nl functions is imdehucd or tlis- 
c(jntmuou.s fora value®=«, the fnnclion will in f'eneral he undefined 
and discontinuous at «==« and lim Fi.c) may not exist; otherwise 

lirn Fix) eickis and ei/tuds 

*-*a 

If the functionH eoiicurmal an* all defined and <’.ontinuoii.s for all 
values of ® there is no didioulty in iipitlying t his theorein; hub in 
the general case it may not always he easy to fletenniiie the ex¬ 
ceptional values (or ranges of values) of x wln*re the component 
functions arc discontinuous or not ihdim-d. 

Thus for example a?-plog(2 — ^e*) is continuous fiir idl values 
pf X less than 2 log,2 and if rt<21og,‘2, lim [./;' +log (2-Ve*)] 

X M 

exists and equals a*+log(2-\/e*). If «^2log/2. Ve“>2,2-Ve“^0, 
and log(2 — Ve*) is not defined for vtilmcH of x near to (t; the limit 
cannot then exist. 

It ie not true conversely that the function Fix) will be. not 
continuous if any of the defining functions is nob contimmus. 

An important class of limits which vsxist hut are not covered by the 
above theorem is that dims known iis indeterminate forms, which 
includes all differential coefficients. For example, the limits 

■ lim~-~(=2a), lim (I+«)'(= e) 

x-*aa>~a A *-*.() 

*■ Buol^ a tnnotiou ae *)(* - a) will not to oonlitiuouti at iss a tocaiioe tliu Hymbol 
ol diTigion by a - a doflnoB a tunolluu wbioli in not ounliiuioas. 
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cannot be dealt with directly by the theorem, though the limits 
are known to exist. 


171. Distinction between combinations of functions and their 
limits. We can conclude fi'orn the above theorem that any ordinary 
function (being a combination of a number of the functions studied 
above and similar functions) has a limit nt all ordinary points; and 
we can usually sou at once any exceptional points*. But in this 
statement we camiot include under the term “ordinary function" atty 
function defined as a limit, —e.g. the sum-function of a convergent 
series,—unless we have specially established the continuity of such 
function. It is quite possible for the sum-function of a convergent 
aeries of continuous functions to be not continuous f. Using for 
the moment the words "finite” and "infinite" in a loose manner, 
we observe that this essential difference between the above "finite 
combinations” of functions and “infinite combinations," or aeries of 
functions, is not really surprising;—but it-will serve as a reminder 
that such "infinite combinations” are admitted to analysis only in 
an ai'bitrary (and well defined) sense (as limits), and that the notion 
of the "sum" of an infinite aeries is arbitrary and different from the 
notion of the .sum of a finite number of terms. 


EXAMPLES XX. 

1. Provo from first iirlnoiiilos thot tho oxiatenca of two of the three limits 

in the relation lim («+«)= lini »4-l- lira v is auffioiont to ensiu-e tho exist- 
x-^a x-^a 

euco of tho third limit and tho truth of the relation. Provo also the other 
laws stated iu tho text. 

2. Determine the limits: 

lim (.v-l-a^), lim (4;oo.sa:), lim [a.'C(a!)], lim ( . - ), lim [a:sin(l/«)]. 

x-^() x-»-0 a:-^l 

[The Inst limit =0 because sin (l/:v)liea between + 1 and therefore a; sin (1/a) 
lies between + «j but a; —»■ 0.j 

3. Show that lim (1-!/«*)"=!, and that lim (l-l/n)""'does not exist. 

4. Determine tho limits lim (1—sinlim 2®", lim logcosf. 

»->o »-»'0 

6. Shew that tho function 

V[af-Hl()a(l- g-»)] -log (10 - ») 

(.*—2)(a!-l) 

is continuous for all values of a' l)atweeu log, 2 and 10 except at4;=:l andg;=2. 

i' Bee Exs, 6 and 9 below. 


Bee Ex. 6 below. 
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a HhoM tl,u) \m^ .V .ixi«».s a.«| ,.,,,.. 1 . 1 ..^.,, r ifr ,„„1 r an, tlie limito 

[Sdc Ex. fi, ]i. ;t!i. j 

7. It is i,n.ssil.l,. for tl,fi „f »«., 

limit OS i..'v..rUifl.!,s« t.. havt* a Ii,„ii. Tl.r ..rrHlnrt»- «.i 

tlio ftuirtion y i.s t,. I«. 1 f-r all vah.rs „f 

timial viihH.s. whilNl ; is wr., f..rall rati....,,! v„|.„..h i frawillh. -! “i 

TOlu,«, ,H M„.l. a funai...,; r.,r nnih,.,. ,.r ^ ,l|_^ '■« 

liiit the imKliwt ia irh-iitically »t>. f„r .iH valn.-s ..f 
fl. The teriiiH of Hk* 

I arc tan Sir-arc tan x + i ar.- inn .'Ir - „rc tnii 'Jr +, 

(where arc tan.r ia tin* invorw tnti«piit, i..-. tlmt alible y hiilwwdi - io 

in riuhaii mcaanie fnr whicli Unyaiv . rnifiniiinis and the Series ia 

... 

[If .w I. tl,. ... 

a The BorioH +( f , - "'L'l + A ■•' ■>• \ 

.r ^+1 \xa+i .»"+l/^\x“+i “.X|,*) + ••• •“ts all its 
terma contiimona and ia n.nverge.it for all v«lu;a ,.f "Tha a,„n f.nw.n 
*(*) however la diwnntinuniiH at and in fmil li„, ,Jnea not oxwt 

10. rnivo the lawa ..f ano i,y u,,, , 

eoct,„„>k,„g..ratth«e«He..f„aa 

11 . Ihe laws of hinita (n. S!0f») will not annli 1... 11" ‘luwc. 

fiinctiotiH or aotinoneeai la.t tl.o followinRI'a-rlien hold'" 

If fl(y) and /i(y) denote tla; ui.iier un.I lower hounds of the r,,,,. n o 

0) H.)+S.O«.(»+osfi(.+ riX 

whore b(n), b(r), 2t(,0, JJ(,) are h. ,«ia , a d in fill ; m . 

are not negative, ' '“>'1 l>(v) 

, 12. S^«^«'‘‘ti;«;- <Hhr«n«hp.,siiivevahn^^ 

(1) ifl> 0 , liiii w*'«xiHtN jhhI ■nil * 

(ii) ifF<0, Jini M'docs not, i..viht, 

( 111 ) If 7= (I, ^Imi u" may or may not exist. 

§ 3, Diefehkn-i'ij^j^ t.'<'iii‘Fit:n:N r.s 

two poiiitH'P (,-c.y) and Q (^ + ,, ^ 

meBBured by the ratio. A/A. U, \f(/+h)'^ 

I u (« + //)-y(„f),]/A I—which ia the 
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trigonometrical tangent of the angle of inclination of PQ to the 
axis OX. Considering the behaviour of this ratio as the incre¬ 
ment h is diminished, we saw also that in certain cases the limit 
lim [y (le + h) —/ (®)]/A exists, and in those cases measures in the 

same way the inoUnation of tiie tangent to the graph at P, or the 
slope of the gi’aph at P. 

Again, if the variable « he taken to represent the time and y, or 
/(a:), is some measurable phy.sical quantity depending on the time 
(e.g. the distance moved through in time a! by a moving body), the 
same ratio [/(•'» +A) ~/(®)]A will measure the average rate of 
increase of the quantity y in the interval of time from as to a: -P A 
(e.g. the average speed of the body). And, considering in such a 
case the behaviour f»f this ratio as the increment h is diminished, 
we saw, in § 1 of this chapter, that in cases where the limit 
lim [f{x 4- h) -/(a))]//(. exists it will measure the rate of increase 

A-k-O 

of the quantity y at the time ai (e.g. the velocity of the body at the 
time x). 

Limits of this kind are the primary concern of the differential 
calculus. 

173. Definitions and notation. For the sake of completeness 
we restate the definitions. 


Let /(a.) be a function of the continuous (real) variable a:. The 
incrementary ratio of the function/(*) with respect to the variable 

a! and the increment h is definc<l to be the ratio ,i 

h being any real number whatever other than zero. (If the function 
is not defined for all real values pf a; we suppose « and h are such thiit 
f(x) is defined for the values a, x + h, and all intermediate values.) 

This incrementary ratio depends on x and h. If we consider x 
to be fixed and h to vary, it may be regarded as a function of the 
continuous variable A, defined for all real values of A (sufficiently 
small if/(a:) is not defined for all real values), except A = 0. If the 




unique limit lim *' ' .' ' ' exists we say that the function 

/(«) is differentiable for the value of iv concerned, and the limit is 
called the differential coefficient or derivative of the function /(«) 
with regard to the variable «. 
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WFKRRKNTIAI, AVI* IVIKiJllAI. rAl.CfSHJS jcH. ly 

Ah a niiti sIiaH hw Hh^ f»'rui .mly when wu ItKik on tins limit 

liM itself fi fiiimtidii «f i.M. wlicti XVI* ;m! tiniincniisl xvit.li rlio viiliic.-i ,if t|iQ 
clifliirciitiAl onf’IIU’iRiil nvi'r II wlinji* r-iin.*i-xf vmIiii'm Ilf .r rnHier tlinn fur ;i single 
vnliKs. Otliprsvisn wts iimi Mii* tp.viii ttillVi'nitiul 4’>«!iVs*-ii‘i(t. 

It iH CDMVi niciit ill snmi* >‘nmi>'i-tiiiii,*< tu tisi* tli'* uotiitirm 

nx 

doiKitf till- iliflVi'i'iitiiil fiti-rtlrifiil- cf u fiiiictitiii if wilh ivfriiid tn 
and thiH nntittiim in thp iimst ciislmniirY. Wi* shall iisi‘ this notfitioii 
in jilaci!8 wlitM'i' ('.nuvi?iii«*nf-. Wi* slinll uftcn, howrvcf, cniitinue ta 

Tisn the iKitiaion Dij or /)/'(.»•). In iisini; tho iiotiitioii it must 

ho clearly niidrrHlood that tho Iruffioiitd form is iiieioly symbolic 
of the definition of the difiVviiiitiiil ns tins linvit of the 

ratio of the iiicromcnts of ,r and of //. If iniiHt ho nsod as a whole 
and not in any sonar lookod on ns a i]iiiit.ionli of two nnmhors dx 
and d}j. Wc ahull ulao ocouaionnlly nso tin* not!ilion/'f»;). 

It is to ho nntici'd I hut in tho oviiliiatioji of Mu.* hniit of the 
increxnentary ratio, the oxcluaion of the limit int; vnlms (/i = 0) ia 
esaential.ius the function concfriiod,- ■ the iiu!iviiii'iitiiiyratio,~iHnob 
dofiiiod for that value of h*. We o1)s»*i'vi! nlso fhnl. for the same 
reason the existence and value of the iHtVereiitinl coellioioiit cannot 
in general bo deduced directly from the rule.s of tlm last .section. 

174, Non-difibrentiable ftmetions. Differentiable ftinotions 
neoeasarily oontinuoua. It .should bix noticod that tlm ilefinition 
does nob prcauppoac that any funetiona actually arc differentiable. 
In order to use differential cocHicicntK it will be nocoasury for us 
to prove their oxisteuco in the caacs which concern us. Wc know 
already (see Chapter ill) that sonic .simple fniietion.s have (lifibrciitial 
coefficients; hut we must not therufoni jniiip to the oon(:ln.Hion that 
all functions have this property. 

It is indeed evident that in la’der tu be rlifferentiubk at a point x 
(i.e./or a value a) a function must be cuntiniums at that jmnt. 

For the ratio [/(i>i+h')-/(x)]/h cannot tend to any uiiinber as 
unique limit as the denoniiimtor h-*-0 iniles.s the nmnemtor also 
-►0, i.e, unle88/(«) is continuotis at the point m. 

Consider for example the fiiimtioii ,</deiinnil tints: yK.siii (l/.r) for all values 
of « except «=i0, and for.ii>=0,—this value Iiimok e'viKaod to coin)>lot» the 

• This oxehslon apoes with the doflnitlon of limit (p, ISH). 
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definition of the function (ain (1/0) having of coui-ao no meaning). This function 
is diaoontinuoua and not differentiable at the point a;=0. In fact 
lim y(A)= lim Bin(l//t) 

and does not exi.st because ain (l/A) takoe on all values between -1 and 1 for 
values of h indefinitely close to 0. [The upper and lower limits of y at *=0 - 
■(see Ex. 18, p. 208),—are 1 and -1.] a \ 

Also the increinentary ratio =[sin(l//0-0]//, and has all mal numbers for 
Its values for values of k indefinitely close to 0 and therefore has no unique 
limit (even on the right or left). [The fimotiou [sin (1/^)]/^ is unbounded in 
■any neighbourhood 0<,«'$/i.] 

It is not even truo that all continuous functions are differentiable. 

For example, ify=|.»|,y is continuous for all values of * but not difterenti- 
■able at the point .®=0; for the inoremontary ratio thei-e=| A|//i= ± 1 according 
■as k is positive or negative and therefore has no unique limit as A 0,—though 
the limits on the right and left, i.o. the differential ooeflacients on the right and 
left, exist. (They are +1 and — 1 respootively.) 

Or again, the funetion defined thus: 

y=« ain (l/,v) for all values of x except ii;=0, y=0 for *=0, 
is continuous at a'= 0 because |y|«[.«|-»-0 as .r-j-O. 

But this funetion is not differentiable at ,t'=0 (nor differentiable on the right 
or loft) bocauso the increinentary ratio, viz. 

[A sin (I/A) - 0]/A= sin (1/A), 
does not tend to a unique limit as A -»-0. 

In view of the existence of non-difforentiable functions it would 
be very rash to nasumc that all the functions mot in the complex 
reality of nature are differentiable. In analysis of course we assume 
nothing whatever as to the- amenability of our functions to such 
operations ivs differentiation. The cases in which such operations 
are possible will bo the most useful in practical applications, though 
the other oases are of importance in the fundamental theory of 
functions. We are concerned here with the more practical class of 
functions. 

176. Differentiation of sums, products and quotients. There 
arecertain//ene?’aZ rules whereby the differentiability and differential 
coefficients of functions Avhich are combinations of simpler functions 
can be deduced from knowledge of the simpler functions. 

Let u and v bo any two functions of x which are differentiable 
for a certain value of x, and let their differential coefficients with 
respect to x be Du and Dv. 
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Then the fnwlitm u + (\ « - r. it x r, iifv rnr diffmntiahk md 


0\dr (Hffemititil rm'iHi'ieHtti nn’ijieen ht/ 

Din 4- = + !.h\ n<u~r) Du - Dv, 

/;(M X I’) =» vHr +h tn V) - ( I'Vii — nDi>)jv\ 
provkleii only llml- in tin* onw of llif (jiintiont // f, thn dounniinator 
1) innsi not 111' zorit for tin* vnUto ol'j’roncfrni'tl. 

Tho lirnt two of llioso rules follow (linrlly fi’otn llio corroNjionding 
rules of the htst st'efion for limits of snms uinl iHflVrciKHis, for the 
incrementary mti<i of « i v- (he uierementiiry rutin of ii ± (.he in- 
creinenl4iry riitio of v. 

To prove the thinl, the tiii'reiiM'irtiiry rutio of iir 


«[u (.V + AU' (* 4- A1 - «(X P (-'‘Ij -A 

, , .^v(x + Ji) - i'(.r) ii(.r+h)-u(.r) 

^u{x + h) - 4 - ?>(X 

-*• u t!c) Dll (;n) + 1 ; (.c) Du (iul, 

by using the rules for the Uinit of a pnslnet ami of a sum of two 
functions iji. 201))*: and the rule is estahlished. 

Similarly for the tjuotieiit, the iueremeiitiwy ratio ut'n/v 


Ip: (ai 4- A) V (.r)'! _7t{w + h\i'tir\~u(.r)ii (,r 4- 
A[_e(a' + Aj v(x) ~‘ Ai'(.r)o|.r4 A) 


/<) 






«(«■ + h)-ii{ir] II (a: 4- A) - r (;!■) 


-u{xV 


jlv (.'(■) V (a 


, 14 -A)] 


A A 

■ [ti (<c) Du {a) - u (x) ])v («■)]/[»' (.'•)]-, 
from the rules for limits, the deiioniinnlor v(x) i>{x + li) having the 
unique limit [t (k)]” (wliich 4 0) as h -*■ (I. The ruli’ is established. 


176. Differentiation of a function of a function, These rules 
may evidently be extended to cover similar conibinations of several 
functions, but in practice it is best to make repeated applications 
of these rules, A fifth rule, dealing with the differential coefficient 
of a/uJiction of a function, is however of importance. 

If u (a) is any function of x, diffmntiulle with resj)ect io x for 
a ceiiain v(due of x, md y(u) is any function of it, differentiable 
with respect to ii for the value of ii corresjiondiny to this value of 
X, then y may be regarded as a function of «■; y is differentiable 
with regard to xfor the value concerned; and, if it' is the differential 
coefficient of « with respect to «: mail y' ike differential coefficient 
* «(.i:+A) -*■« (it) bccdUHe the tnuctiau a (*) ia iiecoHKtitily ccintinnuuu. 
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of y with respect to u, tlmn the differential coefficient of y with 
respect to x — y' y. u. Exprcaaod in the usual notation 

dy dy{xi) dn{x) dy du . . . 

dx'Tv-=da ^ 

The proof of this is simple: 

The incromentary ratio of y regarih'd as a function of x 

= [y 1m + /‘)1 - y 1m {x)\]/h 

y\u{x + //,)) -y\u (a:)} u (x + h) - n (w) 

- u(x + h)-v(x) h -^2^“ as/i-^0 

because + —W;(a;)-^() as ft—»-0 and therefore the incre- 

mentary ratio the differential coefficient 

y'- 

As an example of this theorem consichirthe function y = loge®>- 
The differential eoofticiont of u (= a^) with regard to » = d!d‘jdai = 2®, 
and the differcntuil coefficient of y(=logsi/) with regard to 
M = dlogju/rfii= l/« (supposing w>0, i.e. * + 0). Therefore the 
differential coefficient of i/(= log,, af) with regard to ® (for ®+ 0) 

d(c dudic 

The student may verify from first principles that the function 
logj®’ is difforoiitiablo fur all positive and negative values of x 
and that its differential coefficient = 2/«. 


the differential coefficient 


177. Differentiation of Inverse functions. Existence theorem. 
Asa corollary of this theorem we have the following theorem, useful 
in the differentiation of inverse functions-. 

If a pair of variablo.s a; and y ai'e related in such a way that each 
may be regarded as a function of the other (e.g. y = a?,x = >Jy-, or 
y = a“, X = loga y) then if y is differentiaUe with regard to x for 
a value.®and the differential coefficient =dyjdx, and if x is differ¬ 
entiable with regard to y for the corre.sponding value of y and the 
differential coefficient ^dxjdy, then d.vjdy=‘ll(dyldx). 

For 1 = dxidx = (da;/dy) {dy/dx), i.c. dxidy = Ijldyldx). 

Kogarding the conditii.ina under which a functional relation 
y =/(«),—the function f{x) being for example continuous and 
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—lends te nil inverse liinelinnnl relntinii of the same 
cluimcter, it is en-sy to jirovn t.lu; iiillowin^j; theoroiii: 

Ifdfmciinn »/ = /(n ) in skiidily i««ri’i/.vtH£t(iir,st.»‘n(lily(iecreasing), 
continuous and differenliolilc in n a-rtoin ranife, then thure, is an 
inverse function of if, rir. .r = /'(.'/). defined in the corrcsimiidiiif/ range, 
which is also shindili/ iticreusing lor (lecrensiiig), continuous and 
differentiable throughnHl its range, and the rrhitiou d.rldif = lj{dyldx) 
holds. 

The iiuiilytienl piMof is left to the slmleiil . 

Geomolrienlly iilso this thettrein is siiiijile: 
l)raw fFig. 21) the graph of i/=/(j0. 

Uy intiinihanging the .r and if axes this graph may he considered 
oa the graph of r as a function tjf g ,—for to 
every value of tj in the range (c. d) there 
corresponds a definite value of sr. The graph 
is continuous and has at all points a tangent 
PT which is not parallel to either axis,— 
and this is clearly indepuiideui of whothnr 
tho graph is looked on as the gmph uf y as 
ajuiiction of x or that of m as a lunctioii of»/. 

Thoreforo a, considered as a funotion of y, is 
continuous and difforoutiable at all points. 

Also if a und are the angles I*T makes with OX and OY re¬ 
spectively, tan «= dyldsi, tan /3 = ttr/dy. 

But the angles a and /3 are, nmnple.tmuitary and thorofore 
tall ^ —cot« = 1 /tail«. 

Therefore dxjdy^lffdyjdx). 

It will be noticed that for the truth of this theorem it is essential 
that /(») should be definitely increiwing (or decreasing) (and that 
dyidx must not be zero). Unless wo are prepared to consider 
“multiple valued funotions" anil “infinite differential coefficients" 
we cannot dispense with this conditiou. 

EXAMITJW XX I. 

1. Prove directly from tho niloH for the. ililforontiatinii of lU’iHiucts and 
quotients and tho facts Dx=l, that any iiositivu integral power of 

», viz. is difthrctitiiihlo ami Zi.VtxBx""' for all vahu-'s of x\ ami that any 
tifigativo iutogral power of x (*" where x is a negative integer) is diflorontiable 
for all values of x other than zoivi and /).«'■ 
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\Pie'^=D{x.x)=asD.v-^xDa;‘=x+a>=^‘, 

Dsfl=D(x. . 1 :“) '=xDx'^ + x^Bx = x2x +,«21=SiB*, oto. 

And I>0-lx)={xD\-\Dx)la?=-\jx\ 

D(^l^=\xD (1/a)-(l/a) Dx\l:^={ -yx- l/a)/a'>= - 2/a», eto. 
The proofs tire completed by induction.] 

2. Prove from the rule.s for diffei-ontiation of sums etc. that any polynomial 
P„(a) is differentiable for all values of .a and that any rational fimotion 
■P«(»)/<2m(«) differentiable for all values of x which are not roots of the 
equation (2fl,(‘i'')=0' 

3. Provo tliat if u,, mj, ... h„ are diflk-entiable functions of a and a^, a^,. a 

are constants, tlien a,Mi+«aMa+... +«,«»is differentiable and ’ “ 

(a,«, +...+a.„ =oi Dui +...+ 

4. If «i(.B)+?<a(.r) + ... ia a couvoi^eut series of differentiable functions it 

is not in general true that the siim-fimotion is diffemntiable. If the series is 
a power series however, 

^n+ai-‘8+a.ja“+..., 

it is true that . 0 («v+ttii»+a 2 a“+...) 

exists and equals 

Oa*+/>ai a;+Z laa «*+...= (tj + 2«a .r+Saj . 

[See Ex. 14, p. lOfi.] 

B. (liven /J.«»=«,«“-> for all viUucs of x if n is any positive integer, prove 

--1 

that the inverse function S/x is also differentiable and J)^/x=~x'' . For 

7t 

what values of x is the nwult volid? 

6. Using the results of Ex. 1 and that ZI»*=a*, shew that 

jDo^=2x<s^-, /l(e*)»-=2fl»'. 

[Function of a function.] 

7. Given D log, x = 1 fx (for * > 0), DS (x)=C (x), 

and BC(x)=-A’(x), 

shew that I) log, S (.«)= C (x)/S (a?), Z) log, C(x)=‘~S (x)IC(x), 

DS (log, x)=C (log, x)/x, DC (log, x).= -S (log, x)lx; 
the functions S {x) and C{x) being the trigonometrical functions of Chapter ttt . 
State in each ease the ranges of values of x for which the result is valid. 

8. Given De‘=e‘, Z)e"*= -e“* and the differentia] ooef&cients in the last 
example, shew that 

Z)fl*/f(.B)=c*[C'(s;)+5r(*)],i7«*(7(s;)==o*[(7(ii,')-^'(si)], 
Z?<i-*A'(®)“«*"[C'(*)-<S(a:)], i5«-*(7(.*)=-fl-*[(7(.r)+iS'(»)], 

A) - « A' (ft.v) ==. or ca i - aS {bx)+hO (/w) j, 

(?(i)a-)= -d -«»[«U(li®)+hi’(&3!)] i 
a and b being any constants. 
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ti til <//(.«+<!!) d/(j;+n) df{itj- + h) df(ax + />) 

fh: ri>> + <»)’ dx IUrtx + h) ' 

a iiml h Kiiiig miy nMUHljitits; tlw liiDVrcntiiit f.-raiDiiMuntM (igiiriiig n» thn right 
lKiillg.SUIHH1.Wll t'l iixihL 

10. n.siiig till*. I’M.sults Ilf tin: iilhivi! nx!iiii|il(<7<, .sliuw tlirtt 

/V' * '■ .= ‘ ; /Arc** • H,,.n* ♦ t, -n). 

liiKflJ'>(aj*+l/.i;5 ftir .i:>0; 

• AAlv/l - 

11. If y Ih till) ili.stiUirii iinivrHi Hiriiiigli in liiiii: .r liy u iiuiviiig liiuly, then 
the velocity of the Inuly at the ciut of any liiiu: x is wt«»(Ay/(/,j;(inil the aocolora- 
tion (tho rate of inensusis nf vclm'ity) 

12. It will lie iu'ovchI oxiMiriiiioiihiUy that thu ilLstaniMi {y) inovcd through by 
a falling luKly (iinilfir gravity) in any timu x i.s given ainiro.'iiniatoly by the 
forniuhi//“Ilia:’*,-{.r and 1 /iHuiig niennnml in awanul.s and feet). Bhew that 
tho velocity acquired in tirnc .c ia 32.r feet imr smjoml, anil that the acceleration 
ia conutant (=32 feet iwr wtooiul {wr Hueonil). 

§ 4. Difkkukntiation of ei.hmkntakv functions 
178 . standard forma. In bliis .snetion we, will obtiiin the dif- 
fermitiul nuciHciuntH of tliusiinplu i'mictiniis wliielt iirii ofiinportaiice. 
By using tho goiusnil rules nf tho litst sootion wo shall thon be in a 
position to (lirteroiibiiito all fiuiotions whioh ariso out of onliuaiy 
aouibinatiims of those known liinobions. 

Wo have tho following staiulanl forum: 

I. Powers y/iB. 

jDib" = na”~‘ if n is any roal iiumbnr; 

valid for all viilue.s of x if a is a po.sit,ivo intogor, 

for all values of x except a; = 0 if n is a negative integer or zero, 

and for all positive values of x if n is any non-intugral number. 

II. Loganthmio function. 

Dlogaa:=l/!B, i) logo«= loga e/® if a is any positive number 
other than 1; 

valid for all positive values of x, 

III. Exponential function. 

J?e®= e®, Da® = o®. log, a if a ie any positive uumbor; 
valid for all real values of x. 

IV. Circular and tfrigononietrioal functions. 

(tt) Dsin®5scos®, Dco 8® = —sin®; 

valid for all real values of x. 
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D tan « == aec“ D sec x = sin x sec" x\ 

valid for all values of x oxeept odd multiples of i 7 r/ 2 . 

D cot X = coscc" Xf D cosec £c = —• cos x cosec^ x' 

valid for all values of x except 0 and multiples'of + tt 

(6) DS{x) = G{x). DC{x) = - S(x)i 

valid for all values of x. 


valid for all values of x (sxcept odd multiples of ± sr/2. 

j) _Jk_. = _ ^_ jj _(®) . 

^ T(x) [S (x)y ■ S (X) - - [S(x)f ■ 

valid for all values of x except 0 and multiples of ± w. 
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V. Inverse circular and triffonometrical functions. 

(a) J? arc sin a: = 1 / \/1 - D iu*c cos ® = -1 
valid for all values of x interior to the range of definition, i.e, for 
— 1 < a; < 1. 

jD arc tan «= 1/(1 +a)»), /)arccota; = - 1/(1 +«»); 
valid for all values of x. 


1) arc HOC X = , 1) arc (M)soc x= — • 

valid for all values of x intorior to the range of definition, i.©, for 
which I ® I > 1. 

(6) DHix)= V - W(x) = ~ -.^^- 
vl — a-* wl—x^ 


valid for all values of x interior to the range of definition, i.e. for 
which I a; I < 1. 

- 1 

DT(x) =, valid for all values of x. 

X "T* Qj 


VI. Hyperbolic and inverse hyperbolic functions, 

D sinh X = cosh x, D cosh x = sinh x, D tanh x = seoh’ x, 

D scch ® ; valid for all values of x, 

cosh’ X 


B coth ® = - coHOch’ X, D cosech x = 
of X except x = 0. 


coshx 
sinh" X ' 


valid for all values 
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D arg .sinh ® ■= ^ - - ^ ^ valitl for all vu1iu*.h of x, 

1 

D arg cnsh x = ^ > valid fur « > 1, 

D arg tanh x - s» valid for i .<■ i < I . 

1 

D arg cuth x = ^, valid for ! .r j > 1, 

D arg aoch x «= — -y-^ -— , valid for 0 < « < 1. 
ii;vl — re’ 

1 

/J arg coHceh a! = - ^ ^ , valid for all valvios of x except. 

a,' = 0. 


"VII. Any power serice. 

D (tto + a,iG + +.,.)=«, + + !ln.|;c''‘ + ..., (i,,, a,, Oj, .,, 

being con8taiit.s; valid for all valin-s of x interior to the range of 
convergence of the Reriea, 


179. Proofs. Powers, exponentials and logarithms. For the 
sake of coinplettmosH we append (or rutudl) proofs: 

I. If n is apositive integer the inerenienUiry ratio [(.i‘+/t)"-a:’‘]//t 
can be divided out by h and .so reduced to 

(«! + /0"~' + ('■® + ^0""’a: + ... + (.'r - A).1’''”“ + 

which iift h~r-{), by the rules of § 2 of this ehajjtor for the 

evaluation of limits. fcJimilarly if ii is a negative integer, = - m say, 
the increineutary ratio 

“ h (x + h)^ 't!™J ” hx"'^ (a; + /i)’" 

(fl ! + ; 0 ” -' + (^+ h I*"-® a: + ... + 
a."™ (a; + /t)"‘ 
wa:”"’ VI „ , 

provided a:4 0 (it being then always possible to choose h so small 
that X and x + h have the same sign). 

In the general case wc use the inequality (iii) of p. 29 as com¬ 
pleted in Ex. 2, p. 91, viz. — b”)/(.a — b) lies between and 
nZ»"~' if n is any real number and a and h any two numbers of the 
same sign. 
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Taking * positive being defined only for ^>0 if . fo „ot 
mtegral). we can t^ce | A1 so small that a, + his also positive The 
incrementary ratio [(«.•+/.)»-«;” J/A therefore lies between Al¬ 

But tlw po^r f„«ion ^ iscmti,ima«li.tely 

*"'™' <P' o'”™'' 

n (x + «)" * -> na;" ' as A -> (). 

Hence tlie increinonbary ratio also 
established. 

^ote. If the differential coefficient on the right at « = 0 
exists and = 0 whether n be integral or not. 

II. The inequality of p. 110 above, viz. 

]■ , l0£r»e Intr a 

I - lies between and —^ 

holds if * and « + A are any iiositive numbers and a any positive 
number other than 1. Hence the incrementary ratio of log,^. viz. 

[Iogn(® + A)-.log„®]/A, 
tends to the common value of 


above). Therefore 
na— and the result is 


Therefore 


lim and lini 

•'«+A ffj 


, i.c. (logttfi)/®. 


D log„ IB = (log„ e)/« and D log. x = (log, e)lw = 1/®. 

III. If (1=1=1, let y = a'', so that a; = log„y,—and this pair of 
inverse functions has been proved (Chapter li, §§ 1 and 2) to exist 
and be both monotone and wmtinnous for all values of a and for 

y>o. 

By II above, dvldy = d log„y/d^ = (log„e)/y. 

i herofore by the theorem of p. 220, or directly as on pp. 128_129 

dAjjdx exists and 

= l/(d'c/dy) = y/(log„ e) = a® log, ft; 
and this result is true for all positive values of y and all values of ®. 
When a = 1, y = 1 for all values of * and l)y=0 = a® fog, 1. 
ile* = c® log, e = e®. 

180. The circular and inverse circular functions. lY. To 
differentiate the civcidar fiinctiuns sin(B and co8(b we may use the 
addition theorems for the circular fiincbions and the method of 
p. 181, or we may proceed independently thus: 

WMA 


15 
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OH. IV 


Lot 0<.;:<7r/2 iiml lot tFig. 22) t.ho piiiit, i' on a unit circle 
i't*prt)8uiifc the iiiiglo .i'.sd I hat. the are A P = x. 


T/ct Q be any ptdiit on the arc AH biitwccu 

.s 



P and li, and let the iirc V(l — h. 

li 



All distances concerned will be jwsitive. 




Let APT be tin* ttingent at P, / 


[\ — 


The incrcinuntary ratios of cos.® and sin.i; ( 




with respect to the increment /t are re- y 

0 


1.1 r 

apccbiv(!ly . \ 



J 

— RP/mv /‘Q and 7iQ/ar(: PQ, 


_^ 



_RP PQ , RQ PQ t'ift-aa. 

PQmcPq P(^iirci^y 
Now tis Q -*■ P along the arc, 

RP/PQ ^ (;7yNJ'=sill OAT = sin x 
and RQ/PQ r OAfST = cw om' = cos x, 

from the simple proiKU'ties of the circle and of similar triangles. 
Also 

i'Q/arc PQ - [sin (/</2)]/(/</2) 1 

as -► 0, bocaiiHC! liin '• = 1 (p. 20/5). 

x-f-d 

Therefore, as h\.0, the increineiitary ratios for cos a; and 
sin® tend to - .sin® anti cos® respectively. 

This is true also as h r 0, tuid tlierelore 

IJ cos ® =s — sin X, /> sin ® = cos x. 

This result,—thus proved for 0<® <'7r/2,—is tfusily e.’ctcndod to 
cover all cases. 

To find Dtan®, 7).sec.®, /)coscc.i.‘ wo u.se tlio rule fttr the dif¬ 
ferentiation of a quotient (p. 218), thus: 

n r> /sill P •'•ijl *■ — sin ® I) cos ® 

\oo.s X/ Ct)S- ® 

' cos'' ® -h sin^ X 1 

■ =8ec-'®; 

cos- X cos-’ ® 

valid for all vahios of ® which do not mtike cos ® = 0, i.e. for all 
values of ® except odd I'mdtiples of ± Tr/2. 

The differential coefficients of the trigtnioinetrical functions 
(7(®) and iS(w) (defined in Chapter m. §5) havts been obtained 
before (pp. 180—182). D'T (®), etc. arc derived from tlnsso precisely 
as i)tan®, etc. are derivod from /lain® tiud 77cos®. 
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,eLI:iur'^ « are 

arc sin® uthat angle y, measured in radians, belonging to the 

interval (- | , J) (i.e. - 7r/2 « y ^ ,r/2), for which sin y = . 

arc cos a; is tint angle y. measmvd in radians, such that 
for much cos y = au y ^'t, 

BoM, the* taolion, m-c defined !„ ,dl ,„h<^ „f ^ ,, _ 

.nd 1 mi for . . -1 .„d o,. 1, but f„ uo other ™l„ee. If the 
roetncto (- W2 s „,./2 or 0 s , 4,) „e„ removed fte toetieu. 
JOUH be molti,.le-vu o«l. The reatrictione et. e,bitary, but 
desirable. We retain them*. ^ 

To differentiate those inverae functions, the theorem on n 220 
will apply. 

y = arc sin x gives ® = sin y. 

Therefore dxjdy = cos y = Vl — sin'* y = Vl — 
and this (=cosy) is positive (or zero) because - 7 r /2 < 7 /< W 2 
Therefore rfy/d® = + " 

Similarly, from y = arc cos at, ® =- cos y, 

dxidy = - .sin y = _ Vl->■ and dy/d®’= - l/VF^. 

The inverse tangent iuo tan® is defined as that angle y between 

- 7r/2 and 7r/2>,- luhich tan y -®. It is defined for all real values 
or ®. 

Using the theorem of p. 220, if y = arc tan ®, ® = tany, 
dxidy = .s(!c“ y = 1 4- tan® y = i -j. 
and thoreforo dyida; t= 1/(1 a-a), 

The other inverse circular functions are defined and differentiated 
Similarly. 

pio inverse trigonometrical functions S (®), D(®), T(x) are defined 
and differentiated in jirecisely the same way as the inverse circular 
functions, with the replacement of w by vr, sin by S. cos by G and 
tan by T. 

181 . The hyperbolic and Inverse hyperbollo functions. VI. 
To differentiate sinh «, the incrementary ratio 

= [sinh (® + h) - sinli ®]//i = [co.sh (® + /i/2) sinh (A/2)]/(/V2), 

tnnotionH aro tomed tho pHncipal 
mines of tho funoboiiH uroHina, oto. Sea also Ex. 4, p. aso below, 


16—2 
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by Ex. 8, JI. U):b 'I'his tcnrls to iioshx as h ->■ 0 by eonsidciutions 
uimliigmis to thoso usttl ia the; diftbrciiliiition of »S'(a;) and C'(®), 
Similarly for cosh .n: the incri-iiifiitury ratio 

= [cosh (* + h) - c.ish ir];7, = sinh U + h/2) 

-> sinli .7! as h ->■ 0. 

To rliflFerciitiiito tlic liyiiorbolic tanli .r wc have 

- 1 , , . cosli /> .siuh .j; — sinh ;i!/7 oiisli <0 

i) tanh A’= (smh .li/wsh ii:) = cosier 

ciwh"'' X — Minli“ ii: 1 

ciwh'-'.i: (J09h“x' 

for all valu(;.s of x, becaimo cosh x is never zero. 


The other hyperbolic fiinction.s are differentiated similarly. 

'fhe inverse function theorem of p. 220 applies bo all the inverse 
hyperbolic functions and establishes their ranges of definition and 
the differential coefficients, as given. T]ie.s(i liinctionH are neces¬ 
sarily single-valued*. 

182, Sum-function, of a power series. VII. The theorem that 
the sum-function fif a power series «„ + HjA f -I-... is continuous 
and differentiable at all pointa interior to the range of convergence 
hae been proved above (p, liffl and Ex. 1*1!, ]). li)5). Some series are 
convergent for all values of le, but usually the valmw of is i'or which 
a power series is convergent consist of all the values between - R 
and R, R being some positive miiiiber, called the "radius of con¬ 
vergence.” The series may or may not converge*, also fur x *= - ii and 
ie=R, but it is not convergent for any value of x for whicli |®l>ii 
and it is absolutely convergent for all values of a; between —R and 
R. (See Ex. 13, p, 194.) If the terms of the power series are dif¬ 
ferentiated (term by term) a second Hories, = Uj + 2a,,ic -t- -t-, 

ie obtained. The theorem of p. 193 shews at once that the radius 
of convergence of this differentiated series is at least ii; it is in fact 
precisely iif. 

If a power series is convergent for all values of «(e.g. the series of 
Chapter in, §§ 5,6) the differentiated series will also be convergent 
for all values of x and its sum will be the differential coefficient of 
the sum-function. By using this result the differential coefficients 
* If complexaninbotanro introdnceil the Ijypcrbolio fmioliouH arc, like tlio circular 
functions, periodio and the inverso hypctbullo fmictionH loany-valiUiil. 
t By the compatiaon theorem (I), p. 70 above. 
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of the functions 0 (a-), S (a;), cosh x, sinh x (and E{x) of p. 173) could 
be found without resort to the algebraic addition theorems. 

183. Differentiation of compound functions. By means of the 
results of this section and the rules of the last section we are now in 
a position to diffei-entiato any function which is defined by means 
of a combination of tlio fimctions considered in this section, but not 
to differentiate functions defined as limit's of such functions except 
in the special case VII. All functions met naturally in elementary 
analysis and applications (with the exception of some infinite series 
which are not power series) can therefore be so dealt with. 

To shew the scope of our methods of differentiation let us 
differentiate the somewhat complicated function 


l'’g« 




Theiehn'c 


The function = log„ [log,, (1 + sin«;|], where w = ( 3 :“ + 1 )/(® - 1 ), 
= log,. [l(.ig„ ■»], where « = 1 + .sin w, 

= log„«, whem n = log* v, 

= y, w'here y = log,M. 

^ 

dx ~ du dv dw do: 

(by repeated application of the rule for the differentiation of a 
function of a function) 

fj, ( .ir. ^ \ 

d logu K. d l(jg ,.V d{l + sill vi) '\w — 1 / 

du dv dw dx 

11 (a; - 1) X) («• + 1) - (a-“ + 1) i) (« - 1) 

uv {x — iy 

(by the rule for a iiuoticnt) 

11 (,r-l)2,r-.7-=-1 

= — cos W '-/- 

uv {x—1)- 






(.-!)■ 


The range of validity of this result will depend on the range of 
validity of the variou.s steps. It is nocossary that ® =f= 
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fCH, IV 


I + Hin *'■ I * ( *711 )} ^ 

i.o. thiit sin '^~ y > (i and j: 4 1. 

x~ I 

These inorjUiitions wii) be soIvhI. .Sueli ftuii'tioiis arc ran*, 

HXAMI'LKS XX n. 

1. I)illsr4>iitiut« 

(*-1 )/(*•“+1), -/(. livT'l “•<’)> > sin ilf, 

2M>«2.r, \Htt+ln'mx), (ii+/w,i’‘. .i'"nin Ac, 

a, b, t, and n IwiiiH couhIjimIh. 

S. I'l-ove /under iiitiinnirintc* witiditiuiis): 

(i) /Miig,Hiua:=«(it,.r, lsiti,r><)], 

(ii) i)Uig«i;(ts:ra “tJHl*, [s'<is.i->0]. 

(iii) /J lug, Un jr + Jr.r) = 1) log, («<h: i + Uni x) - «-c .r, [tiixi (J n + ia:) > 0], 

(iv) 1) leg, Uii (| IT - • i .f) K W log, {m- .r - tail x)» - H.'r .r, 

[tan (i IT - kr) >0], 

(v) Ulog,lo«,.T«l.'(.i?l(ig,.r), llog,j->(l, U!. .r> 1], 

(vi) 7Jl<ig,Uig,log,.r-r.i-.l/(.fl(tg,.rl(ig,log,../), Ili.g,lt)g,,.7:>0, i.i>. ,i'>4 

(vii) [u! t (l if « is n iswitivo integer], 

(viii) J) ( 4 !'‘/log,.r)t=,r’‘-1 («I(ig,.r -1 )/(l»ig,.i')“, [.r > (I iiiiil 1 '|, 

(ix) iJ»*-='/J(f(*'"i'*)“.r'(i.f.tog, ,v), 

(X) [.rXI]. 

3. By diffcrinitiiiting tlio. Idgriritlniiiu ncrica imii by term verify tliiit 

/Jl(ig„.i'!sl/* for tl<.c<li!. 

4. Most of the invursu fmii-tiiiiw wtiisiiliirwl iibovi: in tlie text iiro uniialile 
of oxtoiided definition. TIiuh nroninic imiy Wi eonnideiutl to ba the niultiple- 
voduad function y which is any mimlHir for wliiob sin y=.v. Tlie diflurcnt viilues 
of the function conutitiito what tuv called brnnukvH of tlio fniiotioii. 'I'lic formula 
for the difforontiation of arc sin rr is upiiliculdD to any brriuuli, 1 lut tlie sign will 
depend on tlie particular braiiuli. Tims fur tlie brnneli cnniprising the values 
of y between 7r/2 and 3ir/2, iJy» -!/%/(! 

5. By moans of tbo inverse function thcorum of p. 220 a fiinution whiuh we 
may call S/x is defined for all valuas of .r, jnisitive and negative, if n is an odd 
intcgoi'. Wo can similarly baild up a imwer function for all values of x if 
q is odd and thus extoud the range of dotinitlon of the powur fiuiction in such 

cases. With this definition fm* positive and mjgativo values 

of X. ^ 

.[S^p, 89 above.] 

e. Shew that £).usiii(l/,«)=Hin(l/a:)-(l/,'i')cos(l/.r) 
and Dx* sin (1 jx) =2.v sin (1 /aj - cos (1 /.e). 
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These functions are not clofluod for a=0. Prove that the first is not differenti¬ 
able at x=0 whatever value be assigned to it to complete its definition, but 
that the second function is diffcreutiablo at .'r=0 if the value 0 bo assigned to 
it there. 

7. Kstablish the series 


. la;3 . 11.3 
arcHn.^-.=^-h-- _ 


-~JL 


f»r-l<.r$l. 

By compiiring with K.\. l(i, p. 181), deduce that arosina;=S(iB), jt-id, and 
tliat Bin*>=jS(.v), firstly for —7r/2$a;$jr/5J,and thonee for all values of ar. The 
identity of cos.r and tan,® with 0(x) and T{x) then follows, or may bo proved 
iridopondontly in the wiriie way. 


§ .'3. Applications of differentiation 
184. In this section we shall discuss a few simple problems 
capable of easy soliitiou by a consideration of differential coeflScients. 
We shall suppose generally that the functions concerned are con¬ 
tinuous and differentiable at all points of the ranges concerned. 
Those assumptions will ho justified at all ordinary points for the 
functions hitherto defined in this course. Any exceptional points,— 
of discontinuity, etc.—can he dealt with separately. 

186. Maxima and minima. Let a be a value of x for which a 
function y,=/{«>), InvH R differential coefficient Dy which is positive. 
Then, from the definition of a diflereiitial coefficient, since the 
differential coefficient on the right at a > 0, it follows that 
/(«-f- h) ~f{a)lh > 0 for all positive values of h sufficiently small; and 
therefore/(a + h) > /(a) for all positive values of h sufficiently small.' 
Also, because the dilTerential coefficient on the left > 0, 
/(a-/t)</(a) 

for all positive values of k sufficiently small. ^ 

That is, there is a neighbourhood to the right of a in which the 
values of y exceed /(a) and a neighbourhood to the left in which 
the values of y are less than /(a). W^e say that/f®) is inoreasing 
at the point. 

Similarly if Dy is negative at a, there is a neighbourhood to the 
right of a in which y < /(o) and a neighbourhood to the left in which 
y >/■(«); or/(.'«! is dccreasimj at a. 

In these deliuitieiis we say nothing as to the magnitude of the 
neighbourhood in which y > (or <) the value at the point «, hut, 
only that there is sotne such neighbourhood,—i.o. that h can be 
chosen small enough to ensure the truth of the inequalities. 
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If nnw/i *i ;tl uU jmihH nf n iviiigf, it iw gi'oiiietri- 

i:fllly imriiiivf ihiit ijs Ifiinf fHii! values will inaairiitthe 

In'jfiiminji^ aiiil e«*l i^f I he raugi; resjh etivi ly; nuwl i 1 is nut difficult 
lit jtruve this sti'ieUy sMutlylically*. Siuiihirly {iniitniin mvtandu) 
if/ {y) is decrensiiig. 

.Su[)j»tsL* iitiw l))f > 0 111 all pdiiis in u neijiliViiiiirliueifl bt the lul't 
(if It jifiint a, ntid /%<(! at all jiuints in a iiei}(ldi(iurliniid to the 
rinht (if «. The. fvuietiun </ iuereases up lit « and decreitses heymid 
ft; ftiitl the value of the funelitiii al ft, \i/,. f(a), exceeds till otlitu' 
vnluoa of the rnnotion in the llei^l»hlmrllOlHl. The fnne.tiun J'{x) is 
Him mid to tinve n miuniniim mfur nt Hit' jiiniit a. At such a point 
the differential cmdlicienl mi tin* h’ft. 

= lim + [/(«t -/(« “ ii 0, 

A Vt' 

and the differential coefiicieiit on the right 

K! liiii (/(ft + /i) ~/tft)]//i 0; 

A V^.11 

and therefore i>y,-“-tln; cmninint value of these two differential 
coofficionhs,—must = 0, 

Siniikrly if DijkO at all points in a ueiglihourhmxl to tlio loft 
of ft and Dij>Q at all iKiints in a indgldimirhooil to the right of a, 
/■(ft) is this least value of // in the iieighhoiirliood and /(.t) has a 
minimim value at ft, Again Di/ ~ 1). 

Thus fin:), luis a miiMUiuia iir ininiiium viUna at «, Di/ = 0 
at ft. If Dij changes from heing jumtive to hdnij neijative as x 
increases through ct, y is a masdninni there; if from negatiiie to 
poaitive, y is a vnnimuiiu 

It is possible that Dy = 0 at a anil is positive at all otlier points 
in the neighbourhood of ft on both sides. In this ease the function 
has neither a niaxitnuin nor a uiiniiuiuu thero, and is in fact in¬ 
creasing at the point. Also Sy may be aero at a and negative at 
all other iroints in the neighbonrhood. It is then decreasing at a. 

, In both these cases it is customary to say that y is stationary at 
the point a. The point on the graph is then npomt of inflexion. 

Other wiaes may arise iti which y)y=() at a imiiit a. >iut liUH lioth [lusitivo 
and negative values on oiieaidoforhnth huIch) uf n iiulellnitfJy cliwe l()o,--e.g. 
the function .ii“sm(l/») of Ex. (1, p, 230, Otlior wwas again iirisn if wii relax 
the oondition that/(,v) is difforontiabla 

* This is substanllMly the thoornm el p, IIW Above, 
t This symbol Is self-explanatory. 



APPLICATIONS OP DIPPEUENTIATION 


233 


186. Tho following are examples: 

(i) The function of has a derivative 2a- for all values of a;, which 
< 0 if .r < 0, = 0 l( ir « = 0, and > 0 for a: > 0. 

ihciefoic Sj deciettseii up to x = 0, wheve it hus aiTiiinimuinvctlue, 
and thereafter iucreoMs. 

(ii) Tho function u? has a durivative 3a-“ for all values of as, which 
> 0 for all values of ir. e.xcept x = 0, for which it = 0. Therefore is 
inoreasing for all values of x though stationary ai a; = 0. The origin 
is a point of injlaadan on the graph y = x^. 

(iii) 'The miuciina and minima of the pohjnoynial — 3®" + 2® + 4 
have already been discussed on p. 158. 

(iv) The rectangle of given perimeter which has the greatest area 
is a square. 

For. let tho given perimeter he iK, and let the sides of the 
rectangle be ® and 2K — ®. 

The area = y = — x). 

The area y dopeufls on ® and is in fiict a continuous and dif¬ 
ferentiable function of ®. 

Dy = 2/f — 2®, whioh = 0 tor ai = 1C, and 7)y decreases from 
positive to negative us ® inornnsus thiimgh the value 1C. Therefore 
y has its only maxlnmiii for ®= K, i.u. when the rectangle is a 
square of side 1C. 

Note. Ill a jiraetieal problem of this kind it is quite possible for 
the groati'st or least vahns to occur for the extreme allowable values 
of tho variable ®,—in tliis example ® = 0 or x = 2IC. We see in this 
example that those value,s correspond to tlie minimum and not the 
required inaxliuuiu. 

187. Inequalities. Maxima and minima oan he applied to 
establish iaetpialities. 

(i) Tho example ju.st considered gives a proof of inequality (i) 
of p. 29 above,—that the arithmetic mean of two positive numbers 
a and b > the geometric moan. 

For, if rt + 6 = '•lie, putting « = ® and h — IK — ®, we have that 
o.h = X {lie — ®) and has its maximum value, viz. 1C\ when x = IC-, 
and therefore if® + K, a;{HC — ®) is less than K\ 

( f t 

j and the inequality is established. 



2M mPFBnKNTUi- A^’r^ intk«kai« rxhvvhvn fcH, tv 

(iir Simihtrhf ur th‘- »w«o*« 

> W( + w " " 

whi-i'P M Jiiifl li lire uiiv ]n*'.i»ii-c miiiiU‘r.i .’Hill >« uml n iiiiy jn-f-itivi* integers. 
I'm ii+fi . /i\ 

Thou (I ..“■i A‘—•>• "w.w Miy. 

/h/m/ir.f'"' • :/C — .r " -- (’jr"" ’A'■• .v)""' 

«<=,r“' 'lA'jA’-.ij n.i'l, 
wliidi »ii \vlipn x*« A", mill./ »wA' w + zi'. 

When .)' = 0 i>r A',// him ili> liiiiiiinntii vului' I', 

WIh’ii X‘~ i«A';(m» + ff liii.'i i('> iiiH.xiiiiuiii vnliic, Iwmiiki* ilecmuim from 
jMwitivp to iicgiitivo !*>i iii«n*n«cs tlirni^li this v/ihie. 

wiA' niA' \* 


Therefore 


1 . 0 . 


fjfin )«*• 


g.B,D. 


(iii) The itiejjiuditji (ivl iif'ji, 29 mtiif In'- vuiaUialied (hum 
f\msi(ler blu' iimetiori 

// = /lu" - a") - fUrt”* - «"), 

a being any [wsitivt' nmiiber anti /« ami « pwiLivii iutogurH; and 

let VI > 71 . 


: vmiro' 


n^M “1 n 


(f"“ "). 


ConBidfriiig only ]iiisitive vh1ii(‘.s iii',i’, lh/~Vt mil}- Ibr ic = a. 
Where 9 < .e < «, Dy < 0; suiil where .r > a, /Jy > 0. 

Therefore i/ has its only miniuinui value (for posibivo values of «) 
at a = a, where y » 0. 

Hence if i« is positive and 4= h, y > 0; 

a-H* _ ((,>» III _ ... 


l.C. 


and 


—.L < a: < ft. 


Hence, if 0 < u < ii and m > n, 

ft'""’* < 

n 

and the inequality is proved. 


n ft" b» n 


188. Tangents. We have .seen that the angle of inoliriution to 
the « axis of tho tangent at a point («, y) of a curve given by the 
equation y =/(®) is i/r, given by tan i/r =: ilyjdo!. Tho equation of 
the tangent at any point of such a curve can thorofurc be found. 
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(i) To find the tamient at the pmni (1, 1) on the parabola y = a?, 
we have dyidx = Ba? = 2® = 2 at the point (1, 1). 

Therefore the C(jnation of the tangent is 

2/ — 1 = 2 (® — 1) or y = 2® - 1. 

(ii) We can verify th.-it the tangent to a circle (defined as the limit 
of the chord) ix the perpendicular to the radius, thus; 

The half above the a: axis of the circle whose centre is the origin 
0 and radius R is given by the equation 


,'/ = + - •«“). 

We have 

— , ... 1 _.— 

Therefore the tangent at the point P (a;, y) makes an angle 

with OX, where tan •\/r = — tej\/{R^ — = — isjy. 

But the radius OP makes the angle 6 with OX, where tan 6 = yjx. 

These two lines are therefore perpendicular, because 

^1 + tan 0 tan Vr 

cot (d--Jr)® -—} =0. 

~ tan 0 — tiui 

The result is proved. 

The etiuutiou af the tangent at the point (®,, y,) is 
(y - yOKai - at,) = tan = - x,ly, 


or 


avt, + yy, = a:,* + y,» = lt‘. 


189. Velocity, etc. Ijet y represent the distance in a given 
direction rnovcil tlirough in time ® by a body moving in a straight 
line. We have seen that the velocity (d) at any time x is given by 
dy/dx and the acceleration (/) by dvjdx. 

(i) Suppose w(j know tliat a body moves so that y=a+bx+ 0 (Ji?, 
a, b and c being known constants. We can at once deduce the 
velocity and acceleration at any time during the motion, for 

V = dy/dx = b + 2c.r, and /= dv/dx - 2c. 

Thus the iujceleration is constant and = 2c. 

(ii) A body is observed to oscillate on a straight line according to 
the formula y -• a sin ?i.r + b cos nx, a, b and n being constants. The 
acceleration at any time x during the motion is proportional to the 
distance y from the origin. 
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tllH Vt<lni;il,y 

=s i! ao th/itij; -= »•/ t!<)H tl.r — llh .sill 
juitl ihi! iU!(M?lorfi,tii*ii 

= /■= dvjifili' -■ -* si» iw “ (^i>s iKr = — )('■' 7 , 

uiid tho ri'sult is j)|iivl'(L 

iSiK’li iiioliiiiii is (liilli'il nimple Ininiumir, ititilioii. 

(iii) ^1 Imhj tihsemd ht imiUuti’ tmcvrdiiiti tu the lavi 
If s e fiiii ;i,r + h <!'w 

wluMc, «, h :irid n an* iw in (it) ami iii is a iiositiva ciui.sLant. 

The accelerittimi hi this mae mint hr. dim/nd up into twn pint<t,~ 
one proportkuwl to i/ un in (ii) ond the nthcr prni»jrtiumd, to the 
velooitif V. 

For 

v=di/ld:K = e'~™^\n (a cds mn — bain ux) — j/t(f»sin lu- I- 

j_ cofi )i,c _ /> sin }i »0 — 111.1/. 

f «■ dvfda', = e~"“ [— «“ (a sin «.»- + b rus iix) — mu (u ci is mi; — b sin nut) 

— mn(a ci is mv — b sin nut) 4- ('/ si ri mit + b cos >«/;)] 

— »'■')(« sin 7i.)! + 6 cus jui’) - 2hiii tii coHn,;j —ftsiiui®)] 

= («i“ - 11 .“))/ ~ 2m (« + mi/} 

= — («l“ + 7l“) 7/ - 2/77,7.'. 

190, BiOlle's theovem. If « JnnciUm //, =,/'(>•!). w dilf'erentiahle 
at all poinU of an intemal (n, h) anil/{ii) = /(b), thou there in at least 
one point of the vitcrml, uihrr than u or b, at whiith the inferential 
coefficient vanishes, i.e. Ih/ = 0. 

The proof 77f tliia thtiovein tlnpoiwls on the followingg/snoraliaation 
of the fundamental property of continuona functions; 

If afmwUon f{ai) is coiitinimm at all points of lui intemd (a, b) 
and if M is the upper hound of f(oi) in the interuul (i.e. the least 
number not exceeded bp anj/ value of f{x) concerned) and m is the 
corresponding lower bound, then, whateuer number k may be, from 
m to M inclusive, there is at least one point x of the interval (from 
atob inclusive) at ivhichf(x)=‘k. 

To prove this we fimt remark that, if, hcaido.s huing continuous, 
f(x) is monotone throughout the inttwval, tins theorem follows easily 
hy the fundamental kind of argument of pp. l,S2—I8.‘l above, used 
in establishing the existence of the number cr/2. 
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Secondly, if/(■'*'') uiouoboiic, suppose for definiteness that 

<-!onsider tho function J?’(a;), defined as the upper bound 
of/(a;) in the interval («, a)). This function is plainly monotone and 
continuous for fdl values of x from a to b and has/(a) and M for its 
lower and upper bounds. Therefore there are values of x for which 
F (x) = k. Demote by c the lower bound of these values (or the single 
value if there is only oiui). We have F[c) = k 

It follows now that/(o) = k also. For, if/(c) + k, say/(c) = y<k, 
the point c, being a point of continuity of/(»), could be enclosed in 
an interval throughout which /(;c)<(/c + /c')/2 say; and the 
upper bound of fix) in the interval (a, le), being less than ki£x< o, 
would then also bo loss than k for a! = c,—which is not the case. 
Hence f{c) = k. 

The theorem is now established for the case when/(a) $ i ^ Jlf; it 
follows immediately for the other poasible case,—when m^k^f(a). 

To deduce Relic’s theorem wo remark in the first place that 
the function fix), being difforontiable, is necessarily continuous 
throughout tho interval, It follows from the theorem just proved 
that there must bo values of x in the interval for which /(®) = M 
and/(a!) = w-i and it is clear (becau.se/(«) and fib) are equal and 
lie between vi and M) that at least one of these values must be 
different from both a and b. For this value tho function is a 
maximum or a minimum and it follows (p. 232) that the differential 
coefficient there is neither positive nor negativo, whence Z)y = 0 for 
this value, 

It is wortli iiutin|r tlint tlie altove fchcoroms arc still true if nothing is known 
about tho bahaviour of tho function f{x) at tbo ond-points u, 6 of the interval 
except that/(. 7 ;) is coiitiiiuous on tho right at a, and contiiiuous on the left at 6. 

If the function y is a polynomial, 

y = a„a;'”' + an-i®”"* + ... + ftoi 

and if x = a, x = h are two roots of the equation y = 0, it follows 
from Rollo’s thcorom that Dy = 0 for at least one value of x between 
(I and b. Hence tli6 tiqtidtion JDy^ 0 has no Toots in a certain 
range for x, the original eqwttwu y = 0 oan at most have one root in 
thii range. Since the equation JDy-O is of degree one less than 
that of tho equaliion y = 0, it is often po.ssiblo to discuss the roots 
of this c<juation when the equation y = 0 cannot be so discussed, 
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mid tliiw olitiiin iiidimitly iiirtirniatiim ivj in ihit roots of tho oquabion 

1/ = 0. 

(i) For i‘xmii|)lo, amniiier the citbic equutioji 

~ 2 = 0. 

Tho (icriviitiv!! of .<•’ + j : ~ 2 equals 

Ihf k: + 1. 

TIhs equation /J»/ = 0 has no real roots. Thi;ri'fori> the original 
cubic hiia at. nitwt one real root, I’eitig of imM tlcgnsi, it. Ihorefore 
has one such root (Kx. p. ifi2). It i.s eviiioiil.ly j-k; 1. 

(ii) Again, emnder the er/xtifnai 

j,'*-2.i“ + 2j-+.t«0. 


Writing y for the left-hand side, we have 
Jhj =2 4/.'’ — (w; t- 2, 

Tho roots of the wnuitiou D\j — 0. i.e. of 2*^ ~ :fj; +1 = 0, are a;=1 
and the roots of the qiiailrafcic 


i.u. 


2a'’ - liv + 1 


s2.i.'“ + 2,r-l »(); 


a' — 1 

;i) = — A — i \f!{ and .r = — J -t- A \01. 


That is, the equation I)y = 0 hiw mots 

* = - J i V'h ® ~ -i 4- .A V'i *u>d •’>' ~ 1. 

There is at moat one root of y=1) hetween any two of theao three 
roots, or oxceecling, or less than all these roots. 

By the fundamental property <if continuous functions, there is 
at least one root of y = 0 fiir ^ - A y’-l tw*'! '‘■t Iwwt one between 
— i —^^8 and + (because the values of y for those critical 
values of® arc 7/4-(8V)I)/2<0 stud 7/4 + 0i/\t:i)/2> 0). Hence 
there is precisely one root in cstch of tlieso rsuigcs. 

There is no other real root, for y > 4 for all valiios of a; gresiter 
than — i + -^V3. 

The equation, has therefore precisely two real roots, situated as 
described. Approximations to tho actual values of the roots can 
now be obtained as accurately os dosirerl by considering tho value 
of y for different values of ® in the raugiis concerned. The graph 
of the function y is sketched in Fig. 11, p. 158. 

191. The mean, value theorem (for derivatives), A corollary 
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of Belle’s theorem of very wide applicability is the theorem known 
as the mean value theorem: 

Ify> =/(*)> *'•* O'function of «. differentiable throughout an interval 
(a, b), thei-e is at least one value of x between a and b(a<x<b) for 
'Which By = \.m -/(«)]/(i - a)*. 

To prove this w(; need oidy consider the function■(- 


Fiw) = [/(.=) -/(a)] - g.^) [/(i) -/(a)]. 


F{x) is differentiable throughout (a, h) and F(a) = F{b) = 0. 
Bolle's theorem therefore applies to F(x). 

The derivative of F(a;) = By-[/(b) ~ f(a)]j{b - a)-, therefore 
By - [fib) -f(a)]l(b -a)=0 for some value of x between a and 6; i.e. 
By = [/(^) “ fiu)]/^ - «); find the theorem is proved. 

Looked at geometrically, this theorem expresses the evident fact 
that the tangent at some point F of an arc AB of a curve is parallel 
to the chord AB^. 

The mean value theorem expresses the fact that, though it is in 
general not true that the inorementary ratio [f(x + h)-f(x)]/h 
is equal to Bf(x), the limiting value of the inorementary ratio as 
yet there is a [loint between x and x + h at which the dif¬ 
ferential cocHioieiit equahs th<*, incremenlary ratio [f(x+h)—/(x)]/h. 
This is useful in particular in expres-sing limits (o.g. the length of 
a curve) in the form of definite integrals, and in many questions 
involving limits. 

Thus, suppose f{x) and F(x) are two fmetwiis which are both 
continuous and differentiable in the neighbourhood of a point x = a, 
and both = 0 when x •= a. We may require the limit 

lim /(a;)IF(x). 

We cannot say that this limit =f(a)IF(a) for this apparent 
fraction is 0/0, which is meaningless. 

But we have [fix) -/(tt)]/(.* ~a) = Bfix) at some point between 


* Tlio romnrkH on p. 237 about tho behaviour of/fi) at the end-points (a, b) 
apply also to this thuorimi. 

+ If yl, 1‘, U aro tho points on tho Krnph y=/{x) oorrosponillnK to the absoissao 
a, X , h and if is tho point in whUih tho ohord A li outs tho ordinate through P, 
tho fimotiou P (x) roprcHonlH llio iliHtancu QP. 
t Cf. gcoiniitrioal iiiturprutaliun of P(x)i proouding footnote. 
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a iuul «, and [i’(.e)-i'’(fi)|/(rt; —M)=== 7^j'?’(.c) at some (other) point 
between « and x. 

If therefore tbe derivatives atul .l)F(.r) are coutiiiuouHat 

!c =■ a, and if at = it, 7J/(.<d =/' («) and l)F f.i ) - F' {a), then, if 
F' {a) + 0, lini f(:r)IF (.-•) (tt)/ F' (n). 

If for example./(.i;) = Kina', = sinh.<■, (( = 0; we have: 
Df{ie) = ciiH,r, })F[ic) =~(;mhx, /'(0) = eo.s0 - 1, 

/»’'(()) tts eush 0 = ]; 

and therefore lini (Kiiia)/(siuh a;) =/'(0)//'” (0) = 1. To aueh a 
*-►11 

caae none of the rules for limits prc'vionsly obtained will apply. 


, By iipiilying Rollo’a tlmorflui to tlic* fuiiutinii 

<J> (-rls/Or) [/-'(a) - Fiji)]-Fix) | /(«) -fih)l 
where f(.v) iiiiil Fix) are eontiiiuouM aiul iliftorentiiihle tliroiighniit the interval 

(rt, h), we prove that = whore(.r) and F'ix) are the dif¬ 

ferential cooffleionts of/(.«) and F(,x) at soiiio point x of (ho interval, the mime 
for/'(.«) and 

If now, iw liefore,/(.r) and F(x) ain cfiiitiniioim and diflitrontiahlo in tlie 
noighlunu'hond of a iioiiit and /(«)>=/''((£)=■ 0, then, if x is any point in 

this nwighb(n\rhotul, = 'fuI-^F(u) ““ ^^V)’ hotwoen a and 

,r, If lini exists and=A liiii will also exist ami CMiial A We 

A'-»n *' V-U 

have established the more gonoral thuomn that lira \ exints and m/mde 
lim if thu latter limit exietB. 

X-9-II ^ W 

This thcoroui does not rotinire that /'(a), /'"(«)» hm f'i-v), lim F'(w) 

x-*.n *-*■« 

should exist. 


EXAMVLEH XXIIl, 


1. Find the vortex of the parahola given by //=.1?* -- Str - 5, and the ininimuin 
value of,(/. Find also the tangents to the curve at the points whore it cuts the 
axes. 


2. Show that the tangent at auy point F of tins parabola y=a? makes the 
seme angle with SP as it does with OY, S being tho point (0, i). 

3. The length (r) of tho radius fixnu tho centre of an ellipse to a point on 
the ellipse is given by tho formula 

r»(coR“fl/«*.hHiii»d//)»)=l, 

whore 6 is the angle tho radius makes with a li.xed line through tho centre (the 
major axis). Shaw that tho maxiinuni and iniriiinuin values of r occur whore 
d=0 or It and fl™ +*r/2; and those values are a and h. 
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4. Aasiimiiig tliab the iiiitli of a ray i)f light in a homogeneous medium is a 
straight line and that in passing from a point A in one medium (air) of re¬ 
fractive index 1 to a point U in another mcdivim (ghuis) of refractive index p, 
separated from the first hy a piano face, the path ATI} is such that AP+ii. PB 
is the least imasihlo, verify the usual law of refraction,—that if n and j3 are 
the angles (of ii Kiirlei leo and refraetion) which A P and PB make with the normal 
to the Hurfiiee, sin n =psin (i. 

n. Hy eonsidering the. fnimtion (1-p.r)”—ar pnjvc (1+a;)'“> 1 -pm® for all 
values of x for wliieli (1 -I- .r)" is defiiioil if >i > 1 aiul is not an odd integer; and 
for j,‘> - 1 in all oivses if «> 1. Ifl)<«< 1 the inequality is reversed. Consider 
also the eases when n is negative. 

[Of. ino<inality (ii) of p. 2'J j Ex. 1, p. !)1 j and Ex. 3, p. 132.] 

(i. Establish the inequality of Kx. 4, p. 30 by the method of this section. 

7. Prove tliat, if .r is any positive, real iinmbcr and m and n ore positive 

,.tt _ I jjn „ t 

integers sueh that ‘ - > . 

8. Find tho maxima and niinima of the cubic polynomial 

3ar-l-.«- 1. 

l) 

Shew (i) that of tlie tliree possihlo real roots of tho equation y=0 only one 
can satisfy each of the iiiequalities *<1/6, l/r)<*<l, *>1; (ii) that there 
can be no root satisfying tlin first of these inequalities; and (iii) that the only 
real mot of tho equation is > 1. 

Obtain this root correct to within *1. 

S). ITso the iiKMUi value tlicoroiii to verify that if x is positive log,(l+!r) is 
positive and loss tliaii x. Prove in the snino way (i) c* lies between 1+x and 
l/(l~.i') if(l<,r<l; (ii)(1+.*)“lies Iteiwocn 1 mid I-)-?!* if .'r>0ond«<l, 
or if — 1 <.r<(i and a> 1, but tics ontsido these limits if *>0 and n>l er 
if-1 <.«<() and/I < 1. 

10. The velocity r of a mcUiov falling vertically to tho earth is given approxi¬ 
mately ill tcriiiH of its lieiglit (y) alwvc the earth’s surface by the relation 
»*=A7(It-t-y)i where h is tlie radins of the earth (in airpropiiato units) and K 
is some constant. Sliew that tliu mutoor is subjeut to a variable aooelers.tion 
towaixls the centra of tho earth iiivei-scly proportional to tho square of its 
distance from tlie centre of tlio earth. 

11. Dcteriniuo tlie limits 

(a) lim (1-eo,s.v)/Hiii *, (6) liui [log,(l+*)]/.r!, 

{B-^U X-^U 

(c) lim ((,■*-1)/*, id) lim (e*-l)/[log,(l-®)], 

x^\) 

(<;) lim tfuili iV/arc Hill 

i 

Dtiduco fnnii (6) Uiat« lim (l-h;):)•>' 


WM A 


16 
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12. TIio ^'oiiorAllstiticin nf tin* fiiiMliinimiliil pr(tin!i*ty nf (* 111111111111 ) 1*1 finictinns 
(p. 2315) cftii Ik! ihi)vi!)I iillnMintivniy 1>y tlm iiintliiiil iKicd in tin*, primr nf this 
thtinrnm on iloriviitivcH mi p. IIH nlutvi*. 

[Tn priivotliiatthL'ro.-irn vjiIiio.k of j* in tlm iiiti*rviil (</, b) fm* wliii*h/(.»)»« j/j... 
tlm iippisr lioiiiid <if/{.i*) in {«, //),-• liiniM-t tins iiitnrvrtl. Tlui upinir liouiid nf 

in at lomst otni nf thesn half intm'vaU iiinut. »» .V. Hiiscol thin half iiitisrval, 
ainl ») ( 111 . A. swpumci! nf iiilnrvalh (aa nn p. 12 ( 1 ) ia nliiiuiind, onnvoiifiiig to a 
limit juiiut, a miy. Tin.*, mipi’r Inmud nf//.'■) in aiij’ ni'iKhlimu'hnnd nf n ih M. 

It follnWH fmm tlm vniitiiiiiiby tt(/(xs at n llmt/fii)j--:.l/, anil tlm roanlt Ih 
v.*(taliliHh(Kl. Tn prnvf, that tlmri* ant vahma nf j* fir whii-li where 

»«^l‘^(ir, a .KiKpunme nf intcrvalK i.H 11111 ( 11111*11 in which lliurn arc valutw of 
A* for which ami valium for which /■(,/.■} 5 /-. If u in the limit iwint 

/(«)=*.] 

§(J. The HEKINITE IJlTEQBAh AND ITS EVAhUATTON 

192. Integration in general. In (lluqsLnr ill, § 1, in cotiHidcriug 
the question of areus \vu dofiruitl tlieilisfiiiito integnil. The definition 
is applicable to othorquostioim. Briefly, whero iigooniotrical, physical, 
or other quantity can bo divided into an indefinitely large number 
of small portions (or elements) each of wliioh ttiin bo muosured 
approxitnatol)' (or may be regarded as .so dividoil), the nicrusure of 
the whole quantity i.s given by n dofinito integral. Integration is 
the process of suunniug the olonu*nt.s to arrive at the total quantity. 
Areas, volumes, lengths of curves, ininneuts of iiiovtia, centres of 
mass, etc. provide common practical oxamplus of questions of this 
kind; as also such questions as the determination of the distance 
travei-sed in a given time by a body moving with variable velocity. 
In mathematical physics most quantities are measured by means 
of definite integrals. In this .section wo con.sider the matter ah iniUo. 

193. Function assumed bounded. Lfit /(a;) be a I n notion of to 
defined for < 1 ^a;^6, a and b being two real mnnbor.s (a<b). We 
shall say that /(as) is defined throughout the interval {a, b). Let 
/(je) be hounded, in this interval,—i.e. |/(®)! < b fix'^d number K 
for all values of a: in the interval*. Let M and w be thu upper and 
lower bounds of the values of/(os) in tbi! interval. 

194. Limits of larger and smaller sums, Supiiose now the 
interval ( 0 , b) is divided into any number of parts,—say by the 

• Unboauded funotions (huoIi hr ®~i or in rii intcrvAl InohidlnK ;i!= 0 ) arc 
exoluded from our diHoiwRlon of intogratiun. For siioh "iiilliiiti) intograls'' «oe 
Hardy’e Pure Mathmatici. 
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points (or numbers) u, a!i, 3'a,... l> (in order.). In every one of 
the sub-intervals so formed, e.g. («, iv,),/(x) is bounded and has an 
upper and a lower bound (say ilf| and j/tj). Moreover it is clear that 
and »ii ^ m. If wci form the sum 

— jll] ('•■'i “ o.) •+• Jl/j (j;^ — ®i) -4-... -J- il/„ (1) — 
the terms of whi(di an* the pr.idncts of the lengths of the various 
sub-intervals* and the upiter bounds of/(a;) in those sub-intervals, 
wo have A] ^ M(b~ii\ 

If now the Hub-intervala («,*•,), (ah. ST,.),... (w,,-!./;) are themselves 
divided in the ,sam(.i way, in ouch of the smaller parts thus formed, 
the upper bound of/(.r) tho upper bound in the corresponding 
sub-interval of the first syatoin of division. The sum formed from 
this sccontl .system in the same way as S, was formed from the first 
system,—say 

S.J = Ml (iCi - li) + Jl//( aj' — »;/)-f ... -I-iHn''(6 — 

—is clearly ^ S,. 

By furtluT subdivision wo got a third sum, .5, say, and so on. 

We thus obtain a so([uonce of “larger sums’’ (as wo may call 
them), 

»%, .S„.(1). 

Similarly by taking the lower bouiulH in each part of the interval 
we obtain a hiuiuouco of “.smaller Hums,” 

-Vi, «!!. ..(2). 

Of these He(jium(;e.s wo know 

il/((i-rt):&.S',>Sa>... 
and m (h — n) ^ »i ^ A’a € • • • 

and it is ovirhmt that every larger sum ^ every smaller sum. 

We may write 

m(h — a)^Si ... ^M{b-a) .( 3 ). 

It follows that the seiprence (1) V a unique limit, 8 say, and 
the sequenct! (2) ^ a unique limit, S .say; and /S ^8. 

196. Upper and lower integrals. The definite integral. 
Definitions. So far this is true whatover system of division has been 
chosen, but the numbers W and 8 will depend on the way the division 
is carried out. W(*, could make the numbers 8 and 8 definite if we 
• The length of an iutoml (a, 6) is h-a, 

16-2 
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auppuKCfl thiiti ill the prwcas iiftlivisiitn tlu'. »f the parts is 

miuie to (liminiHh imU'fiiiiti'ly to fln‘ limit zoro. It is not « priori 
evident that, cvoii with this liinitutinti, Iho numboi-a and gore 
dofinite,—the sumo for all possililo intMloK of liivisinn of the above 
typo,—though this ia in faot f riio. 

In any ctm however the set of nil jiossilile Inrtjer siimsis hounded 
below and has a dejinile Imcr hound, I my; and the set of smidler 
sums is bounded above and hm an ujtiwr boioid, 7 say; and 
To prove! that I ^Ivic oKserve that any ''larger sum" whatever 
is greater than or ctpiul to any "Hinaller Riim”; for the upper bound 
of a (bounded) function in any inti-rvnl ^ the lower bound of the 
function in any other interval with which the first interval has any 
part in common, because the upper bound concerned > the upper 
bound in the common jiarb, which > tho lower bound in the comtuon 
part, which > the lower bouiul concernod. 

7 is called the upper inteyral of/"(aO over the interval and / the 
lowes- integral. Both exist for any bounded function in iiny bounded 
interval. 

If the upper ttad lower inUtgruh I uud I cot wide, f{x) i» said to 
be integrable over the fnteruttf, and t/w coiitiiiou raiiie i say, 

is called the definite integral of /(a:) ooer the interml (a, b), or betwem 
the limits a, b, or from a to h. 

a and 6 are called respectively the lower and upper limits of 
integration and the interval (a, b) the range of integration. 

It is evident that the function will cortainly bc! integrable in this 
sense if the limits S and S, obtained in the way described above, 
coincide, because The common v.alue of B and S will 

fft 

then be the integral ( /(a) dx. 

Jfl 

It can be proved, conversely, that if n function is integrable in 
this sense, the limits S and ^ are necessarily unique, identical, and 
equal to the integral I, provided the greatest of the parts in the 
division has been made to diminish indefinitely to tho limit zero. 

This definition thus agrees with that given in the last chapter 
(pp. 143—140). We use the notation 

I-f f{ai)dx. 

J a 

The definition can be modified to cover tho caso when h< a; or 
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§ 6 ] 

rh _ rn 

we define j f{x)ila) whiin b<u. as — J ^ / («) rf®, supposing this 
latter intogral exists. 

196. Properties of the definite integral. From the definition 
we have the following general tlienreiius*: 

(i) intai/ruble in an interval (a, b) and also in an interval 
(b, a), then it is also iiitcijrahle in the interval (a, c) and 

I f(.v) dill = [ /(x) ilx + f f(ai) d®, 
ffl Jit J ii 

(ii) ii.ml/l(x) are two functions which are both integr able 
in an interval (a, b), then the sitni or difference /i(®) ±/a(®) is also 
integrable and 

[ ‘ [./i (fO + fi (■'■)]I fi (■'•) ± [ A (“■•) 

JII J a J a 

(iii) integrable in (a, b) and k is a constant, then kf{x) 
is integrable and 

j /.f{x) d.r = k I /{as) da-; 

J n J ft 

(iv) If ft (a;) and ffa:) are integrable in {a, h) the product 
ffai) X fi(a!) is also integrable in (a, b). 

The student will liml it instructive to write out proofs of these 
simple liindiuneiitul theorems. 

To prove (ii) on the, basis of the definition of this section, without 
relying on geoiiuilrieal intuition or on the unproved statements 
concerning the limits iS\an(l iS', we can proceed thus: 

The result will follow if it can be proved in general that the 
upper integral of/i (a:)+./«(»)- ““-y *han or equal to the 

sum of the uppt'r integrals uf/i(A') aud/j(®), say /i + /a) and the 
lower integral of/, (j:)+ yii (aO, say I, is greater than or equal to 
the sum of tluj lower integrals of /, (*) and /a(a), say Zi_+ Is- For 
then,/i (a;) and /j (x) being integrable, we should have f = = 

say, and Za = Za = Z.j say, and therefore Z = Z = 4- Zj. 

To prove the lir.sb of the results stated, viz. / /j + /q, we observe 
that It and /» are the lower bounds of the “larger sums” associated 
with the I’unebions /, (x) and /„ (x). and therefore systems of division 
of the inti.u'val can be found for which these "larger sums exceed 
* Tluiss tlicoroniM iirc (iiiUttUy truo wlictluir u<t>, eto, or not. 
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/, and /a rcHih-ftivt'ly arbitrarily litiK;,.sfiy It-ss than e. By 

combining the jMiints of rlivisimi <rt' the.sc two Kvstom.s a aiu^iy 
system of flivisir)n is obtained for wliirh tin- “larger siuns" execeil 
their rcMpeetive lower bounds (/, and 4 ) by less than t. For this 
system, the ‘‘larger siiiii’’ fess.iriaf,eii with the combined function 
/i ('^) +/i {■'■) i« than nr equal to the sntii of the two "larger 
sums" and therefore is -5 /, + 4 I- e. It follows that the lower hoiind 
of such "larger sums," viz. /, is < 4 + 4 - q.K n 

The result for the lower integml.H follows .siiniljirly. 

A proof of theonmi (iv ) is given in Kx. 12 , p, 2fi() below. 


197. Integrability of bounded monotone function and of all 
elementary funotions. .So fur in this section we, huvtt not proved 
that any functions arc intcgrable. We will now prove theorems 
establishing the integrability of wide el.-iases of functions,—in¬ 
cluding all the functions considered in this cmiiw, ovt.-r any interval 
excluding points of discontinuity. 

T. If /(®) is my {bounded) vionutuiie function in an interval 
{a, b) then it is integrable in (a, h). 

For the difference b(*.twoen a "lurgt>r s\nii" 

il/, Or, - o.) + M, - .r,) +... + M„ {b ~ 

and the corresponding "smaller Hum" 


18 " 

(Jlf, — ?n,) («!, — a) 4- {Mi — m^) ({t^ _ -t.,, 

+ {M„ - m„) {b - .( 4 )j 

and,—supposing for dofiniteneas that/(a,-) is non-clccrwming,— 

^ m, =/(a), iff, =/{«;{)» in^, M.^ = /(.r,) = 7/i,,... = /(b). 

Therefore, if the greatest of the parts, 

*1 — a, ®3 — af,,... i — equals A, 
the difference (4) 

< A [(iff, _ m.) + (1)4 - vii) +... + {Mn - m,,)] 

= ^ [/(«i) -f(.a.) + f{aii) -/(*■,) -i-... +/(/,) _ /-(.Tn,,)] 


which 0 as A 0 ; and it follows that the htwer bound of the 
larger sums and the upper bound of the smaller sums coincide; 
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From tlipoi'ciii (i) iibovi* it imw fnlltiw.s that any (bounded) 
function wliich is inoiiotoiio in Htri-tclics throughout; an interval* 
is iiittfgrabh' in tliut interval. From thuorcius (ii) and (iii) any 
function wliich is a liiicur cmubinalion of such functions is also 
integrablc. From tliforoin (ivl ami the fact that tlie reciprocal of 
an intcgrahlo function is inlograbk* «>vcr any interval in which 
+ b il' follows that any arithincticiil conihination ofintegrable 
functions is intcgrablo ovi-r any interval (excluding points whore 
the function is not dclinrid). All the parlicnlar fuuctiom oomidered 
in this course ore of these tidies in uny interval e.ccluding all points 
of disooHiinuity. 

' All fiiMctionH of houiided variation are integmblcj in direct con- 
aequunce of theorems (ii), p. 24a. and I, p. 24'f), and the definition 
of p. above. 

198, The Integrablllty of continuous functions. Tliepiwof of the 
Integiuhility (in aiiiimiiriute inlervals) i.f the functions of clnmeufciry analysis 
can bo niculo to rest iiltcniativcly on the following tliiioveiii: 

II. J/f(-r) is any l•(Hl^inmnlsfHlll■til•ll in an intirml (it, li) then it is integraUe 
in {«, h). 

Tins proof rests on proviii>i tlml the diHeruiice. (■!) —>-0 ii« A-^0. If tlio 
greatest of the, iliffereiovs 

—Wjl •,* 

is 8,—tlio diHcitsiiee (■!) 

^ d j .r I — fl -t-."!*;. — .**1 +,,, + /> — a'n » l] 

III virtue of the eontiiiuily of/(.»■) it cioi U-. proved that 8 -► 0 os A Ot. 
Hence the dift’en'iiee 14) -»-n mid the tlii'oreiii follows. 

199. It is iicitlier oviileiit nor true that a fuiictioii defined in a certain range 
as tlio sum of a eonvergent iiilinite .series of monotone or ciiiitinuouH functions 
is itself iiioMotoiie, or eoaliiuious (or is a linear coinbination of such functions). 
But it i.s true that, the suin-fmiction of any power series is both monotone or 
cxpre.Msible os ii linear condiiiiiitioii of mojintono fnnct.ions,—i.c. of bounded 
variation, — and e.outinuouH,fhrouglntut any intorvidwliolly interior to the range 
of oonvergeiice. of tiie .series,—tlwmgb not iieeessiirily if tlio intorvalincludes 
the whole range of eonvergeiiee. These facts are proved above (pp. 171 173 
and lOx. 14, p. Ihri). .\iiy such ruiielion j.s therefoiii integrnblc in any such 
interval. 

* I.o. sneb that t)i« inti rvid cou lie divided into a number of Bub-intervals in each 
of wliioh tlie funotlon is luouotone. 

t Bee Bx, Iti, p. 31111 below. 
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200. Functions ftssumod intograble and continuous. Through- 
oiib the romaindijr nF tlii-s .suctinn wc .shall supjio.si! tin* Function /(«) 
under consideration to he inte^-ahle «»</ amtiuiiftm. 

201. The integral os a function of the upper limit. The 
ftmdamental theorem, Let us consider imw the (lelinite, inlcfrnil 

I /(®)rf« where «< A’ < h and/iJ'l is intei>rahle and eonlinnous 
J n 

in the range («, b). Diuwing tlie grapli oF/(.i:) (h'ig. 2.‘1) wo sec that 



j ropresonta tho area AVMl\ For hrevity write 

/ a 

I (A) = f /(.i!)da: = area ACMJ*. 

J » 

This urea, or integral [ (A’), deiieiids mi A' and i.s a function of A’’. 

The integral I (A) = f /(®) da: is alv> (amtinmns nutl differen- 
J a 

tidbU with reapeot to X fur any value of X between a and b; and 
DI{X)^f{X). 

For I (A + h)-I (A) = area A CKQ - area A (JM 1 ‘ 

^areaPil/A^^ 

^MNJJ^hAr, 

if U is the upper bound of/(a;) in the range (A^, A + h), —i.o. over 
PQ. This -»-0 as /i-»-0 and the continuity is established, 
Moreover the increincutary ratio 

[I (A + h )-1 (A)]//i = (area PMXQ)lh < ir 
and similarly ^M.—tho lower bound of/(«) in (A', A + li). 

But as h^ 0 ,U -»-/(A) (= MP) and it -► f{X ). 


THE nElHHITK. INTEUItAT. ASt» rXH EVAW'.VTUiN 


210 


Therefore hlw iiiiT<*ini-nt;ir\* nvtiit 

or the inte^H'ul I{X) h ililY.'r«*iHinitio will) resp-et to X nml 
DI{X) = /(X). 

202. The Inverse character of integration and differentiation. 

This result,--whieli is .'u» .‘iiinlyliisil thonrom elourly ititlepoiuleiit 
of the graiihieiil reiir.'soiit;di<»ii.- -fHl:»1iiishi!s wlint we inny eall thf 
inverse charncler n/ inU’ijritiUm ami dijfr.rrniiutiuu. It is I,he. nutst 
important pniperty |Hi,ssi!(weri by integrals ninl is known as the 
fnndimenlal thmrmn n/ thr mtnjntl rnlaihiK, Hy means of this 
theorem we are enabled to integrate, i.e, to evaluate tbo delinite 
integrals of, many 'if the connn'in fiinetiiuis of mathematics. The 
theorem ia trim muler wider eonditions than those here anpiifisod.— 
f{ic) iiitc.grahle- aii'l eonlinuous,—but, as stated, it is .suftieient lor 
all the needs of elementary analysis. 


203. Tentative evaluation of definite integrale. To evaluate 


a definite integral|' if--we might now argue I hat the 
• '* 

integral / (A’) ; | .I’l/j' is diHerentiuble and 1)1 (X) = A'*. 

But " lJ(Xy:i)^X\ 

If thureforo Xyn were lln* only funeiion whose, derivativo Is A'®, 
itwould follow that 1{X)~ X *,•'! and ihenee that f T( 1) = 1 /II, 


—which Is in fael, the eoiTeel result. 

Thiiru are, however, any nninber of f'unetioiiH having the .same 
derivative. 

Thus I) '(1 t- A'VB) ( - 2 + A'’''ll) - /J (A' Vd) - 

The .suggested iirginimnt. is therefore not sound. NeverthelefiB we 
notice that the examples given of functions with thti sanu! derivative 
A*, though not. iileritical, differ from one another hy more con.staiits; 
and the student will eouvitice hinisi.df that this must be .so. 


204. Theorem on funotione with same derivative. It i.s in 
fact true that: 

7yy,(a!) (iml J'ii-i') tire untf tu’it J'niii'tiun,'i inhim (larmilines Dhi-r) 
md D/'iiir) urn in/nid fur nil I'utuns o/'.r t« n tpvmi ninifo, the7i fi{x) 
mdJills) differ by a ewistaiU (of ore oiutd) thrwnjhiul the rani/e. 
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Tbih follftw.s i»1 tU»‘ »tf ]». 131 viz. 

If the ileriviiiii'r tf ri fnnriittn J\.f\ ix throufflmit a, 

range, then fi-v) ix rimsinni tltrituffliniif the rfinge; 
for if Df,{.r)=^ I{t\i:r], /.J(/,(.?■( ‘“I'l thooivoi will 

sliow that /, (.<‘) ~-fj (.1) “ ironslJiul. 

This last ihtniiviii inay In* pruvtil alliiiiafivt-ly h^* u.sing the 
mean value llie«<re»i) of ji. 3110 almve, thus; 

If the values uf/(;r) at iuiy t«o imints it, h nf the range were 
different, the rliTivative t at wane hetweiMl a and b 

= [/(b)-fOi)yil)~(i)-i-(K mill the theorem I'mIIuw.s hy reductioad 
iiisunlnm*', 

206. We can lanv renuaiel the argument hy whieh we sought to 
determine [ A-'rf./: thusr 

'" ni{X A'» aiul /)(A'^" :i) « A'»; 
therefore I (A')-A’'”/!! "f differ.^ front A' VH hy a, eoUHtant. 

Say /(A')»A'va + a 

It ia now iioasihle tto tltitvniiiiie (he t'on.staiit (I from othtir coti- 
aidoratioiw; for we know that- as A' -*-0, / (A' )-♦-(); and therefore 
in this ease (.' = 0 . 

We have iirovcd lliori'forf that 

[ M A'"/*‘l and that ) ir’rAr"-1/S. 

0 } II 

206. The fundamental formula. The indefinite Integral. This 
process ia cvulcntly general, W*- have arrivoil at the standard 
method of evaluating delinit*.! iiiU*gnd.s; 

/ if 

To evaluate the definite iutegml /{tr)ilir if u fimciwn/(x) 

/ a 

(supposed to be oontinuous and intvgruble) sue first find iinj/ f motion 
F(tB) whose derivative DF {(k) =f(x) for all viilue,s of x in the range 
(a, h). We then have 

i\f{ai)ilx = F{h)-F(ii). 

J a 
rx 

For J /(«;) dx = F(X) + cinistant 

hecause [ f(x)dx-e’() when A'-s-n. 

j« 

* Xha theorem of p. lUl may also bo proved by tliis inottiod. 
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Such a luiiftidii uh /'’(.c) is an luvp.nc dvrivuiive of /(*), In view 
of the imjKirlauee of sucli fuiictions in integration they, are also 
called imlejihitv iute;/mln. Tlw iwlefinitc iningral of /{p) is any 
fmction ivhivh lut.s /{.r) /or IIm derivative iit all points of cl 

Tunffe. The indefinite inteyrnl of f(.e) is denoted by j/(is)d!if. As 

the name itsr-If iniiilics, flie imleiinite inU-gral is not a definite 
nniiiue function. 

The formula f /(.e) d.rw^F{h) - F{n), 
which is iifte-n written 

is called tlio/nndti inentiil fnrmula of the integral calculus. 

Ill view Ilf the fact t'l’lieiin'iii 11, p. 247) that a cuutimuius funotiou ia 
ueccsKarily iiilc^'ivitiU', it i.s .lenii fciiat the fiiinlan'icntal funmila will always 
apjily if the fuiu-tiiiii /(.u) is known to be continuous throughout the range 
conconicd, /-'(.v) heitig niiy fnnetioii whose derivative iafip) throughout the 
range. 

207. Standard indefinite Integrals. The evaluation of definite 
intograls dcjiond.s on the dotonuiriation of indefinite integrals. We 
have at once fi oin tho list of differential coefficients of § 4 above, 
a oorruHfioiiding list of iudefudte integrals: 

I. J w”dii:^:t;t‘ '■'/(« + 1) fill' all values of n other than — 1;—valid 
for all valuc'H of .c for which .t" is liefiuecl. 

II. JiO-Uh- log, r;---valid fora; > 0 . Ifai < 0,Jsr^da!=log,(~iv). 
Or,for all a'l-xcopt l>,J{e~'dx= logela;|. 

III, j e*(ie = valid for all tv. 

IV, (a) JcoK,v,’(Jlir; = fii)ia;, jHinfl!cfo = -co8ai;~vaIidforaUi8. 

[ Hwi’J .'tvf.,;»tan .r, f = sec valid for all values 

J J atja‘x 

of IV excvfit odd rrndtiples of ± ■w/2, 
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valuiw (iF.ir' fxn jif. n jind »if + tt. 

(h) J ,h . S, A f .sv,*... -, ... ,J| 

of X. 

^ J " l'*r f>ll values 

of a- .aid iiiiiUt|,|,.s ..f + w/2. 

f __ ^ j(!ix)iLi- 1 

T(aOV» all 

viilnoH of A- oxoopf. 0 and innltiplc.s f)f + 


f r/,r 

tro.sm ,r, f _^rc aunx ;—valid for 


,Ix 

v'(l -a:»> 

— 1 <;«< 1. 

f f «ii- 

J 1 + •'•■ j i * ~ •■«’''*t'"!' a;;-~valid for all 

Vilhu'H of.r. 
f .'/■'• F 

J 1 j“a>'ost,H!.r, J - aiv oiimi; x ; -valid fw 

|A'I>1. 

r dai jf 

J i + '' —valid for all valiii's of .r. 

VI. Jcoaha'(itf=:ainha), Jaiidi *//.« = call ;r, (H(!eh“.i'd,i;= fcanha. 
^ 1 * ‘ 


Hinh xe/x 

00811* ,v~ ™ ~ sooli X valid for all ,r. 

coHech*,rda:t= _,.ot,iifwwhj'viv 

i.otU3, j =-(;o.^«idi,ri--~viilHlfor.»+ 0 . 

dx 


/ 

/ 

f dx 

J V(a'“'+ 1) valid for all x. 

f dx 

J V(^T) ~*•■;--valid for x > 1. 
f dx 

J 1 _"^a - arg tftnh a!;.™.valid for | a,- j < 1. 
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,.= arg uiith X ',—valid for | a; | > 1. 

--~ (irg ,v - valid for l)< a: < 1. 

■' V (1 “ 


I I ^ =“ “ '•'''B tfwtiuh X ;—^valid for a;+-0. 

J .v>/ix-+l) 

Note: It is osiiiilly luoro convenient to >ise alternaiive form 
inmlving loffcirithm'i in preference to inverse hyperbolic functions; 
thus 


J 1 “ “ / J- 1 “ ^ for 1 a; I < 1; and 

/1 - ■ * '”8'*”^ r I * I ^ 

VII. j(ao + aiX + a,jX^+ ,..)<fe=“D» + itti®’ +A“aai“+ 


—valid for ® within the range of convergence of either scries. 

In this list, in order to have the general form of the indefinite 
integral, ci/ii urbitrari/ constant must he ivAded to each result, 


208. Evaluation of definite integrale. The definite integral of 
any of the above functions over any range within which the function 
is known to be intugrablc can now be written down at once. 

Thus to evaluate f'‘at‘dx; the indefinite integral I a?dai-a?l^ 
Ji , J 1 

(+ arbitrary constant C); and therefore, from the fundamental 
formula of p. 261, 

= 273-173 = 7/3. 

Or I i»<'d® = l73 —(-l)73 = 2/®• 

Or again to find the area of a wave of the graph of y = sin® 
(cf. Fig. 15, p. 185),—i.e. to evaluate the definite integral 


we have 
and therefore 


J *ir 

sin xdai, 

0 

j sin xdx ^ — COB a + d 

[ sin xdto — (— COB tt) — (— cos 0) = 
Jo 


2 . 




IUhTKHEKTIAT. ANII ISTE«HAL CAUJlJIAiS 




[OH. IV 


209. Alternative forma for indefinite integrals. In tlie above 
tabli!, ill V ami VI, ;ilb*riialivr< lurims avi' given for thi* same 

f/jr 


integral; for ('..xainple j 


■■ are ■‘<iii .r ami ;ilsu ss — i 


Yl •“ .r’) 

This ariai.'M iVoin tin* »*sKeiilial imlelinitenesH of the imlefinite 
integral. 'I'lve t'vo fmMUuais aw sin .r ami — ave.eos.i; tlifier by a 
constant, for if arc .sin .r*//,. ami areeos.csa .sin //, =«.»: and 
C 08 ya = jr; ami thi'refore >/, ami an- coiiijileinentarj' (we know 
— 7r/2^,y, !g7r/2 anil 0 -SttI; i.e. i/,+“’ 2; or 

arc sill./! — (— ar<^ «;h.h .r) y, + « 7r/'2. 

Both forms arc inclmleil in (.he general forms 

an; sin .»• + (J, — arc cos .r (!, 


0 being an ai’bitmry constant. 

Either form will of cmirse give the .same result, for a ilefinite 
intogi'al dcthicoil from it. 


210. Integration by aubetitutlon and by parte. From the 
above ttibki of atanilaril forms Ihc imli*linit,c iul,t!gralH of other 
functions can to some extent he iletlncetl,—Ity use of theorems 
similar to those of j». 24'.'5 ahove ami by other iiielhoils, 

There arc two mciheils of frequent ajiplirahility by which an 
integral may be transforuKHi into a simpler one ami tbemu! evalu¬ 
ated ',—iniegrution by mibHlUutiun ami integriitiun by partK, 

Integration by substitution n*stH on the law for the, difforeutiivtion 
of a function of u function (p. 21!)) ami integraLion by parts on the 
law for the difibreutiation of a product (p. 2l«S). 

Thus, if 7/ is a fiuictiou of a; and a; may be regarded as a function 
of another variable «, we have (H.s.sumiug llu; existmieo of all the 
derivatives and integrals involved) 


i.e. y ^ is the derivative with respect to it of the function j ydx 
(or any one of these indefinite integrals). 

Therefore J ydx du, — t/io formula for iiiteyriUion by sub¬ 


stitution. 
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Tliua, Q.g., if in j P'^l' ® = « ain u, so that 

V((t= - ®») = ft V(1 - sin’ ll) = ft cos u and (h/du = a cos u, 

/ V(H= - **) == /ft cL « “ = arc sin (ir/ft), 

This result verifies the first result of V above. 


Or,,.™ 


or again 


/ft- - ft J ft- - ft d (ft - ft) “^ “ / tf '- = log» - ft). 

The formula fur the differentiation of a product is 
duv dv . du 


-which gives at once 


flift ^ dx^ ^ dx 


whence tfte foriiuda for mtegmtimi hj parts: 


For example 


Jft cos ftdft = 


dft 


- d® 


= ft sin a:-j sin ft d®, 

from the formula (putting u = a;, v = sin ft), 

= ffi sin ft + cos ft. 

The use of this formula depends on expressing the function to be 

• • 

integrated in the form u and on the integration of the function 
du 

In both these formulae we tacitly suppose that the functions 
concerned are differentiable (and integrable) as required. In the 
practical work of evaluation of indefinite integrals these assumptions 
need not bo verified. If there is any doubt as to the validity of 
cither formula in any particular cose the result is easily verMed 
by direct difforontiation. 
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211. Integration of rational functions, 'i‘hn integration of 
elementary ccrtiiiininnl Iniietioiis is imt .sn sy.st.eiiiatic jis is dif- 
fcrentiatiuii. Certain wide clijsses of liiin-tinns however cun always 
be iiiU'-grutefl. It is also Jtlwuy.s possible to integrate any function 
if it can be expre-ssiai ns a {Kjwer series, by stainiarcl form VII 
above,—a liiet which is often useful in pr.-ictiwil wtirk. 

If a rational function Jt (.r) (am be exim-ssrsl as a sum of partial 
fractions of the f(»nii 

ii(;c)-/l|,'t'.r-«i) + /l 3 (.r-Mjl + ... + 4 
wc have at once 


j It (a:) (h = j1 , log, (a: - ff,) + .d log, (.<■ - «s) +... -t- A „ log, (. 1 : - «„), 

Or the function l/(ii:^+p.r + fj),p and 7 being con.stants, canb(j 
rewritten as l/[ 0 ;+jf)/ 2 )’' + tfj[—p"/4)j. 

If y — p'‘f4 > 0 and = si»y, Ibrin V abi ive gives 


(f.v; 


1 


• arc tan (ui; + /i/'2)/n], 


J (if + p/2)''+ It’ a 
and the function i.s iiitegratisl. 

If'y-p'V4<0 and = —u"', form VI above gives 


f 


ffa; 




•'»’ Hr 


p 

X + {yhU 


and the function is integrated. 

K 'i-m /(i-+'j|/. 2 ).“-‘«*+r/ 2 ). 

national functions may usutdly be. integrated by theso methods. 


212. Again the function l/(iy(a;’+y).c + y)) can be integrated 
similarly and we have 

i tLlB 

.jw+f.+,i)~ '"K *''' K*+r/’W 

where a? = y if if > p’/ 4 , 

or = argcosh [(a + p/2)/«j> where rt’ssp’/i—y if y<p'"/"^i 

or =log,((B + y)/2) if y«p''/4. 

Other integrations will be found iti the examples. 
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EXAMl'LEK XXIV, 

[Ill tlicse (ill lottefH cxiMijit X iluiiiitc coimtaiits. The ranges of 

validity of tlin rusnlts should bo Kn|:i]ilind.] 

1. V'erify thu following iiitcgratioiis: 

... /■ dx 1 , .T-U 

^Rocoiioihs this with tin; iilWniutivo. form —'-argootir^ 

(ill ,, - lU'c tun - and ■= - urcoot ; 

' J ii'J + ir a II II n 

(iii) j bni - log<cos./-; 

(iv) J uot.i’(^a't=+l(ig,siii.<-; 

(v) J rt'(te^(Vlog„(;=(V/log,ai 

(vii) j ^/(.ti+u)d.v=f^(,v+ii)^. 

*2. Bstablisli; 


(i) J (IMS 2,i; (/,i; ■= * sin Sir; 

(iii) J i!OHM,'i7rf.i:=:'^sin n.t'; (iv) 

f 1 1 

(v) I ('.im'‘*.'r(/,i'=-Hin .■®C(w*+g.'r; 

(vi) j HUi“a!t(.e=-^cos.ssinx+|.r; 

t 1 , ® - 

(vii) I «osSa-(ii,'*»;jSiii.vcoB*a:+ 

f 1 . S 

(viii) I siu®.ti«te=—gOQ8a’Hin®(«-j 

f 2 1 

(i x) / bin" a- (te = - COB ® ^ cos’ .v - ^ cos' ®. 


(il) J Hiu2,vih='-^DOiiZic; 

f sill nxdx= -- 008 J 

J » 


jb]D.v; 

S 

: COB (t: 


.T. Provo: 

(i) / 


taiili .«f(A'=logtU<i8h(v; 




coth a <2*=logj Binh a; 


(iii) I Hcclia’*=2arctanc“; (iv) j ooHeoha:<te=log.tanh 


WM 


17 


kod-i 
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4. By intcgnvtiuR by NiibNlilHlioii jirovi*; 
f V 1 

(i) j ISiiWifuMmi; 

(ii) J '/■>’“ |S(lb,ititi|liim: .!•='= i« I»r .SmttwUB]; 

j Il-.»- ’«li 

(iv) J Miner, xi/sn^hifiilinn'r.-ij uml 

J UK jr/4 + *■■;! [Sii)iMi.ii.nl,iiiti: bin .>7sl««7i|; 

tutimi: 1 iKlcriiiini* ibc iiitr^ntl ulsii if n<f) imd if 




n'^«OH''‘^+/)*niii*,i* nil 


n, By iiitflgi'Htiiii,' by iiiutN iinivo; 


, (in- twi ( 


(‘Un.j 




(i) j iM'(!iruiif/,.'ii'i; Uiii- * Imj.'. < 1 +. 1 “): 

(ii) j'[»n!Hiii,.i;i/.e--i lUVHiii i"'!’: 

(iii) j~j-i: 

(iv) j logj ,>,•(/.,■= J- lilR, ,1; ■■ A-; 

(v) I ^ xif^ - «"’■; 

J 1/^ 

(vi) Iti*B~*itv~ 

(vii) JisinidiMHiti *■ -iuiiM x ; 

(viii) BOH a rfi ™ c( iH j;+. j: Hi II i; 


t f 1 . 2$ 2 . 

(ix) I ir^coaaii'c^'Bs ■ “ mu 

' ' j tt iv^ 

f 12 2 

(x) / W^HinMif&M ~ A'* l!IW .A'Hill (/,r+ " mw <l.r i 

J a a* tr’’ 

(xi) J ai'u HOC xdaimx urc hub x - urg ihmIi a. 
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6. Prove: 

(i) I <^ootih.vdx=,i«^hwx/us+aoofib3!)/{a'‘+h^)-, 

(ii) jo'‘^siiil>.v<lB^,fl^(^aHinhx-hctMb3!)/(a»+b^); 

^‘>S4 [(ti.+ha;)l(a~hx)]; 

r...\ f •'^' + ‘li>-^ + b.v'‘‘ + &.v . 

[ISxpims the fmiutiou to lie integrated in the form of a sum of partial 
frautioiiH of the form * 

A /(;« -1) + /J/(a- - 1 yj + C/(iK+l)+I)l(x+iy‘+ElisB +1 )8. 

By nmltiplying up and i.lentifying tho numeratora by equating tho coefficients 
/1“1, « —2, ^7—0, ^—. 0 , A= _i, Tho intogration follows.] 

(V) J ,, X '2a- i - 2 log. (« -1)+1 log, (x: - 2): 


/ -x ri+A‘— • 1 

(Wi) 


1 a*' I . u 

*“3 4'*'0 7 ~*”» validfor|a'|<l. 


sf(l 

7. Any rational function io (ixpi’caaiblo aa ii sum of partial fractions of the 
types 

/li/(®—rt), Ajl(a!~ af, ...j (/l■la! + C^)/(x^■^^p.■v + qy {l}.i.v+0'i)/{ar‘+pa+g)^,.... 
Of thcHU typoa all except tlioao with a quadratio donnminator raised to a power 
> 2 can ho dealt with by the above methods. Show how such a function as 
(.l}u+G)Ha)'^+2i‘’! + i2)'‘ can be integrated. 

[The miiiiorator Ii.v+0 can bo cxpre8tK?d aa a{x‘+p3i+q)+{ba;+c)[2ii!+p) 

and tho function then =(t/(a'H?«;+(/)-(&»•+<!) ^ - ). The first of 

CM? \a?*+pa?— 

t]ie.so two expressions is intcgiablo os above. The second is reduced to asimilar 
form by intugrutinii by parts. 

The integration of a ratiomd fuuotion thus depends on factorising the 
donominator into liaoar and quadratic factors (simple or repeated), for then 
the fuuotion can bo expressed in partial fractions of the above type,—as in 
lix. C (iv), I'his factorisation can often (but not always) be coi’ried out. Other 
methods of integrating rational functions aro often more convenient (e,g,, in 
particular, by the use of imaginary or complex factora).] 

8. Evaluate the definite integrals 

"-ji ci®, J t~’‘ sill ivdai, J log,xda;, 

fu I/,) W'O tan aicliv, J ^ sin^iedsc, 

r _Al f —r.t 


r 


sin^a'oos^xrfa' 


fv/a . 

’’ Jo 


sin^A' cos'* xdx. 


17—2 
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0. SliinvthHt 


-fc • 

S III ri tuaM'llV 


i:;ru 


By ox|»aiidiiig {1 - juhI iiitr);i.Lri]ig t<Tin Ity term 

<loiiiU'(! tliiit 


jr i. - W ^ 


,.ri , I 1 1 .;i 1 1 


in. ICsbil'liMli tlM> iili-tililv Ilf fill* citfulMr jmhI tnifnitniiiPtrii'iil functions 
H\n.r mill S\<r) (innl flwtirii iiWt t»f tin* ilwiviil fuiirfiiiiiN'i fnuii the rolatimis 

imiMti.l". I ..'J"’ =..V*',V). 

J I, 1 X‘j 

11. 'J'lio fiiuulioii l/.r'^ IK nut iIuMiimI niiil K ili.*u-iiiitiiiiiuUN >it .rvO. It is 
iilKO not iiitugriihln in iniy ruiiKU iiiHiiiliiiK flu* |iniiit Tlif* ur^'uiuont 


is not vulid. 




111. Provo tliiit if two (lioondod) fmiclioiiK w) tiiul ^.r) iiro iiitegiuhleand 
IHisitive tliroutiliout ii i*!in),'(! la, b), tlion (ho luoilncl/] i.; )/i(.K) is iilsn in- 
tegnililo. IIwUico the .tinno rosiilt whoUior tho finiotioiio uro iiositivo or not 

[If Mi and jVi” aw the tnuM'r IhhiihI.s of l\ <.i!) uiul in tlio part (a, a,) 
of tho raiigo (p. 24!t), tins ujiiM'r hound of/| >'j-)/u in (o, .Oi) $ MiMf". With 

siniiliir nntntion, tlio lower hound of/| (iri/^{.i*) in (a, .r ,)^ mi'vn,". 'riioroforo 
the dilTuwacti Isitwcon the uppor nnd lower hoinidH "f/, hr)(a*) in («, e,) 
rg M,'Mt" - M,' (M," - Hi,")+w,"(.!/,' w,') A‘(M," - »i," + M,'-m,'), 

whore A' iw any iniinU>r exetHsliiin nil the vidiu'.s of/’i (.c) and /«(.») in («, ft). 
Siuiilurly for nil the other piti’ts Xj) ete. 't'tu! ditliu'cnio*. Imtween tho largor 
and Hiiuvllei-Ninim for the fnnution/i (x) ihereriire <i;' the Huni of teriiiH such 
iia A'(iy|"—»K|")(a'i-tt)d-A'(d/'|'-i«|')(.r,-u), iind tlivnifore —»• 0 as A-^0, 
hccftUHQ of the intograhility of /j (a*) iiiid/j(.r). 

When/] (.v) and/y(.v) aro not iiMtrivlctt to Isi po.Mitivi', a eon.stant A'can l )0 
found HO tliat A'-p/, (.«) and A'+/j(x) arumitii'idy poHitive. Tlieorents (ii) and 
(Hi) of pi. 240 cuuiplotu the proof.] 

13. Prove that if a function /(.r) Ih (■oiitiniioiiH at all pointe of an interval 
(a, ft), thou the difference hetweeii the upper and lower lionnilK of/(a*) in any 
and every pirt of the inUirval of wklth $ A tends to n las A ■-»- 0, ((JnifnmUy 
of contimity.) 

[Let t bo any priwitive imuiher. Lot (a, Xi) ho the jircatat range starting 
from tt in which the diffuronce lH!twiH!u llm upper and lower bounds of 
/ {x) < e/2. Bocauso tho fiiuution i.s contiiiuouH at a, there iiniHt he snuli a range 
<(«, ft). If lot (.I'l, «») ho the greateHt range Htarting from .I’l in which 
the diiforence between tlio upper and lower 1 loundH < (/3. llepcat this prooess. 
Thoi-o are two poHsibiliticH: (J) Htiotior or later tho poiniM a*j, j.'a, ... arrive 
at 6, or (2) all the \»oluts * 1 , In ease (1) tho tlieeroin is conceded, 

for if A is tho width of tins least of tho (finite nuitiher of) ranges (a, ®i)i 
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(A’l, ,v«), ... ft), I'fiugo wlwtovor -whicli^ A ovarlaps at moat two of 
theao riuigoa, iiud tlionifovo iti iinyHiich miigethodifforonco between the upper 
and lower bouiido ()f/(.i-)<f/ 2 +«/ 2 =*. In wise (2) the sequence iCi,a’ 2 , ... has 
an upper bonnd=:(i^ft. a being a point of continuity of f{x), there is a range 
n +{)) nay witli o as ceiitro, within which the difference between the upper 
and lower limuidN of /(.■)r)<t/2. This range imwt overlap some of the points 
,i'i, .I'a,.... If.'',,, is onn such point, the range n+ 8 ) is a range in which the 
diffeiDiiiJo 1 ictween the upper .and lower bound.s of/(®) < e/ 2 ; and the next point 
to .r,« in the siiqmince of points .wj, .Vj, ... iimst ^uH- 8 . This contradicts the 
fact that a i.s the upper bound of the nnnnding scquetico Xi, .rj, .... Oase ( 2 ) 
therefore cannot iiriso. 

It is iiiteresting t(p see whore tins proof breaks down for the function l/(a! - 1 ) 
in tho range ( 0 , 1 ).] 

14. Prove that, if f(.v) i.s any limuulcd function which is integrablo in (o, ft), 

tho function f'’(A'), = j" /(.«)rf®, is a continuous function of Z. 

JII 

in. With the notation of Ex. 14, prove that, if/(») ie monotone, or of 
bounded variation, F{X) i.s ditferontiablo on the right and on the left for all 
vahic.s of X in the range, and that the “somi-difFei'ential coefficients" are equal 
to the limits on tho right and on tho loft of tho ftinotiou/lZ). 

§ 7. PuorRiraE,s op the definite inteoeal 

213. Funotions assumed boxulded and integrable. The definite 
integral [*/(*)&! has several important properties, which oi'e 

almost self-evident when the integral is looked on as representing 
the area bounded by the graph =/(«)• The student should 
interpret and verify geometrically all the results of this section. 
The proofs, based on the analytical definition of the integral, are 
likewise almost intuitive. We suppose throughout this section that 
the functions under consideration are bounded and integrable through¬ 
out the ranges concerned. 

214. Obvious properties. We have already, in the last section, 
stated the theorems e-xpressed symbolically as 

l. ["/(«) = f V(®) ° 

.la'' Jo ' ^ 

numbers; 

11. [" kfiiB) da; = /c f /(«) da;, k being anyTeal constant; 

“ Jo ^ 

m. f * if {x) -1- f (a;)] dx = f Vi W <^ + f f‘ 

Ja •'* 
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Home of the cunwijiieneeH »rf iheNf theoreitii> liuve also been 
develojH'tl altnve. 

216. The simple mean value theorem for integrals. No leas 
evkhtiit, gi’tttiielrieuHy nr uimlylifaUy, ix the fnlhtwitig iuiiwvtant 
thconnn: 

IV. ff m nmi M urefijeil numbers snrh lluii Jti s/lx) ^ M/or 
all mbies i/ x in the rnvffe to, fit. omi n < b, then 

;h 

7H(h~o)s I Jlxiilx s M lb —a). 

tt 

Eor, the undivided interval (o, /<) may he regarded «h oik; of the 
ayabirns of division of the di‘finitii>u (p. 24?lll. For this system, 
the "Hinaller” and "larger stHas'’ are ^m(h—u) and $jl/(ii-a) 
respectively. 'J'he re.siilt 
If 6 < ft, the inetiiialities will he h-versed. 

This theoK'in is oftmi valuable in giving upper and lower 
approxiiniitions Ui the value of an intfsgml. In the theorem, m 
uud ilf may be. biken U) he the lower anil upjier bounds of/(ie) 
in the range (a, b). We may then, on the iminnption that f{x)w 
cuniinuo)is tlmiughoiit the range, expres.s the 1 heonsni in the form 
which will be deseribctl u.s the simpln wemi ntlue theorem for 
intef/rula, vis, 

[ /(«:)dir = (fj-fr)/(AM, 

« tl 

where K is soitu! number between a and b. 

For, by the. generalised Ihrin of the rundamental property of 
uontinuous functions l}). 2.*l(i), thtme is at least ont; vidne A"" between 
a and b for which f{X) = any number between m and ilf; hence 

there is a number A" for which /(A’) = ( | f{x) dxj jlf)- a); and 

the theorem is proved*. 

As a corollary to Theorem IV we have the following theorem: 

* ObtflTwiae, by tbo nwnn valuu tbenrem of p. USO. ]>i-iuttc dm inilofinitu 
j/la)dxhy >'(*), 'limn /'(.v) is dilturi'iilinble snil = 

whora X lies between a and b; i.c. {It■■ ,i)/{X), by the fimdamontal 

fommltu 
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If f^(x) and/a(®) are two functions such that /i(®)^/a(a)/or 
every value of a: in a range (a, b), and a<b, then 

f f (w) da; $ f /a (ffl) da. 

J a J a 

For/i (a)-/a (a) $0 and 

[ /i (•■«) da; - [ /a (a) da = [ \ f (a) - f (a)] da ^ 0 . 

We can aleo deduce at once from Theorem IV that 

If the function f{x) is everywhere positive m a range (a, 6), then 
rx 

I /(a) da (= F(X) say) is a positive increasing function of X for 
J a 

X in the range {a, b); and if f (a) < 0, F (X) is negative and 
decreasing. 

This follows beomiBc, if a $ Xj < X.^ $ h, 
then F (Xa) - F (X,) =; / '/(a) da > 0; 

J A*i 

and similarly fov/(a) < 0 . 

This theorem is in conformity with the fact that the function 
F (a) is increasing throughout any range in which DF(ic) > 0 and 
decreasing in any range in which FF (a) < 0 *, 

216. The first mean value theorem. Theorem IV may be 
generalised so iis to give upper and lower approximations to the 
integral of the product of two functions, one of the functions being 
everywhere positive, 

y. If f (a) and ^ (a) are two functions {both integrable) and 
(/) (a) > 0 throughout the range {a, b), and ai:b; and if m and M 
are any numbers such that m </(a) $ M throughout the range, then 

ml ^(a)da^[ f (ss) ^ (sc) dx ^ M j <f>{B;)da. 

J a J a ® 

To prove this, we observe that, because <j) (a) is positive (or zero) 
and m^/(a)<Jlf, 

we have m(f> (a) %f (a) ^ (a) ^ (a) 

for all values of a in the range; and the result follows immediately 
from the corollary to Theorem IV opposite, 

The corresponding result when (/> (a) is everywhere negative is 

ilf (% (a) da fix) <j>(x)dx4ml (j> (a) da. 

Jfl 

• P. 281 tttove. 
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Tlnidroiti f!fui Ilf i-xjii’i.-ssi'd in Iho rtltfrimfivc Cni'in 
f /(.r) d.i’ =/( X\ I (ft (.r) il.r, 

J a Jn 

whore X is Hoino nnmhi'r bi’twi'oii n funl h, provided /*(,«) u con- 
tinuoitn iincl (f) (;>;) everywhitri* iiiwilivi*. Il, is then kiitiwn us the 
firnt mean wihw theorem. This thforeia tiiifl ils iiiiini ffeiieml form 
(Theorem V) tire of importtiuo* in fstimtUing iho n):i)i*nil,ndw nf 
definiti! into^'rtils which ctuuiot. ho evalinilutl in iH'iiiiuiry terms. 

Tims, fur i>xani|ile, tlw* (•rupli "f the luiwiion sin .f,.r ntiisi.sls of n stuxessiim 
nf wiivcs. Till! .wn of this wave lM*twi‘«ii llic, imiiits j- • ddir anil .!.'!a(2t) + l)B- 

oinmls I if.r. 

* J 2Hir * 

This ciUiiuit lie eviiliiatisl in onlinnrv n-riiis*; Imt the fiiiieMini Niii.r Ih 
jiasitivc thriiUj'hiint the I'iiiij'e iiinl l.J" lies lieUviieii I 'ictr ami l,'(2i( + l)7r. 
Thorcfiiro the area lies hetweeii 


-— I .snijJif.e mill , I sm.i'i/j!; 

lUiihl sr 

i.e, liotmuiii Ji/iinr anil l!,.l(i<i + l,'j!‘|. If e w lari;i) tliis fjive.i a ('oml aiii)rn.xi- 
niation. 


217. The miimd tiienu rntue MemviH is lev, nliviou.-i; 

and (fi{x) lira Imi inU'i/ritliln/unefiniia, mid (t'/iJ'} '•» iiinniiliiiiiil//im- 
deorruiiiiff and fiiiniUni (nr ;< rii) Ihrimijhimt th' (Voe/c nf iiilrijriitimi (o, h), lhan 

j J{x) (ft i,r)<h •rt fi'n ) J i/tf.ejitr, 

wherfi X u tnmo mmfwr nf thn miiife, I'.e. " < .V $/!. 

To lanvo tlii.s theoimii, we •ilisi.irvi! that the integral of the riun:tioiiy‘(.r) iji (x) 

' ia the oimmuni value of the Inwc.r mill ujijhm- Immulsi of .such suiuh as 

/(a) Ml {.«! - a) +J\xi) .)Ufy - j H-... +/7.r„. ,) .V„ <J> ~ »i).. .(1 a) 

and f{a) mi (x, - (O+ZCa) m-j(Xj -.e,} +... +7'f.''ii i)«(,i (h --e,...i), ...(1 h) 
where M^, J/i, ... ilf„ am the upper Imuiais of (/j(.r) in the intervals (a,Xt), 
(a'l, .t'a),... fc) ami »i|, w.i,... t«„ the i!orn'.siionilinK hover hounds, 

Taking the numhers 

/(a),/(xi), .../(.r„.i): jV,(.>:,-<»), -Vj(.a. 
for the numbors bi, h«, ... ft,,; ici, ... «„ of .\hel'.M Ivuiiiiii (p. iS!>), wo kavo 
that the sura (la) ^f{a)n, whore n is tlie lennt of all the rmiiibera suoh na 

ifi (.■»l-ti)+jU.j(.i'3''Xl) + ... .I't, j), .(2) 

where 

It is easy to seo that the expression (2) J'''' ifi(,v)ib\ say, and 

* It can bo uvaluated as the sum of an inlliiitn Horire. 
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thoiico tlmt whure tii denotes the lower limnid of the funotioii 

(^ = j' <l> (■'■) ''iilties Ilf X ill tile, iiitorviil («, b). 

Hciice the sum (In) imd tlinrafiiro f /(a;)0 (x)dx'^f{a)m. 

■ f'* 

Similarly I <f> {r.)ilix !g/(«) J/, if M is the upper hound of‘t (w). 

fh 

Therefore J /(.r)(j)(x}di:=^/(it)]\vfhtsie i.s some uumber hotwoeu m and 


Jf, the lower iiiul upiuir hounds of inclusivo. 

Hut 'r’{A') is iioutiiiuou.4. 'lliu tlieiiruiii follows from the fundamental 
property (p. 23(1). 


UXAMPLES XXV. 

1. (Jive the ['eoruetrieiil iuteriui'tation of Theurum IV, p. 262. 

2. Prove that if /(x) is iiitcgrablo iu a range (o, b) then |/(i5) | is also in- 

tegrahle iu (ti, A) and / f{x)dx \^ I |/(j;)|&; (theing-supixiaedlossthani, 
Ijll 1 Jo 

[The differoueu hetweuii the upper and lower hounds of l/(®) | iu any range 
ig the difl'orouou hetwoim the upper and lower hounds of /(a'). The difference' 

between the “larger” and “snudlor sums” in the dofluition of f \f (®) | dx ^ 

/•/) 

tlio C(irroi[)otuliiij^ ilittcitnico iu fcho (lelimtion of j f (^) diL\ Tho integrability 
of l/(.r) 1 follows. The oornllary to Thiiorom IV establishes tho inequality.] 

3. Show that f dx lias Iiotweon i and i 

J If id 

4. Deduce tlie theorem of p. 113 above from Theorem IV of p. 262 above 
in tho case whoro tho ilorivtttivo ily is Buppo.sed oontinuous and integrahle. 

fi. llewrito tho proof of tho logarithinio o-xpausion as given on pp. 122—123 
above using Theorem IV of this section iu plooo of the theorem, of p. 118. 

0. Hy iiiJidyiiig Thuorotu IV to the integral j Df (J?) dx, provo the mean 

value theorem for derivatives (ii. 239) in tbe ease wbeie the derivative Bf (,r) 
of/(») is conthuiou.s. 

Deduce fl'om this theorem that sin* lies botweeu —x and x. 

7. Apply tho first mean value theorem to shew that 

(b-x)D \,Df{x)] dxJ^ D [Df{X)\ 

whera U [71/(AT)] is the derivative (supposed oontinuona) of the derivative of 
/(*) at tho point X, X being some number botweeu a and b. 

By integrating hy parts deduce that 

/(A)=/(«) + (4-a)/ [^/(^)]> 

where f {(i) deiiotuH the value uf the derivative Df{!S) at the point a, and 
J)[Df(^)] is tw before. 
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H. Dwlui'fl fniin Ks. 7 lliid ; 

(i) t’lw.r lies 1 um! 1— 

(ii) if .r it* i«isilivf Itij:, {I +.iy lift* lictwccn .r ittitl .> ~ ./‘jH; 

(iii,. if.r is pnsilivt' iidid < I, '1 i'*’** I'ltfwtt'U 

. , «''ill — 1 

1 -/IX Mini 1 —/U'-l- 
)i bl'iiiK uiiy rt’-'i! iiuiultcr: 
lUlll ^iv) I'nul 

wharit S is nuihi* iHmitivi' iiuiiilii'r U"«i llwn 1- 

!i. fjw> Tlniiirt'in IV’ tu |iriivi! miei'inaivitly; 


x» , .r* 


-(.■*«,<■<“ I; sill,.-..,' 

ct<i. if j' in iiiisitivi!: iimi wtnitur iuhmII'' wIimi x is m/K.itivc. 

Ik'ducii Hin.i’:--.r-.i''i!i I+xV.'i! -■... ni»i I'l.s.i'** I - I - ,... 

I'.V 

[com .i- < 1; tiioidfi iiv / (IIS •?; A, i.<‘. .■‘iii >• < .r. Agttiu 
t>iu.V(b-< i.c*. I 

VVu got ill goiii'i'ikl tliiit CIIS. 1 ' ililli'i’s friim 1 — ...±it''*'*/(2n)! by 

luHH tbiiii lui'l Niii.v fr*iui.«‘~x’‘,:il + ,.. 4x“" ‘ •/(2»i+ 1)1 by Iobb 

thiiii .t*''*V(2ft+'i)'.. TIu'ho—». ti (IK?i —>■ I wliiilitvcr till' valuu of j.] 

10. Uhc Tlioiiroifi IV tn |U'iiv«sun'tH'tivi'ly Hial, if./' is |Hi.sjtiv'i'njiil 

l+*<e*<l + A'r, 1 + X.H./'^z'2<K< I.<• + ... 

l+.r+.**/21 + ... +.i'"/k ! </f* < 1 +x+.>^,'2! + ... + .I*-'/(«“ 1)! + 
and dodnou tbo(»iioti(tiitiid i>x|iiiiiHiiin fur.r>0. 

I.iiHiiusM Hiniil/U'ly tiie vaisit whi'n* .r.<0. 

11. filiew that if x> - I mid » is any mil niiuilicr, (I +.«')" *' litsi laitwoon 
1 and l+A' (a+l)a, wlu'i'u K is any nniiilwr i>.wnlii)g (l+.f)". 

Tbenco inw'O Hiiiioossivitly tlmt 

(1+.!!)"+“ lies iKjtwoeii l+(/i+2).i' mid 1+ (/i+a)X'4-/i 
that (l+.t')”’*'' lifts bittwncn 1+(«+ a'- 

and ] + («+.^).4'+J"+?^\r‘''+ A-■" + '".J 

(l+x)-'- lies towom 1 + ,,^^+"^':':+ 

« • 7*« 

and 

2! r! 

.. w (m -1)... (j/i. r +13 (,711 “ r) ^ 

(*•+!)! ’ 
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•whore m.=n+r+\, and none of the numbers 

m, »+l, ...»i+»’(i.e. m-l, mi-2, -i ; 

(the rosnlts being then simpler). 

Deduce the general binomial expanedon 

(1+.«)"*= 1+MI.M+ 2)““®*+-- 

for -1 < .M < 1, and m, any real number. 

[Apply I’hcorom IV to the integral j (l+®)"c?« and repeat. The binomial 
thoni'Om will follow if it uau bo shewn that the term 


(r+1)! 

That this is so if -1 < .t < 1 is seen moat easily by observing that the ratio of 
the values of this exproasion for two successive values of r is (»i-r)«/(r+l), 
which nuinerioally < a positive number it, leas than 1, for aU values of r suffi- 
oiently large. I’he scries which has this exproasion for its rth term is therefore 
absolutely convergent and {a fortiori) this expi'ession-»-0.] 

12. Deduce the second mean value theorem (p. 264) from the first mean 
value thooi'era in the special case when both the functions fix) and tjt (a) are 
positive (or aero). 


§ 8. Various ARPUOATiONa of integration 

AND DIFFERENTIATION 

218, Areas. In this section we consider a few of the most 
important simple applications of definite integrals and of dif¬ 
ferentiation. 

The area of any plane region bounded by straight lines and 
curves which are the graphs of integrable functions is given in 
terms of definite integrals*. For example to find the area cui off 
the parabola y® = 4aa; by the straight lim » = a, we see on drawing 

the figure that the required area ^^j^ydat, where y = + 

The area = 4 ^Ja I ifx dx = 4 V® g “ 8a“/3. 

It is, however, often convenient to suppose the region whose area 
is required divided up into elemental regions other than the rect¬ 
angular strips used in defining the area below a graph y =f(j») a-s 

fix) dx. It is clear that other methods of division will not (in 

any practical cases) lead to different values for the area of a region. 
* See Ohapter m, § 1, 
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To find tio’ iimi •>/ u sei'tor nj tni eliipsr <itr tnix-li*). 

An (,’lliitsii is iht* rlii.s‘!il rnivi* s)n*h llnU tin* crtnrtliniitps (./, j/) 
of any pn’iit nii it, n'tl'rrfd 
to Hiiitiibly axfs, 

.satisfy tlui i!fjiiiiti<jii 
j:V +//V/r= 1. 
whuro a ami h aiv jiiwi- 
tiv(! W(‘ havr 

y=s±lt ^/( 1 _ ,#:!>, ,|5), ainl tin* 
curve, ia an oval nirvi* iia in 
Fig. 24 , with fJA =(/,(///-/*. 

If a = b it in a i-irdo tif wntn* () ami ituliim t/. \V<* wish to find 

A 

the urea of the .swior .1 ()(!. where the angle .1 ()(J ~ tt < ir/i (.say). 
We could fir.st find the areas of the iriangle 0I){*(= i fll), 7)0) 

and of the region A DC I = uih-, where //« h\\l - ]. 

. . 1)11 / 

Let U.S, however, divide, the see.lor into .Hide.seolors such an ()FQ, 

where AGP = 0 , OP «POQ fiO .say. 

The area of .such a Hu1i-.Hectnr, if fid i.sHiiiall, will he ajtjtroximately 
■i?'‘'*Sd, and we shall have naighly that tlie iv(|nired area of the 
sector AUC i.s the .sniii of .siurli terms Ar”fi(A 
Now C is a fniietioii of d given hy the eijuntion 

r’uos' d/t/-+r".sin- d//v- = 1 
(becau.sc .T= /'(;osd and y —raind); 

i.e. ?•'• = l,'(cos*d/«“ + sin"d//j‘) .(1), 

( 'a 

kr-dd aa the 

. II 

greateat fid -> 0,—from tliu definition of l.hi.s definite, integral, 
r* frfd 
0 ci)m“ 61/(1“ + siu“ djb-' 

It is in fact easy to .see now that tin; roquirLsl area i.s ijrocisely 

“ kdd 

u uoM“d/a* 4 -Hiu“d/ 7 i“' 

Forwc have accurately that the urea of the, eleimmtal .sector OPQ 
lies between iOP*8d and and therefore s- +1;), 

where as 8d->•(); and it follows that the total area is the 
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limit of the Kiini of the terms h^Bd us the greatest S6 0, as in 

[b 

the definition of the definite integral f{!e)(lu:\ 

■ a 

i.e. =J ^ where t^=l/(co8“ff/a“+ 8111 * 0 / 6 "). 

To evaluate this integral make the substitution tan0=M; so 
that dOjdu = cos" 0. 

We then have 

= i f putting v = aulb, 

= ^ah aiTj tan v = ^ab arc tan (a tan 0/6). 
The required area of the sector A OG of angle a 

= ^ ab arc tan (a tan x/b) - ^ ctb arc tan 0 
- ^ arc tan (a tan a/6). 

In the special case of a circle, 

a = b and the area = ^ n‘ arc tan tan « = | a"?. 

The area of the complete quadrant OAB 
~ lim (area 0.4(?)= liin ^a6 arc tan («tan a/6) = 7ra6/4; 

a -»■ ir/2 

or we could use the alternative form 

J ah [7r/2 - arc tan (6 cot aja,)] = J a6 (tt/B - 0). 

The area of the complete ellipse ^irah. 

The ease with which the solution of a problem of this character 
can be effected depends very largely on the choice of elemental 
regions, The rectangular strips of the definition on p. 148 and the 
sectors are two of the most common types of elements. 

In most practical cases sucA ‘problems can be simpUfied by using 
the method of integraMon by substitution or otherwise. Thus in 
finding the area of the complete ellipse we require 

2 ydn, where y = bsjl — 

J -a V a 

To evaluate the indefinite integral f 6 ,y/l - ^dai, substitute 
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j h 1 - lir - uh 1 ^/( 1 - >i’‘) if)‘ 

= til |*Hin d I — sin 0) d0 

— “ 'tf j n I’t IK 20) iW 

nh 3 „ Hill i0\ 

2 \ 2 / 


Insbnatl Ilf KiiliKtiibuHiig fur 0 in h‘rinH nf x iiiiil llitMi diiilticing 
the value of (hit ilofliiitit integral from the iiiiloilniUi integral so 
found, wo iint;it!i‘ that as .it rangoK from - o to ». a raugos from 
~ 1 to 1 and 0 rangoa from ir to f). 

Itonco 


—tlu! rorjuirud area. 


nh I a Kill 20\ 

"2 r~ 2 ) 


d 11 


- TTub, 


219. Volumea. Tn find tlm volnvw ujf a sjtlwrtt of radum R. 

'fho aplien! may ho itiiaginod cut nii into alioo.s hy a Hot of parallol 
pianos. Lot M and iV" (l'’ig. 2n) bo 
the points in which tlm radius (}(J 
is cut by two such plam'.H, to wliioh 
OC is perpendicular. The slice (of 
thickncHS MN= Sic) botwoen those 
two planes will be circular; on one 
side the radius will bo j\IP, and on 
the other MQ. The volunio of this 
slice (asaiuning that tho volume 
of such a region can be satis¬ 
factorily defined) is clearly less 
than MR x tho area of a circle of 
radius MP and greater than MN x 
the area of a circle of radius NQ. 

Galling DM = at, MP<=y, MR = Sx; 

the volume of tho slice = 8a'. ti/'CI + ii) where as Sa)-»-0. 

Dividing tho diainoter WOO up into a number of portions such 
as MR, and adding up, we see that tho required volume is the sum 
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of such terms as 5:i;. tt/ (1 + 1 ?) and therefore equals the limit of this 


sum as the greatest 6a:-»-0, if this limit exists; i.e. rfdai, 

where -,®», if this integral exists. 

The integral exists and equals 

[ TT dx = [if - (- K)] - nr [i{“/3 Efi)} = 5 nrR', 


—the required volume. 


This (lisouHsiim iih.'Hiiiicm tliiit a Hatisruutory cleliiiitioii of the volume of such 
regions wliicli ani not iiarallolupipuds has been given. It is not difficult to 
give a ilfltinition, aiiiilieaiblo to such solids as tlus aplioro, on the lines of the 
definition of tlie area midur a curve given in Chapter nr, jj 1. Being concerned 
here with the practical question of the determination of such volumea, we omit 
such a dofinitii)ii. 


220. Centres of mass. Centres of mass and moments of inertia 
of continuous bodies may be found similarly. 

To find the omitve of mass of a semi-oiroutwr lamina. 

Let 0 bo the centre of the scmi-circle A'BA of radius R (Fig. 26). 
Divide the region up into strips (e.g. 

PQQ'P') by parallels to the diameter 
A'A. Let OM= ilfiV'= fi®, MP ^ y; 
so that 

From mechanical principles, the 
moment of the strip about the line 
A'A — (area of PQQ'P') x so', where os' 
lies between OM and cijV, 

= 2y.5®.»(l+i7), 
where -v 0 as &s 0. 

Hence,'as before, the total moment of the whole semi-oircle about 
A'A is equal to 

f A [B 

I iiDydx=‘ I — 

Jo Jo 

Putting iJ“ - = u, we have 

12 V(iJ* - a'*) ® = -Jvm - g “ I (iJ’ 
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Thorcfiu’c 

= -•?(/<“- 0r= hi\ 

J II •> ’’ '1 

Hut till’ iirwi of till’ Momi-cird« 

Froiii iiicelimiiciil principles Iherefure llui centre of niiiss is on 
the miliiis 01!, (limiint “ i,e. ilii'-iir, fruiii 0. 

A{{tiin ivi! Iiiivi) iJiiiittisl to Kivit ii lll.■lillitilln of Dw iiioiiu'iit of lei iirt'ii iihout 
a line, iis tlio limit of a sum of a iy|iesiiniliir to lliat l.■lllployl>lt tti tlm (leliiiitiun 
Ilf uii rimi. Till’. pris'iHt! iliiliiiilioit luiil jiihtilii’iitioii of tim i)ssiiiii}iti(itiH luiicio 
“on iiioeliiinii'iil iiriiir;i]ili‘s” lirii u^niii not tliniciilt. 

221. Lengths of curves. 'I'lie length of an arc of a curve wiis 
defined in ^ 1 of t his ohaptL'r ms the eoninion limit (if it exists) of 
all seipicnec's of perimeters of inserihetl {lolygons, as the sides tu-e 
indefinitely diininished in length. (Or as the upper himnil of the 
sot of pcrinietem of all possihle inseriheil polygons.) 

liCt the oiirvi" he AH (Fig. 27), givim hy the eipiation y -/{m). 
Let the x coordinateH of A 
ami 1! he a and b Let 
HQ he till) chord joining the 
points P (.u. y) and Q (ic + h, 
y + k). Wo have 

PQ = ^/{b!‘ + h‘) 

. =/(V(l+/cYA“). 

Now /i;//i = the slope of tin; 
chord PQ, and therefore, hy 
the moan value tlieoreiii fur derivatives, kib = f/y/ite at some point 
on the arc PQ ,—supposing the funeliun /(.r) is differentiable 
throiighont. 

Adding up the lengths of all .siudi ehord.s PQ, we got a sum 
intermediate to the “larger" and "smaller" sums coiTe.spond- 
ing to the definite iiitegi’id over the range (ii, b) of the function 
V[1 + (d 2 //d®)“]. The sum of tlie.se elionls therefore tends to 

fi 

V[1 + (dj//d.*)“](hi: as the c.liords 2*Q are indefinitely diminished 
J a 

in length,—provided the definite integrid exists. 'P/io curve is there- 
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fore rectifiable* and ite length is I ifll + ^dgjd^Ylda:, if this 

J a 

integral exists, This will filw.-iys be the etise if the derivative dy/dx, 
i.e. Df (flj), is monotone or cootiniioiiH throughout the range (a, h). 
In pai'ticnliir, any are of a curve defined by y=/(a!), where/(®) is 
any of the funetioiis considered in this course, will bo rectifiable if 
the arc avoids any (ixcoptional points of discontinuity, etc. As the 
derivative dgjdx ceases to exist at a point where the graph is 
parallel to the y axis, the length of an arc which is anywhere 

fi 

parallel to OY cannot be expressed as \/[l + (dy/cte)"] dx. Such 

a case can be dealt with by using y as independent variable 
instead of x. 'I'hc length of the curve is then expressed as 
f'* 

V[I + (dx/dyf] dy, where c and d are the y coordinates of the 

C 

extremities A and li of the curve. 


222. Identity of the numberB « and tt. The drmmferenee of 
a eirole is easily found in thiswayf. 

Let R bo the radius of the circle. 

The upper aeini-circlo A'BA (Fig. 

28) is given by the equation 

y- + - a”). 

Let AOG=irl4i (half a right angle). 

Then OD = R/>/2, 

The lU'c B€ 
rJiNi 


= 1 >d[l + (dyldxf]dx. 

Jo 


Now dy/dx - — ®/[V(-R'‘ — s^)], 
and therefore 1 + (dyldxf = - ®*). 

Therefore the circumference = 8 x arc BO 

= 8 I V[1 -f {dryjdx'fl dx 
Jo 



•*/, 


0 

B/VZ 


R 




* In nooQi'dancs witn either dehnition, pp. 200, 203. 

t We imow from the definition of the mimher ir that the oiroumferenoe of a 
oirole of ntdiue Ji=:2irJii. Our object is to find the eiroumferenee independently of 
T and thuB doteimiuc ?r. 
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Tn cvuhiiitt.' (Iu.s iulcgrul ttnc. tUc LrigMU'>iiii;tvic(il suW,iUituin 
xss liS(u),m thiit tiriWi/*=/if.'(i') “i»l 

Thiwlbn; tlio cirainift’n'Dft.* by Ex. 4, 

[1.187, = ioril 

This estiiblishi'.s thi! iib/ntily ftl'llif Iwn iiutulit'is ® /iiiil v. 

Tlie letvjth of on am if a jinrithJu iiiiu* In* idiliiiiiiMl mimilfwly. 

For tho piivabolii jy - .r’, wo Uavo 

t/y/f/.!- = 2.0, 1 ■}• (flifhU f ■■= J + 4./ ''; 
iind tluii’oiljro tin* length nf ilw iiiv bi-lwoi'ii iln* pnjiitH whnso 
tibscisfliic ttfo «• atitl b is 

I \ll +4.<^) 

J »l 

This iulngrul I’svu lie oviihorti't! by (be .snlislidil.iiui 2.r = sinhw, 

223. Motion under conetant acceleration, Sa]i]jt)Ki.t a imikU 
viom alonfi a sinnijht line nniler a ennslant ni'A)oli;rittio7i, f say. 
Thu forinuliUj giving tli** velocity aiul {msition of the particle at 
any time arc easily (iedueud iIihh: 

If II rupresentH the, veloeity and ,r the (iine, we have 
if.lii\f.n ~ coiiKliitil). 

Heiico, by integration, v « ) f \ where (1 is a coiwtaiit, 


If at the counnonccnienl, of the uiolion (i.e, for iC —0) the velocity 
is It, wo have h = (1, ami the rorinnla giving iJie vr'lmnty at any bitnu 
w is tliorctoi'c v= u+fe. 

Again, if the ilistaiice luovod tliii.mgU is lupivseiited byy, wo have 
dl//(te=W««+/ir. 

Therefore, by iut(!gmtion, 

2 / = J = J (it +/*•) (/a; = iw +/j^J '2 + O', 


where 0' i.s a constant, 

If the distance y is inuasiirud from the point where the particle 
was at time te—O, we have 0 = 0". 

The formula giving the distance tmvei'si'd is therefore 
,!/ = ute + 

Motion, under known variable aceohuntion e,ati often bo similarly 
cliscussod. 
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224. Taylor's series. Wa know that a power series 

ao + aia! + a 3 «'‘+.( 1 ) 

if convergent for any value of ai (besides «= 0 ), is convergent, and 
absolutely convergent, for all values of jb interior to an interval 
(- B, R) called the range of convergence*. We know also that the 
sum function, /(«). i« continuous and differentiable for all values 
of iB interior ti > the intorviil and that Lf (») = a, + 2 aj« + 3 a, ai* + ... 
if ~ li < IV < 7i,—this (lerivod .series being also absolutely convergent 
for all such values of a-|-. 

It follows therefore that the derivative Df{x) is a function of ® 
which is continuous and dittercntiable and 

D [i)/’(®)] = 2 a.j + 2 . Sa,® + 3. 40 , 4 ®“ + ... 
for — iJ < ® < Jl, and so on indefinitely. 

If ive put= 0 in these results we have 
a, = /(®) when ® = 0 , = /(()) say; Uj = Df{x) when= 0 , = /' ( 0 ) say; 
2 a.j = h [-D/(®)] when a; = 0 , ==/" ( 0 ) say; 

2 .3. tta=i) (z) [Zl/C®)]) when ® = 0 , —f" ( 0 ) say; 
and so on. 

Wc can therefore express the function/(®) as 

/(®) =/(o)+®/ ( 0 )+( 0 )+U r ( 0 )+- 

for all valuos of ® interior to the range of convergence of this series. 
This scries is known as Maolaurin's series. It may be regarded as 
a special case of Taylor's series, which is 

/ (ffl + h) =:/(a)+ hf (a)+r («) + li /"' («)+••• . 

where /(a),/'(«)■ etc. denote the values off(a;), Df(x), etc. at the 
point 01 = «. Taylor’s aeries can itself be deduced from Maclaurin's 
series thus: 

Put x = a + y, and write F{y) for /(ti+y). By Maclaurin’s 
expansion we have 

F (y) = J?- (0) + yF' (0) + fF" (0)/21 + .... 

But F (0) =/(a), F' (0) =/' (a), etc. 

Hence /(a + /i)=/(a) + /^'(a)+..., 

the result being valid for all values of h for which the aeries is 
convergent, the function /(p, + h) being supposed defined for all 
such valuos of h by such a series of powers of h. 

* P. 108 and Ex. 13, p. 194. + Ex. 14, p. 196. 
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226, Wt! hfivc nnfc provi-cl l.liat tiny liuw;iititi/(A') can Ik? expressed 
iiH the mini <if HUfli II Miieliinrin or 'Ptiyloi’ wnns; but only, fnr 
cxiiinph;, thiit. (hn cncftirienls of such n scries asd,) im; given by 
the ViilucH of till* function iinil itsKuccc.ssivc cliffcrcntial Coetlicients 
at tht; iioint .(: = 0. If we have » function /(.*) whoso tliff'ercntial 
pniI)(irtio.s are known (ho tlnit we. know forsucli a fimetion the vahiea 
f'f/!<>),etc.) w«? may lic-sirc to cxprcHs it tw bhi? sum 
of an infinitf power series. 

For example, take for/(;i') the cireulur function Kin.'f. 

We have/(O) = sin 0 = ();/'(0)=ri8in.r/(/.r when a:=0, !=5cnH0=l; 
f" (0) = d cos when ;/* = (), = -- sin (1 = 0; (0) = ti (- sin u:)lda! 

when «=(),= — eoa 0 = — 1 ; /‘* (0) = 0; /*■ (0) = 1 ; etc, 

The corresponding Maclmirin series 

/{0) + ir/'(()) +J/"(())+.(2) 

is 0 + a,' + 0 - ic>liil + 0 + a'Vo!+..., 

i.e. X - .t’/H ! + «■■*/»! — 

It is tempting in such a case to concliule that tlie sum of the 
series is tho original functifin. In practice this is in fact often the 
cu8« (as it is in the cxuni]ih! coiwidered), But wi.i have proved only 
that if tho series (2) is convergent for a range of values of and 
if the auin I'lniction is called 2^'(0)=/’'(0), 

etc. It i.s conceivable (i) that the Maclaurin serie.sari.siug from a 
given function f(se) may be not convergent for any value of a*, and 
(ii) that there may be two (or any number of) diftbrent functions 
/ (x) and F (») such that F (0) = /(()), F' (0) =/" (0), etc. 

These possibilitic.s are indeed very real; and the suggested line 
of argument is nntenahle, 

226. We may however easily test, after the Maclaurin scries is 
obtained, whether or not it is convergent for any range of values 
of «, It may also be possible to find some means to test also the 
second possibility after the series Is fbund. Bealisitig this, we may 
still use the above process as a suggestion as to what the power 
series for a given function is likely to be. We will content ourselves 
with this position;—though it is possible to establish certain general 
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conditions under which the series thus formed necessarily repre¬ 
sents the original function*. 

227. The identity of the trigonometrical and circular 
functions. In the case mentioned above of the expansion of sin » 
in n Maclaurin series, the aeries found, viz. 

« —ar‘/31-l-a^/51—..., 

is the aeries considered in Chapter III, § 6 above. This series was 
there seen to be convergent for all values of a, and we called its 
sum function S («). "We have now to prove that the two functions 
S (at) and sin at are identical. 

We will prove also at the same time that the two functions 
(7(.r) and cos a; are identical. We shall then have established the 
Maclaurin expansions of sin® and cos a: and have identified the 
trigonometrical functions of Chapter in, § 5 (and their derived 
functions T(ai), etc.) with the circular functions of trigonometry. 

228. Write C(oe)-c6ax = y, 

»Sf(ai) —sina; = F. 

Differentiating with regard to at, we have 
Dy = - S («) + sin x = -z, 

Dz = 0 (at)— COB at = y. 

Multiplying those equations by y and e and adding, we get 
yDy -I- zDz = 0, 
i.e. D 

Therefore \f + z^- constant (= G say), by the theorem at the top 
of p. 250, and 0 = 0 because, when » = 0, y" + a* = 0, 

Hence y“ + s* = 0 for all values of ®; 
whence both y = 0 and 2 = 0 for all values of as, because y» and 2 ® 

cannot be negative. 

That is cos ai=0(as) and sin » = 5(«). Q.E-D- 

229 The binomial theorem. Let us try to establish similarly 
the Maclaurin expansion of the general power of the binomial, 
viz. (1 -I- where n is any real number. 

Writing= +®)" we have Df(as) = ?i(l + 

and therefore f (0) = i)/(<r) where « = 0, = n. 

• Oau BUoU case, in wWoli Taylor'a expansion is neoessarily valid, has been given 
above, in Ex. 16, p. 106, 
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KIFFKBENTIAL ANH INTKBftAL PALtUILUS 


[Cn. IV 


Agdin D [ D/(a;)] = /i (« - 1) (I + ;/•)’'“• 

and bhmdbre f“ (d) = «(/i — 1). 

And Ko on, 


/"' (0) = (I (n - 1) (K - 2), /■• (0) = //(«- 1)(« - 2) (K - 3), otc. 

If n is a j) 08 itivL‘ infcL'gor, one of the lUetorH », n — 1, otc. will be 
zero, iin(i from that stage the derivative.^ will all la; zero. In all 
other ca.soa the 8(!ric.s thn.s .suggi-sti-d .as the expansion of (1 + y,)" is 

l+}w:+ 2, .1“+ +.(3) 


230. Having tomul this series wo now dolormiiio whuther it is 
convergent for any valno of x. By the ratio tc.st* or otherwise we 
see that it is convergent for all values of .d between — 1 and 1. 
We have still to prove that the sum fnnetion of the series (3) is 


the function (I + a)". 

This may ho proved thus; 

Calling the siun fnncti<in of (3) y, we liavo 

(a-l)(«-2) 
2 ! ■■ 


l)y = n + « (w — 1) a- + w 


and 


(1 + «) 7 ) 1 ,. »+ (« - 1 ).« + +... 

4'.'(.' + (7I — 'l)a;'"+... 
= 71 + nx + ”^.j 


or (1 + .c) jtly — 7/y = 0, .(4) 

valid for — 1 < «< 1. 

Multiply the relation (4) by (1 +.'c)~"‘*. 

We have (1 + «)-“ Dy—yn (1 + = 0, 

i.e. Z;[(I+a:)-"7/] = 0. 

Therefore (] + «)“" y = constant 
= 1 ; 

because when ® = 0, (1 + a)~" = 1 and y = 1. 


* I*. MO, 
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Honco ,!/=» (1 + isV*. and the binamial theorem is proved; viz. 

, jifra —1) „ «(« — !)(??.— 2) , 

(1 + .r)’* = 1 + no; H-g, ar + -g-|-+ ..., 


for all real value.'t of the index n and all values of ca beWeen — 1 
and 1. If n is a iirisitive integer the series terminates and the 
result is true for all Vidue.s of ®. 


231, Till’, aliiivi) proofs of the identity of thefunotions sina:, oosir, (H-a)* 
with their reHiioetivii power series have been based on the differential properties 
of the fiiiiotions and of the sum functions of the series. The relation (4) in 
fact, from which the Iriiioiuial theorem has been deduced, is a “differential 
eqiuitiun"; and the above proof consists in determining from this difihrential 
equation the nature of the function y involved. Such a process is called 
solving the diflhrential equation. Dillbrential equations provide a weapon of 
great power in several brandies of matliomatios. Their discussion however 
lies hoyoiid the scope of this couiwe. 


EXAMPLES XXVI. 


1. Eiiid the uvea of the segment of the hyperbola .v“/a® 1 out off the 

hraiioh which lies to the right of they axis by the line m^Za. 

2. Find the volume and centre of moss of a squore pyramid of height A, the 
length of a side of the base being a. 

[Divide by planes parallel to the base.] 

3. Find the volume and centre of mass of a right circular cone of height h 
standing on a circular huso of radius a. 

4. Find the area and centre of mass of the segment of the parabolo y*=4a» 


cut oft'by the lino .«=4o. 

f). Find the centre of mass of the plane area bounded by the half of the 

ellipse x^ja^+yW='^ ^ ^ 

(i. Given that the acceleration of a body moving along a straight line is 
/=:a-*sinnir, where x represents the time and » is a constant, and that the 
body started at time .«=0 at a point 0 with veMty w in a given direotaon, 
find the velocity and position of the body at any time x, 
[da/rAr=/=a-*eiun.v gives «= jfdx^ je-Binnxdx. Integi-ate by parts 

(twice). Similarly for the distance y from 0, whioh= 

7. Given that the acederation of a body moving along a straight line is 
-iv, whei-o V represents the velocity and i is a positive constant, find the 
velocity and position of the body after a time «in terms of *, A and the initial 
velocity (m). 






u 


. fi-**), 
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IlIl'FKRKN'TlAti AXIJ IN'TKUHAl, (.‘ALOriA’S 


[CH, IV 


H, I'iiiil till! Iciij^tliH Ilf till! .«(*» Ilf till! i:iifvi!« ami //=aiiilij- 

is the cattimii')'.] 

f). EsUlilisli the identity of •.iti.r and S'X] with uosj! uml Ci/) liy the 

iiuitliml Ilf [I. i;vj. 

10. hvive the hiiiimiiiil tlit'ureiii hy the indliml nf K\,,% p. 1112. 


11. Aiwuiuiiif; the di'rivrttivi’.s nf siii.i', cits.i', iS'i',r), iiiiil ('!/}, jivnve that 
A'vi:)Niu,r+t'f.i')en!i.i'»l mid .Vi,r'iiMi!i.i!-tM'j;)ain.r. 0, 
ami thanci! that iV(.r)wHiii.i:mid (■{,»:! -I'l's.!'. 


14 IViive that if ,yi ami t/j ani t\vn fiiiii'tiiins of x siii;h that, and 
then yi/y;j fcniiHtniit. Ilimn*, avuiiniiii;; ft/mill /t/if(j!)“,/j'(*), 
where E(j;) (leiiiitcji the. hiim fiumtion of tin? wrien l+.i;+.r“/a!+.r’'/3!+..., 
prove that/s:/f(.r). 

13. Hiveii tliat the derivative /tyi of the wiiii fiiiietinii //| of the liinnmial 
series (3) nf p. 27H salistles the I'liitinii {Ij of that iiaitii, and that the functiim 
yi!=(l +.^1* HiitisfieH the .suiiie rijlaliini, use the fnriiiula for the dillhrentiatinii 
nf a qiuiliout to show that y|///.o-i!onstmit. 

Deduce an imleiHimleiit |iriinf nf the liiiinmial theonmi. 


H. Hy writing //=■: 1 -,i:'‘‘|'2!+.i'Vd I *... -mh.r, 
prnvctlmt rii.s.t‘.-:l-A''/21+.K''l! 

without iwsumiiiu any knowledge nf the finiotimw A'(.r), 


111. Uhtain tho Miwlaiiriii (!xiNUisinii.s for the funetiiiii.s 

«*, sinh.r, (;i)sh.r, h^fl + r), e"^i4in.i!, i'tiH,/!i!nsh.i,‘. 

16. listahlish the osiiaiwimis of Ex. H liy the inethoil of Ex. 12 or liy tho 


method of Ex. 5, p, 134 



APPENDIX 
COMPLEX NUMBEES 

232. Inadequacy of real numbere for purposes of algebra. 
In Chiiptev I, liogiiuiiiif,' with the notions of whole niimber and of the arithr 
muticiil (nierations on whole umnbors, wc flollnod tho new oksB of rational 
iiniiihnrs so iis to lenrtiir imasililn, in every case, curtain arithmetioal operations 
(of divi-sion iiiid suhtriiution) which jffe, in some oases, impossible so long as 
we are restrieted to whole iiuiubMU Wo then introduced the wider class of 
I'Oiil uumbera, in owlor, primarily, to ovoi’come the deficiencies of the system 
of rational numbars for tho purposes of measurement. In doing so wo had 
occasion to prove that curtain operations, such as the extraction of the square 
root of a positive nou-s(piavo number such as 2, which were not possible when 
niir uuiuber-systcin was I'estrioted to that of the rational numbers, were then 
possible. Uut wu noticed (p. 10) that thei-o wei-o still operations of a similar 
cliarautor that are not po.Haible (for example, extracting the square root of the 
negative nmnhpr-2). The question arises whether we can define a new class 
of numlier.s so that all .such opci-ationa are possible. 

Tim aiuswor to tlie (piustion is that wo can define a now system of “uumbere,” 
called (;om}it«.v mimhera (and laws of operation on those numbers), such that 
all algebraical oiiomtious, applied either to real umnbera or to these complex 
nutnbui'H, are possible and preserve the validity of the fundamental laws (p. 2). 
SiKsli operations, however, will not always lead to unique results. ^ ^ 

Tlio algnbrai(!al operations oontomplatcd inolude all those used in defining 
a gonoral polynomial mid in tho solution of polynomial equations. Thus, for 
example, it s is'any real or complex luunber, s'z, and are definable as 
complex iiuiubors*. 

233. Deflnltiona of complex numbers. The definitions required 
may be developed naturally by assuming tentatively the existence of such 
'‘imaginary immlior.s'’ as ^(-6) ond t^^h of the laws of algebra when 
applied to them. Thus, for example, wo should see that 7(-6) may be m- 
pi-osscd as ^/(fi) X s/(-l) and that any imaginary number Uke ,y(-6) can be 
6xpres.sed in terms of tho stondai'd imaginary number ,,/(-l); also 
{.«, +yi >/(-!)}+{^;a+ya^/(-D}=(®l+<'?«)+(yi+^f8)V( -1) 
and +y, VC -1)} {a’a+- D) +(*iy*+^1*8) >/(" !)■ 

In this way the definitions are suggested. They may be expressed thus: 

I. Any (ordered) pair of real numbers », y defines a complese nrniber [a.', y\ 

II. One eumplox number [a;i, y,l equals a second complex number [Xi, yg] 
if and only if a■^=.^'3 ami 

III. Tlio complex mimbor [ar, 0]<=tho real number x. 

* G(, the restriotioiiB on pp. 19 and 89. 
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APl'EJJDIX 


IV. Thr, smn anil iinuliict of two cnnuilc.v iiuiiilicrs are deliiiud liy the 
cqua.litio.'s 

.'/il + l/ni +■':-• .''1 +.1/^1 

[•>'11 .'/i] 

IHfrcrencoM and qiinliuiitK ari! duduceil fiMiii Hiiiim and pi'iidiieta. 

The two iiuiiilier.s .c, v/ of a pair [a-, //] are Piilled re,spi«i;tivL>ly the rmt and 
itivijfiiiat't/pitrlti rif the eoliiplex iiuiidH*r. If _y=::0 the e(iiii|ilex imiiiljur is said 
tti he whitlh/ rent', if = vhntlif hnaiiiintrg, 

23i. With tlieae detinitiiniH we hare iit> onee tliat the fmidaiiicntfil law.s of 
ji. a hold; for, g.h., 

c.MtaliliKhini' the i.'oiiiliiiihitive law Air iiiiilti|ilieati>iu. 

Vroui the equality |.r, (i|r.=.»’ wo have [1, li]es 1 and [■>■, 0]=[1, 0] x.r. 
CorrcHiiciiidinii tn tliia, 

= [0,1] XI/. 

Also [0, j/;|x[0, y|=[-/, t)]- -f 

and, in iwirtiwilar, [o, I]'-*-- -1, 

In view of this hist reintieii, t.hellx(»leiiuip]i>.\ imiiiherp), TJ may hureganled 
IIS a Square root of - 1. It is usually deimled hy tint latter i. 

We iiotiec that ainither iiiuiitn<r, viz. [0, -1], i.s also a sipiare, root of - 1. It 
elearly equiila [0, fl]-[0,1], i.e. O-i, which is appropriately written-i. 

That orilitiary aigohra can he apidied to c(iiupl(i.\' nnnihers follows from the 
validity nf the fundamental laws. If s is any eomple.'i nmnher, the polynomial 

«ll5"+'<«-|i""‘ + -- + "lI + "ll 

roprcsents a iiniipio (nnnpki.r minihar. 

Wo may now, if wc wish, ehanec thuuotation and write, thceomiilox numlier 
[is, y] os it+iy and treat .v+n/ le* an ordinary algehraieal u.vpmssion, replacing 
f* hy -1 wheroviir possible in any idgchrauxil combination, 'l'lii.s is always done 
in using complex numbers, 

235. The roots of real and compIeK numbers. We can slicw that 
every real number u (except 0) luis two and only two sipiare roots, i.e. eomplox 
numbers i sucli that «“=«, 

Thus lot a=.'e+i!y, so that then :“=tt if and only if 

, 1 , 1 ,] 2.i'//j 5>0, Tills will he the euso if and only if and ;i/“=! -o, 
or y=0 and .T'^=a. 

If ri>U, this will he the cosu if aiul only if ami .r-- ±ikA(; and then 
g=±Ja. 

If a<0, it will be tho case if and only if .(,■■•0 and ± %/(-«) i and then 
*= 



<’()Ml*LKX NOMHKRS 

Thc«iiu.vr« - -0 l.«-e mv. t\.« onlinavy unique (positive) 

Mth i-notrt of unity ii.o. l)iU'o . . , , 

rftil uv ootuplox .nunlmw. Modulus. fJorreeponding to the 

236. Geometriciil represent 1 ,j„„g , straight line. 

„«e of K^al .mu.be.-H fo « 1 i„ a The oomplex 

uomplc-x iiuuilierH may ■ 1 3h,. ho noint whose rectangular Cai-tesiau 

numher.x-+fyiHtaUM>toeomHpo«.lw.tl.^ The resulting diagram 

coordimitoH (r<.rerrc<l to a choson ix»r of axes) are ,r,y. 

is uallfid the. A rgaml diagnm. j, P the point 

If 0 is tlio origin of tlio Argaud d L'liy) the real numbers which 
corrOHpondiiig to tlio oomp ox num „idians) are ooUed the moduha 

inunsuwthodiHtJiiiooO/'audthoangle^ i ( ^ ^ tnodulua is 

and tho iirgumenl or iimytiMde o defined purely analytically 

taken to 1 lo essentially positive. w ^ jD Ijoi-g ho denoted by am i. 

Thu amplitude of e would be '‘*”‘1 ^ this and the amplitude 

(say) 0 to Stt riwlians. It is luooiivem numbers) 0 for 

I inud (again analytically) to » ^ f m=yl\^\\ Tlie 

which cns0=.v/M 

value e for whioU-j <6^ „jp,osBod in terms of r and 8 as 

Tho modiiluH of a wholly roal numbor .J the^m^ « ™ 

237. Limitfl. The f^ttiomodulus, the definition of the unique 

numbem. but. with thointrodujmno«« 

limit of a Hcquencc of real ”?», ly-out change to the ease of a sequeno 

stated conditions). hcccmosappUeabl numbers 

tofnnotiousofacomplcsvanablo. 

.a. 


and two roal roots respeenvuv. ^ 

ox compler roots. Compare also Ex. 4. p. 
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APPKNKIX 


'('liesci ftxtotif*ii)i»i^ ill siiiiui iinai'n (I'.g. iiittigratiiijii) iiivolvis tlic uonaidoiutinn 
of iiiiiItiiilG-viihiiKl fiuu'.HoiiM, rcHotnbliiig the 7<-vHhieii 7ith routs of a real (or 
ainHilox) imuilK'r. The rxteiisiou of the tiirm In^iLrithiii whieli will apply to 
the ciiHO Ilf tlift Ingai-ithiii of ii negative inimher to a piwitiva huso involvoa such 
oonsiiierations, 

Kor rlotailed iiiforniHtioii on coiupiex iiuiuIho's tlio student is rofnn'od to 
Hardy’s /'wiv Matlivm‘ttii% Wliittafcer and W'ataon's Jfnrlcni Aimlysin ami 
honks nil the theory of fiitiotioiiH of a eitiiiplox viiriiihle. 


KXAMl'MiS XXVII. 

1 . Khew, hy direct tiuiltiiilioatioii, that if ■>' and // are any real imuiticr.s, 

(uo.s.e-t-) shiji) (cn.s y-t-i‘.siiiy;=cos (.r+y) +1 sin (.!■+//), 
and dudnun do Moivro'.s thooroin for a |Misitivo intcgriil index, vi/.. 

((:os,r+i.sin.<')'‘“''‘n.s</.i;+i.Min ».r, 
where it is any positive integer. 

2. Dudiioo ri'oiii ICx. 1 tliat till* /ith |H.iv«r.s of every one of the. iiiinihers 
eoH(2i!'7r/io+i.siii(2('»r/i(), wliiii’i* k has every integral (or zorii) value, is 1. 

3. Provo that for any piwitivo integral value of i> there are |)reci.sflly 
n dilluraiit iitli roots of unity. 

•1. Provo that, if p aiid ij aru positive integers having no eoniiiion factor 
and c any conqilu.x (or rtwl) iiutiil«ir, tlieixi ai’o luxstisely y values of jt'V, j.o. 
emnplo.x iiuiulicrs Xmoh that 
fi. J’luvo that if .'i and are any comple.v iimiiliers 

II''! I i“'t! ^ + 1 

(ii) 

(hi) |Sife|=lril/lJi!!: 

(iv) am (;|;.j)«*ain;|+iiniC 3 ; 

(v) am (S|/ca)<=i ani - am Sj; 

whuro in (iv) and (v) tlic appropriate values of the. uiiii>litiidc are chosen, not 
noceasarily the priiiciiml values on both aides. 

Inteiiirot (i) gooiiintrically <ni the Arguiid diagnuu. 

0. Provo that a sequence of complex miuibors is eonvorgunt if and only if 
tho two suquonccs formed isispoiitivoly of tho real and imaginary parts of the 
terms ai-e separately convergent; and that, in the ease of onnvergencc, if tho 
limits of tho separate sequonecs of real luid imaginary iiarts aro « and the 
limit of the complex soquonce is n+iV. 

[Denoting the typical term of the Hoipioncii hy ii„+iV,i, if and 

|(i»+i0 -{»«+jOK|s~»«l+l<-i(i!<!, for all valuiiN of w suiUeiently 

o ss 

largo, wliatovor positivo niuiihor thuarhitrary r may lio; ivhen(:o«„+il„-^«+ii. 
Oonvorsely if 

and l£-<i,l, uaeli of which '“’o dearly both less 

than E whenever |(«+iO~(*tt+'fW[<«: wd tho result follows.] 
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7. Prove that if the real series of positive terms whose typical term is 

l«n+Wnl converges, the complex series whose typical term is also 

converges. (Such a sorio.s is said to ha aUolutely convergent.) 

[From tl»o hypothesis, the sum of any mimher of terms of the first series is 
hounded (i.o. < K) ; whoiice (« fortiori) the sum of any mimher of terms of 
each of the series who.so typical terms are respectively |w„l and I'Vnl is bounded, 
and tliesc series are convergent; whence it follows (p. 78) that the series whose 
typical terms am and are convergent. Hence the result.] 

8. Prove that the series 

(i) 1 +z+2*/2I+«-’/31 + ..., 

(ii) l-«f/2l+z‘/4l-..., 

(iii) z-2-’/3l+z»/f)l-... 

are convergent (and absolutely convotigeat) for all (complex) values of z. 

9. Denoting tho sum of series (i) of Ex. 8 by ^(t), shew that, if g=a+iy, 

(i) .®(z)=-fl=‘(eoay+isilly), whore e® denotes the (unique) exponential 
function of Chapters ii and III; 

(ii) c<wy=[Jf(iy)+^(-iy)]/2, ainy=[£(iy)-.S(-iy)]/2i. 

(EuloFs equalities.) 

10. Dciiobing tho sums of series (ii) and (iii) of E-v. 8 by 0(e) and /S(b), 
establish tho addition theorems and othei' properties of the “trigonometrical 
functions" of the complex vm-iable a 

11. iShow that, if K is any complex number for which B(Z)=^e, all the 
numbers f=s^l+2?nri (where n is any positive or negative integer or zero) 
satisfy the aquation E(f)=z; so that, if the generalieed logarithm, logs is 
defined to bo any imnihoi' { for which E(K)=iz, logs has an indefinite number 
of values, viz. ^+2»nri. 

12. If |z|=r and ams=8, the generalised logarithm (Ex. 11) has the values 
logr«alog,?'+ifl+2?i7rf, whore log,r is the (real) Napierian logarithm of the 
positive iiumher r. 

In particular log (-1)=+2?nrt. 

13. The genercMeed esoponential e' is defined as E (slog e), where log e is the 
generalised logarithm of c, i.e. logfl=log,e+2«jri=>l+2«irt, where n is any 
integer or zero. [This definition is equivalent to ef=‘E(e) .S(2»7rfs).] 

Shew (i) If 0 is an integer (or zero) this definition defines s’ uniquely and 
agrees with the definition of Chapter n, § 1. 

(ii) If 0 is 0 fraction piq, p and q being positive integers with no common 
factor, e* has g valuas, which are those numbers Z for which Zt=‘er (Ex, 4); 
in particular has the two values >/«>“«/«• 

(iii) If 0 is an irrational number, a* has an indefinite number of values, 
one of which is the positive real number «* as defined in Chapter ii, § 1. 

14. The generalised exponential a', where a is any real or complex number 
exoept 0, is defined similarly; 

a'=E(zlaga)f where logfi is the generalised logarithm. 

16. Tho generalised logarithm logo 0, where a is any real or complex number 
except 0 and 1, is defined as any number Z such that the generalised expo¬ 
nential a^=z. 



BIOaKAPHICAL NOTES 

ON MATHIiMATTOIANS MENTIONED* 

lii'OiJD, faiiiiiHf) us tlie iinllinv of tlir. Eleriii>iit9 of wliicli has been 

tli(! I.iiwis i)f (founuiti'iwil feiicliiiig for MHI j ears,— was finni iilxnit .‘iUO ii.c. ami 
(lied iibnnt CVoii.O. lie tiin|ilii, in the (!rer;k University at Alexiiinlriii. The 
Kkmiuitu is a systeijialic Hsxt-litmk on Hwnnistry and aritlnnntie, ns then known 
to the (-•irreks, and inclmlos the work of iii’evimis ''(Hiiiiebfi’s such ns Uytliufjovas. 

AncillMKliKH, imrliinis tlie j'rijatest mathcimUieian (rf iuiti(piity, was honi at 
the Orcek city of Syr;n;iiHC in ijitsly in iiK7 studied at Ahtxaiuh'ia and 
rctui’iied to Syraeuse, wliore he was killed by a Komaii soldier nt tlie fall of 
the city in iliaii.c. Ilia work covered most la'anches of uiuthainatieal kuow- 
ledgo, itivludiiig the nicnsiU'atioii of the sphere, etc. and work on inutihutiics, 
well-known to tliis day. 

JuiiN NaI'IUB, (V .Seotsiiian, was horn in in.'ii) and died in 1G17, IhisiJes the 
invention of logarithins, sovend trigonotnctrical forniulao. are due to liiui. 

llKSiS DiisuAiiTKa, iHirn in Uranee in iri'.Ki, was purliaiis oven ninrofainouB 
us a idiiln-soiihur than i(,s a iiiathoiuatician. Ilis invention of Uiirtesiau geometry, 
named after him, was eiiocli-niaking and may Isi ei)n.sidered to mark the emu- 
tiiuneeinunt of nioderii mabheniaties. He livisl eliielly in Holland and died in 
Sweden in UlfiO. 

Jajjkh GnE(4ony, liorii in Seotlaiid in liilJH, was one of the various foro- 
rnnnei'H of Newton. He dhal in lti7n. 

Isaac Newms, the son of a hincoliiHliire fanner, liorn in 1(H2, has hocii 
dcHCrihod us the greatest niatlieniaticinii of all lime. Hu was frail as a child, 
hut his mental powui's were iiiroady pluuiomonal when an undm'gradmito at 
Uambridgo. In fact, most of his hrilliaiit discoveries may ho said to have hocu 
imrn iu ids mind about that time or siion aftenranls, tliongh imt olalntmtcd 
until many years later. His most imiMirtant work was cuihodied in his 
Ikincipiu, wUiuli contains his results in the theory of gravitation, niiiny of them 
diseoyered by tlie help of his method of *‘nu.xion.s" (i.o. dillorontial and integral 
ualeuliis) but expressed in tlic traditional geometrical form. Ilis results in 
ealuuhis and geometry woi'e to some extent d(!Velo]imcuts of the work of his 
predecessors,—notably bis tutor Isaac IJwtow,— and the time was undoubtedly 
ripe for Nowtoirs work j but this work alone would sidlice to put Nowtou well 
in the tivst rank. Newton was of an extremely modu.si disposition and of 
high moral eharaeter. He died in Loudon in 17'i7, having been a professor at 
(Janibiidgo sinue IfKKl, Master of the &liiit sineo Kitl!) and a knight since ITOG. 

Ho^wiui'J) WitiiEtM Luiuni/, goiiondly nceu[)te(I us tlio co-discoverer with 
Newton of tlm methods of the iuliiiitcsimal calculus, was born at Luipiiig in 

* Taken from W. \V. U. Ball’s Short AemiiU 0/ the UMitrij of Malhematiei, 
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ItMB and died at Hanover in 1716. The diBforontial notation -which ho used 
Inibi i)rovod lunro conveiiioiit than Newton’s fluzional notation and is still 
retained. He took muuh interest in politics and visited England in that con¬ 
nection. Ho w.as also a philu-sophor of the hrst rank. 

lIiCHiiij BoLT.ii, horn in l<i6‘2 and died in 1719, was a French professor who 
wrt)to on algebra and the theory of equations. 

AimA.iiA.M DB MoiviiB was of French birth (born 1667) but was brought up 
and lived in England. Ho was one of the founders of that port of analysis 
(developed later by Enlur) which deals with the oenueotion between complex 
nuuiliors and Irigonoinotry. Ho died in 175-1. 

(.Ti'iniuiB llKUKKliKY, lli.shop of Uloyiio in Ireland, was born in 1686 and died 
in 1763. Ho bocivnie famous as an idealist metaphysical philofsopher, particu¬ 
larly for his classical “in-oof" of the existence of (Ind. 

UuouK Taylor, bom near Loudon in 1686 and educated at Cambridge, was 
one of Howton’s admirers. Ho is chiefly known to mathematicians by his 
theorem on expunaious. Ho died in 1731. 

CoiilN blACLAUUlN, Professor of Mathomatios at Edinbui-gh, was born in 
1008 and died as a result of military privations in opposing the Jacobites in 
17.16. Hu wrote a treatise on Fluxions, upholding the Newtonian ideas against 
Berkeley's attacks. 

Luos ABU Euleb was born iu awitserland in 1707 and died at St Petersburg 
in 1783. Ho was the best-known matheniatioian of his time, his mathomatioal 
studio-s covoiwl a wide riuige, and ho loft very little without his impi'ess. His 
work showed very clearly the iiood for a new critical development of analysis 
mid in this soiiso ho may bo regarded as tlie father of modern analysis. 

Jean i.e Hokd d’Albiiueiit, born at Paris in 1717, is noted chiefly for his 
solution of the problem of vibrntiug Btiiugs, which was the starting point of 
much of modern iiuitliomatios. Much of his time was spent on the French 
unuyolopaodia. Hu died in 1783. 

JosEra Louis Laguanqb, the greatest mathematioian of the eighteenth 
century, was born at Turin in 1736 and died at Paris in 1813. For twenty 
years ho was at the court of Frederick the Great at Berlin. He was an ana¬ 
lytical purist and iu his bauds analysis proved by no means a less beautiful 
instrumoiit than geometry had been by tradition. The modern subjects of 
dillbrential equations, calculus of variations, and theoretical dynamics are 
almost entirely duo to his genius; and his work in the theory of numbers and 
in the ealoulus of tinitc dift'eronoes is still of active importance. His classical 
Mkaniqm Aualytique has been described as a soientifio poem. His Fomlum 
Aiialyiwues, published iu Paris at the time of the French Revolu^tiou, obtains 
his attempt to found infinitesimal calculus on pm-e algebraic analy^. He was 
of a modest disposition and was liked by all,—princes and revolutionaries. 

Jean Houebt AivaAND, a Swiss, born in 1768 and died m 1822, dealt with 
the geometrical representation of complex numbers before their more systo- 
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inatit! (levolopmcMit in the liaiidN nf Um! grc'iitoi' tnathctiiatieiiiiiB 'Gauss imd 

Jbas Kaitiktu JusKi'U Foi’uiEii, Ihrnnus fur his ThMu unuhjtiiim ik kt 
i'Mm\ ill ffliiclij—discussiiij; fnu’stintiH Heat,—I ir usw tlip, tyiio of swios 
now k\iowu liy liiw nimu', wiih httrti iu friviicu iti ITfiK anil ilied in iHJit). Much 
of ihihIoi'U aiKilj'HiH-ooiiiieottHl with llie Kiiiici'a) tKitiiui of a fiiuctimi of a mil 
vaiiahle—has uviscii directly out of a htiuiy of tin*. i)ru|i()rtios HSHouiatuil with 
h'DiiriiT Horlus. 

IlKUNAitn liotUMo, liorn in Auatm in 17H1 ami iliml in 1K48, was not 
woll-knowti, but he auticiiwitwl in Home iioints this ('i-oat fomulers of luotlwn 
(umlj'HiH. 

Ai’oustin Louis Cauchv, tlui chief fonmlur of modiirn analysis ami the 
theory of functions, was horn at Paris in Tlmugli not us precise and 
acute iu wind as Ahul ami Woici'strass, bo was roinarkably active and fertile 
in ideas. The subject of the theory of functions of a eowplox variable cloponds 
fuiidauicutally on (.'iiucliys well-known tliuorciu in that subject. Oaueby is 
typical of the branch school of aualysm of the ititiGteentli veutury. lie died 
in I8r>7. 

NlEt.s llKSiliB AiiEl., a Novwi'giiUi, was Imni in IWia ami iliwl in 182!). In 
]ii.s short life hcslicwcd riiinrn’kable hriliiania', and his work on elliptic fuiuitions, 
Abelian iiitegriils, and inlinito. series has been a loodel for latnr iiiatlieiiiaticians, 

IvAUi, IVeikustuaks, born in Westphalia in IHift and Inter a Professor at. 
liorliiij wlibro he died in lHi)7, is Um chief Gcrnmn niprcHcnlativo of tlie niiie- 
teeiitb century growtli of nioderii lUBilysiR In Ids dcviiliipnuwt of tlio theory 
of funetiims ho insists on eoncrete algebraic dehnitioim and hard logie, and in 
tills contrasts to soiito extent with the tnoi'c transeendental wothods of the 
French school. Weierstnma’s work, togolhcr with that of liis Hhorter-lived 
versatile ami hrilliuiit contemporary lliouann (182li~-l8(i(ij, hirriis the ideal 
cowplemont to the liir-rcwdiing ideas of the French analysts, 

Juiiius WiLiiMiiM lltuliAKO Dedekikp WHS borii at Brunswick in 1831 and 
died iu 101 (), He followed up Diriohlel's work on the theory of mmibers. Of 
his several fertile ideas his dcfniition of irrational wnubers by JJedekiiidian 
ucctiuns is the best-known, 
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>, •5 '4, H, 27 

= , ts 23 
0 10 
» n 

J 24 
M an 

s.. r •<» 

-► 44 

1*1 44, |5l 283 

luns 283 
0 ni 

tD, ir 1H3 
i 282 
/'<*) lan 

L IDS 
lim 44 

liui /(a) 108 

lim /(*) 207 
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Thv< uuntfici^ duHoiff pages, 

lim /(/i) S32 

ft 'vj.i) 


Aj',/'(*), ^, etc. 143,216 


f(ai)dx 148 
f(s)dx 351 


i:i!’(a)]» 251 
a<» 85 
log„i 94 

cos*, aitia, etc. 204 
0{x),S(x) 176 

cosh a, aiiiha, tanha, etc, 189, 191 
41*0OMa (or oos'>a), etc. 206, 227 
P(a), <5(a) 186 
T\x), 2'(*) 189 

arg cosh a (or ooah -1 a), etc. 101 

The symbols “ 4 =,” “ 4 +," eto. de- 
aote the negation of eto. 
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GENERA.L INDEX 

The numheri dfiwlc iiaijte; thote enelmnt in brneliete refer (u example/. 


AboI’HO(iniili(y, (iifi) 

„ luiiiiiia (iuGriuidity), ‘29 
AbHolula Konvfii'gHiiCB, 77, (SHfi) 

„ vnlun. Sw ModiiliiH 
Adtlition, 2, 7, IH; or Hfii-ioH, HO 
„ tlicurciiiN, 179,179, '30/i 
Algabrn, 1 

AUornaliug Higii RBrios, 71 
Altcrnativn forma for intcgralB, ‘Oi'A, ‘291 
Amplitude (aTKUtmmt), 2U{i 
Analytical geometry, l.'Kl 
AntilogarltliniH, 127 

Approximate Holutlou of uquatioiiR, ‘26, 
'2;tH 

ApprnximatianH*, to funetioim by rioly- 
DoiuialH, 167 i to irrational iiiimliiirH, 
l(i, 38 

AtWlriiry eonatanl, 2,13 
Area, HR, ‘20,1; of ellipHn, 2(i'J; nnder n 
ourvu, HH 

Argnnil diagram, 283 
Argument (ttinplitude), 2R.H 
Arithmutio (ioutimuini, l‘,l 
„ iiieitn, ‘Jll, ‘2<'I9. 

iiaHc; (if logaritlini, 111, !I7; of power, 

«r. 

between, 2U 

Himniiial; iicriiiH,(R'l],l(j{l,'27H; llieorcut, 
2‘2,169, ‘2711 

Bolxiinu-WuiurHtraHH tluionnii, dCi 
Bound, uppuv (or lower), 30, dO, UR, ‘236 
Bounded funotion, 160, ‘2d*2 
Bounded net or Heiiuence, ilO, 40 
Bounded variation, 13H, (10‘2); of upccial 
fumstiouK; lilR; polynomial, 101; 
iiowct Hcrieu, 172; taliounl function, 
l(i6 

Calculation; of e, 63 et ac(/.; ur (ir), (1811); 
Uigarithmu, lOH-lOG, (107), 123 et 
leq. 

CnlouluH, hiotorical nummary, 196 
CorteBian (analytical) goometry, 130 
Oanchy'B tost for convergouoo, 70 
Centres of mass, 271 
CharactoriHtic, 101 
Circular functions, 204 

„ measure of unKles, 204 
Circumference of oitoln, 201, '27B 
Common loguritlimH, 98; calculation of, 
103 etteq., 126 

Comparison tosts for convergence, 79 


Complex nnmliec, 281 
Conditionally convergciit scries, (84) 
OumlitimiH for Oniivergemic, 46, 48, 03, 
64, 74, 78. lire rilm Tests 
Consluiic.v of fuuetion willi wro deriva¬ 
tive, 121, 248 

Constant, 1.17; of integration, 263 
Conlimiiiy, 139; of (;iim)mund function, 
‘ 21 ‘ 2 ; of dillci'untiaidu funoticin, 216; 
of power series, 247; of polynomial, 
169; of A 139; of A, (69); of *», 
(U‘2); of tt\ ((12); of log»a:, 94; of 
174; of (.'(i), . 8 ( 1 ), 181; of 
sins-, (207) 

Continuity on the right (or left), 139 
Continuous fimelion, 139 
,, griipli, 139 

Convergont sispieiiee, 43, 44, 283, (281) 
„ Hcrlo.s, 62, 63, 283 
Coordinates, 136 

D’Alemherl’H ratio tost for convergence, 
80 

Jledekind’s deliniliou of irrational muu- 
Imrs, 16 

Dedekindiim idiiHsillvulion, 19 
DvHnitii integral, 149, 241; ovaliiution, 
263; jiruperlies, 246, 261 et neq. 
Density of raiiomd points on a line, 16 
Ucpumlent variable, 13,1 
Derangement of series, (84) 

Derivative. .See llitterenlial eoufliuiont 
DilTereiitialiility of special functions; 
(lie., 116,142; .r", (69), (92), 116, 
'224; log X, 114; o'*, 129; O' (x), ,S' (x), 
189; cu-slix, siiihx, 191; sinxetc., 
220; jiowor scries, (176), 191, (106) 
Differeiitluhililyori t)ie,rig)itjorlert), 14‘2 
DilfereMtialile fnnetion, 143, 216 
Diflereiitiul coeDieienl (durivutivo), 114, 
216 

DiiTeruntinl cipuution, 279 
DiJfercntintiun; of fiiuctuiuof afunotlon, 
218; of sum, ])roducl, etc,, 217; of 
'in'uiluct, 128; of compound func¬ 
tions, 22!); of luversu functions, 219; 
of simple functiuns, 116; of standard 
functions, 222 et /eq, 

Dibcontimiily; of 1/x, 163; of rational 
tuuctlou, 16,1 

DlHlinction liutwccii limit and value of 
u function, 112,190 
Bivieion, 4 
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Ellipao, 36B 
Kquttl, 20 

EquaJity (iilontity), 20 
l^uatiini, 2B; of tangent, 284 
Error (reinnhldor) after ii terms of series, 
09; for series of positive terms, 69; 
for alternating series, 76 
Euler’s equalities, (285J 
Evaluation; of integrals, 258; of limits, 
48 ct 209; of sums of series, 
68, 70; of e, 51 H tcq .; of w, (1B9); 
of TT, (207), 278 

Existcnee theorem; for fractional powers, 
8!); inverse fii notions, 220; inverse 
trigmioraetrieiil funetions, 186; 
legiirithms, 08 ; root cxtraetion, 88 
Exponential function (power), (91), 127 

ntHey, 

Exponential series, 181 
Exponentiation, 85 

Eactor theorem, 26 
Eactorial, 85 

Einite and inDnito combinations of 
funetions, 218 
Einite set of numbers, 30 
E'irst mean value theorem, 268 
Foundations of calculus, 190 
l*'riiatinn, 6 
Eraotinnal indices, 88 
Eractional-nuinber-pair, 7 
Eunotiou, 114,134; hounded, 150, 242; 
of bounded variation, 188, (162); 
eontinueus, 180; diCfarantiable, 143, 
216; iutcgrable, 149; monotone, 
187 

Eundamcntnl formula of integral eal- 
onlus, 261 

Eundaincutal inequality for [log (« h) 
-log *]//(, 110 

Eundainontal property of continaous 
funetions, 140; generalisation, 236 
Eundamontal theorem of integral oal- 
ouluB, 248 

Generalised exponential and logarithm, 
(286) 

Geomotrie mean, 29 

,, aeries (progression), 64, 76 
Gradient (slope), 114 
Graph, 187; of logx;, 113; nfl, 137, 164; 
a»eto.,lS4; ©(a), S(s), 186; 0(ffl), 
S[x), 186; oosba, sinha, 190 
Greater and loss. See Order of magni¬ 
tude 

Greatest and least limits of sequence, 
48 

Gregory’s series, (189) 

Harmonic motion; simple, 286; damped, 
980 


Harmonio series, 67 
Hyperbola, reetangnlar, 164 
Hyperbolio Amotions, 180 

Identity (equality), 20 
Identity of oironJar and trigonometrio 
fnnotious and of v and ro. /231), 
273, 277, (280) , 

Imaginary (complex) numbers, 19, 281 
Inoreasing function, 231 
II sequenoe, 42 
Inorementary ratio, 111, 141, 215 
IndeOnlte integral, 261 
Independent variable, 186 
Indeterminate forms, 212, 239 
Index, 86; positive integral, 86; negative 
integral and aero, 87; Araotional, 
88; irrational, 89 
Induetion, 21 

Inequalities, 27; Abel’s lemma, 29; for 
arithmetic and geometric means, 29; 
for (l-hx)", 29, (36), (91), (132), 
(241); for (a'‘-6»)/(o-5), 29, (91); 
for (a'»~I)»»)/(o'‘-i)"), 29, (234); 

for ^1 ± , 62, 108; for log 

^1 +j^, 106. 107; for log (1 + h), 

110; for [log (®-hW-log *3/71, 110; 
for |»±p|, (87), (284): for a®, 
logo®, [®]I, ®*, (99), (138); sin® 
<®<tau®, 206 ,, 

InequoUties proved by diflerentiatSiSv' 
288 f ,F 

Inequality, 8, 27 ■ , f 

Inequation, 38 

Inftnite integrals, 242 • i- 

Inftnity, 11, 44 ' 

ludexion, 282 
Integer, 11 

Intogrability, 140; of z^, 149; of G(x), 
S (®), 185; of oontinuous functions, 
247; of elementary functions, 247 j; 
of Wotlons of bounded variation, 
(162), 247; of monotone fauctions, 
154,246; of product of two funetions, 
245, (260); of sum of two functions, 
156, 246; of sum-function of power 
series, 172, 247 
Integrable function, 149 
Integral. iSre Definite integral, Indefinite 
integral and Upper integral 
Integral variable, 197 
Integration, 242; by parts, 266; by sub¬ 
stitution, 264; ofi^, 149; of rational 
funetions, 266; of standard fnne- 
tlons, 261; is inverse to differentia¬ 
tion, 249 

Interior point of range or interval, 119 
Interval, 119 
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InvctHO cliaTitclcr of diWoi-cutiation and 
intefiratinn, 240 
Inverno dovivativo, Oil 
luvorHC fimctioii, 320; circnluT, 20<!; 
lOTeriioI/e, 101: (fif<onow)elri(!, JHO; 
derJvntivo of, 31!) 

Irmtioiml function, 103 
„ nuraliL'i', 17 

Iti'ntiomility; ol <,/2, 10; of e, (liO); of 
Uiuaritfiinn, U4 


LnwH; of id|;ubrn, 3; of Tioundn, (314): 
of indiccA, KO; of limitH, 3(10; of 
logaritlinis, IHi 

Leant and grenteat litnit.s of suqncnce, 
iS 


Lengtli; of curve, 100, 308, 273; of in¬ 
terval, 248 

Limit; of compound function, 210; of huiu , 
etc., 200; of '** • 


of 


m 




1\*n 
^ «; 

120; of 7f»/nl, (180); of .r". 40; 
of iia'A, iiO; of Hjn, (08); of eiu .r/.t, 
tan .v/x, 20S 
Limit of function of oontinuoKH varinbto, 
198; on right (or left), 1!I8 
Limit of function of iutognil variuhln, 


197 

Limit of Indctorniinfttc formu, 380, 3‘tO 
Limit of MHinenco; unlouo, 48, 44, 2H8; 

Rcnurni, m, liimiting rniiitlicr 
Limiting mimlmr (limit, liuiitiiiK value, 
etc.), 44, 48,198 
LimitH of iutcKi atioti, 244 
Logarithm, 04; of ticgntivo or complex 
number, 00, (28,7) 

Logarithmic funotion, 04; eontiniiityof, 
04; diilercntialillity of, 114; mono¬ 
tony of, 04 

Logarithmic Hcrion, 128 
Logarithmic tabluH, 09 ct accuracy 
of, 100; couBtruction of, 108 et i«g., 
128; usoof, 100-108 
Lower. See Upper 


Maslanrin’s Borics, 278 
Mantiasa, 101 
Maxima and minima, 381 
Mean value fbeoiem for derivativea, 239 
Mean value theorem tor integrals; Him- 
ple, 262; drat, 268; eccond, 204 
Moaauramont, 18 

Modulus (ahaoluto value, nnmctical 
value), 44, 288 

Monotone (monolonio) funotion, 197 
„ scqneneo, 43 

Monotony: of.v“,187; ota« (91); ofx>', 
(92); of log,», 94; of polynomiai, 


1(11; of mini-function of power scrioB, 
171 

Motion iiiider constant and viiriulilc ac¬ 
celeration, 238, 280, 274 
Multiple-valued (isany-valiierl) function, 
138 

Multiplication, 2, 7,10, IH; of ahsolutvly 
cniivergciit Kcties, 8(1 

Napierian logarilliTiiH, 123 
NcccRHary and Huiliuiuiit condition for 
ciiiivergencc; of gcneriil suipieiicuH, 
48; of wjrics of jioBitive tcriiis, (14; 
itl eetion with altcrnat/ag signa, 74 
Neec-ssury conditinn for convergence, 08 
Negiitivo ImsPH and powers; ruled out, 
BO 1 allowed, 282, (285) 

Negative numlicr; rational, 11; real, IB 
Non-commiitativu algehraa, 4 
Non-diderentiuhlo Innution, 210 
Non-Ijiiiilidcuii gnotiiotrics, 3 
Noii-imhiue limits. Nee Limiting nuinhor 
Number. Nee Whole, KiLtioiiul niid Heal 
mini her 

Numerical value. See Modulii.s 


Onc-vahiad (Huigle-viduml) function, 186 
Order of magnitude; of rational niimhcia, 
H; oi veiil lUiiiiberH, 18 
Order of symholH, 8 
OHoilliilioii of function, (182) 


I’urnliiilii, 181 
I'artial mini, 03 

I'erioilieity of t; (.r) and N (,i;), 184 
I’oiiil of inlliixion, 233 
Polynomial, 28; propertiuH of, 188 cl eeij. 
I’omljvo integer, 11 

Poaltivo nninber; rational, 11; real, 18 
Power, 8,8. Nee aleu ICxpouentiul fiinc- 
tion 

Power Kcrioa, 171; propertina of, 171 
etecq., (170), 191 el mq., (104), (106), 
247 


Priiiaipul vnhic; of amplitiiilo, 28.3; of 
iiivci'KO circular functions, 237 
Principle of convergciics, 48 
Product aoricH, 80 
Proportional parts, 102 


Badinn, 204 

Badiua of convetgonco, 103 
Bango, 111, 110; ofconrorgence of power 
scries, 103; of integration, 244 
Bate of inorcase, 215 
Batii) teat fur cimvergenoc, 80 
Bational timctiouH, 102 
„ niiuibcra, 11 

,, points on lino, 16 

Beal number, 16; aduiiuacy of, 16 
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Itcal variable 131 

llcctiAaliility, 200, 203 j of oirole, 201, 
20!): of orflinary gmphs, (207); of 
graph of bounded variation, (206) 
Beroainder (error) after n tunna of acriea, 
Ci) 

Bi'.verHilile and irrcvotHiblo oporationB, 24 
BoUu’h tlieorom, 23(i 
Buota; of cipuitiime, 131, 237,283; of 
nunibeiH, 17, 86, 282 
Buies of Higns, S 

Keeond mean yalue theorem, 204 
Momi-ditferential cocificiGnt, 143 
Hnnii-tungeut, 142 

Beipicuee, 30; bounded, 40; oouvergont, 
43, 44; monotone, 43; upper and 
lower taounds of, 40; neceaearily 
couvergent if bounded and mono¬ 
tone, 43; with general term .rn, 49; 

nx", fiO; V™i (58); ^1*^^* for 

e, Gl, 108; for c*, 129; of poly¬ 
nomials to define now functions, 167 
Beries, infinite, 63; of positive terms; 
64; with diminishing terras of alter¬ 
nating sign, 74; exponential, 131, 
178; geometric, C4, 76; harmonic, 
07; logaritlunio, 128; trigonometrio, 
170; for 0 , 00, 72; for iir (ir), (189), 
(260). h'ce aUo Power series 
Set of numbere, 39 
Simple harmonic motion, 286 
„ mean value theorem, 262 
Simultaneous eiiuations 26 
Slope (gradient), 114, 140 
Siiuaro root; of 2, 17; of -1, 282 
Shviidord differential ooofilaientB, 222 et 
seg. 

Standard sgualitiaH, 20 
Standard inequalities, 29, Sea alio In- 
equalitlee 

Standard integrals, 261 et leq, 
Staiiona^, 282 
Subtraotion, 4 
Subtraotivo-nnmber-j^ 

Suffloient condition fi 
See alto Tests 


Sum of convergent series, 68 
Bum, prodnot etc. of real numbers, 18 
Symbolism, 1 
Symbols, 289; order of, 3 

Tables, loganthmio, 99 et eeq. 

Tangent to a curve, 140, 234; on the 
right (nr left), 141; parcel to y 
axis, 143 : 

Taylor’s series, 276 
„ theorem, (196) 

Tests for convergence, 79, 80 
Theorem on derivatives, 119; on function 
with zero derivative, 121, 260; on 
funotione with same derivative, 249 
Total voriation, (162) 

Trigonumetrie function^ 177; identical 
with oircular fanotione, (231), 277, 
(280) 

Tuning value, 150 

Unbounded function, 242 
,, sequence, 40 
Uniformity of eontinuity, (2601 
Unique limit, 43; of a function, 198; 

of a sequenoe, 43, 45 
Upper (or lower) bonnd, 39, 40; of a 
fnnetion, 148, 236; of a range, 119 
Upper (or lower) integral, 244 
Upper lot lower) limit (greatest, or least, 
of limits), 48; on right (or left) 
208 

Upper (or lower) limit of integration, 
244 

Value of fnnetion different from limit 
112 

Variable, 184 

Variation. See Bounded and Total varia 
tion 

Velocity, 206, 286 
Volume, 270 


Whole number, 1 
Zero, 10 
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